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PnEFA(^E 


TiiJS volume li{is been ^vllt^eu on what a])))eaTe(l, in tlie 
li^ht of ten ^ea]s’ ev])eiience in teaeliinj^ the (\ileulns, 
to be ]in(‘S oi least lesistanee Th(‘ aim has lieen, within 
a pr(‘seiib(*(l e\])ens(*^of time •and (‘m*ri>y, to ]>enetrale 
as far as ])ossil)le, and in as many dire(*tions, into the 
subject 111 liaiid, — that the stiidiuit slioiild attain as wi(l(‘ 
knowl(*di»(‘ of tlie math*], ‘as lull eompndKUision ol the* 

methods, and as clear ('on^f'ionsness oi th(‘ spnit and 

])o\ver ol l-his ana]\sis as the mduie of th(‘ ('as(‘ would 

admit Accoidini^ly, what s(‘emed to bi‘ natural sii<^^i;estions 
and impulses towards neai-hin^’ extensions (»r ij;(uieializa- 
tioiis ha\e otteii laien tollow'ed, and even allowed to diiect 
the couise of llu* disiuission. Heieb}, niH.essai ily, the 
ex])ositioii has sutiered in syniimdi} <ind in systematic 
chaiaetei , but evei} thiniLi. has the deiiuas oi its own 
qualities 

The aim ahead} stated, no less than tli(‘ ])lan ol its 
])ursuit, has excluded Weieistii.ssiaii i‘yi>oi fiom many 
investigations and coinjielled tin* post])()ii(mient of im- 

portant discussions as too subtle for an (*aily stage of 
study. 111 particulai, no attemjit has been made to deal 
with Senes, unh'ss ♦he most familiar, or to follow in the 
wake of the masters of e-methods Ikit real dihiculties 
have not been knowingly disguised, and the reader is ' 
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often that the treatment ^iven is only provisional 

and must await further precision or delimitation 

It lias also resulted that some to])ies have been ineitdy 
mentioned, it ap])earin<; at once that fmther inv(‘stii;at.ion 
would lead sti ai<>]itway beyond the prescribed limits of 
the volume, or into dilhculties foi wlncli the reader was 
not ])ie]iaied l>ut it is believed that tin* <;lim])ses thus 
aflbrded of wider and higher lields have a distinct value, 
and may attiact tlie student with }>romise of lU'liei lev nd 
for lenewed ellort The l)ook is, in fact, writtcai loi such 
as feel gtuiuine interest in the subject, whose minds aie 
open to such inspiration 

It was in the oiiginal 4eheme of this volume to add 
an A])i)endix, in which eeitaiii jiureh algebiaic assunij»- 
tions of the text, as the Ex})onental Tht^orem and Decom- 
position into J^iit-Fiactioiis, sh,»uld be cai(*lully grounded , 
but th(* volume having giown beyond expecUition, such 
addenda have been omitted, as in any case dis]K‘nsable 
Thougli the discussion lias be(*n confined to le^d vainil»les 
an occ.asional ])assing employmmit of tlie Kulerian t has 
seemed unavoidal de. 

The illustrations and exei cases have been chosen with 
frequent leference to ])iactical or tlieoretic im])ortance, oi 
to historic interest and witliout any ])i(^ten(‘e ol no\(‘]ly. 
The author acknowledges in full his gieat indebtedness 
to the woiks of Anibtein, ]>yeily, Edwards, (Ueenhill, 
Gregory, llarnacik, Jolinson, Sohmdve, Stolz, Todhuntei, 
AVillia nisnii, and others, fiom whicli the exaiiqiles, in ])ar- 
ticular, have been mostly chlleil 

He desires also to return thanks publicly to Professor 
Dr. Carlo Veneziani for jiatieiit and jiainstaking revision 
both of the MS. and of the pioof-slieets Such services 
would under any circumstances have been valuable , but 
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imdei the peculiar euiliairassiuents that have* beset evei / 
sta,qe of the eompositiou of this voluini' they liavi* been 
invaluable. Thanks are also due to the aiithoTs eolleaf^'ue, 
Mr d M Lonib.'id, tor assistance in jn oof-reading, and 
especially in drawinfj; the iiyiires 

The author will bo grateful foi indication ot eiiors, eithei 
of ])en oi of tv]te ft, in sjute ol <dl such, th(‘ book shall 
prove useful, whether by enln^htenino or by ineitiny, and 
sin’' advance the ni.istery ol the most poweifiil we.ijion 
of thoiiiftil ^yot devised b\ the wit of in, in, its end will 
lie in some ‘nieasuie attaiiusl 

W 1! S 


Nm\ (iiuaAiNs. 

VhnUitms^ l,si)7 
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FrNDAMKNTAL NOTJONS AND OPElJATiONS 

I 

i 

1. The Notion of Limit : Geometric Illustration.— 

])(‘iK)tr l)y A tlu‘ aioci ol hy tli(‘ fii’aa ol 

a JVDulai iiis(*nl)(‘(l, and In (1,, tli(‘ ait‘a oi a i(‘Dulai 
ciivnnisc*! iIumI, l>nly^<)n of a si(l<‘s ,ilso let it 
without limit, as l)\ coiitiiuial (louhlin;^ 

n'(‘ know horn td(aiM‘ntay\ D(‘om(*tr3 
(u) Tliat A IS (onsfani — dotss not (*han^(‘ in \alu<‘ 

(h) Tli.it I,, <ind (\, <U(‘ not constant, hut \ ari.i))l(‘, 
incinasin^ and C,^ dncKMSin^ as inci*t*ast‘s 

(f ) Tliat Ji, IS always l(‘ss and always Divatin than A 
(f/) 1 liat hy making 'u Di<*at (‘iiou^h W(‘ may 'ni((b' 
tha ditthiviici* — /,,, and still more thn diflrnaua^s /I—/;, 
and as* s'nudl as 'a)v and may lar/f thnm 

so 1*01 all *Dic*iittu \ alu(‘s of n 

Let the studiait illustiate hy a <lia^ram 


2. Algebraic Illustration. — Consi<ler the senes, a gtM)- 
nu‘tric progression, 

and denote* hy Sn tlu* sum of the first 7^ ^t(‘rms 
Then N„ = 1-i 


S. A 


A 



2 


nypixiTEsniAL axaylsis 


By a ^ivat eiioiioh, we may make as small 

as we small at will, and it a\ ill KMiiaiu so for all 

following greater \ allies of 7? , lieiice we may krm^ and 
keep the variable S„ as cloi^e v'C j dense to the 

constant 1 

Blit no mattei how i^ri^at we mak(‘ we can n(‘\ ei 
make l,^ = A, noi = noi* = I 

3. Definition. — '^Hie fon^^ome (‘xamjiles illiistiati^ a state 
of case that in some lorm or otliei meets us at neall^ 
every turn in hi^liei matliematics liotli jairt and ajiplied 
we liave to deal, nanudy, Avith sonu^ \aryine ma^irtudt , 
wlncli clianees its value accoidni^ to some hu\ and whicli 
may lie biou^lit, and may hv k(‘])t during all siicctHMline 
stages ol \alue, as close as we ])l(‘as(‘ to soirn^ (‘onsfidif 
\alue, without e\ t‘r conicidnie ii» ^alue with that constfint 
In all such cas(*s t]u‘ Constant is calked tlu^ Limit oi th(‘ 
Variable. 

4 It IS (Mjually (‘ssential that W(‘ 1)(‘ al)l(‘ to l)rrn(f <ind 
he able to the variable close at will to the constant 

(.^onsider tlie stales 

j “■ 4 + H "" 1 <> "h j "" <> 4 d" ^ 

tormed by adding +1 and —1 alttaaiately to tht* teims ol 
the progression in Ait 2 It wt* take an even numbta 
of terms, as 2a<<, then the +l’s and — I’s annul aich othei 
in ])airs, we have 



and by making 27a ^reat enough we may binn^ the 
variable close at will to the constant 1 But wt» 
eannot leep close at will during all following stag(\s 

of its value For tlie value of since 

in taking an odd number of terms the last 4-1 will not 
b(‘ annullt^d and tins valiit* cannot bt‘ brou<dit dose at 



FCXDAMhJXTAL XOTK^XS AX/) ()I^P:/{ATl()A S 


will to 1 l)y (‘iilai m, tlum^li it may })t‘ hioiiolit closts 

at will to auotlua* eoiistaiit, 2 Accoi diiioly, tlu‘ ^(‘iK'ial 
\ alii(‘ of tla^ sum ot tlu‘ fii st a teims is s(‘t‘U to sway 
hack and forth towaids 1 and 2, accoidinn as n is (‘\(‘n 
or odd It may lu* hrotujhf closi- at will to (athci , hut 
it can h(‘ lepf clos<‘ at will to nmtlirr, luaicc it has mathm 
1 noi 2 as limit it has no limit at ,dl 

Exercise. — Show that S',, ot the senes 

j+ v + j' + '.v + 

appioaches i, 2, h tor n-Am, Jya-hl, 3/// + 2. 

5. Infinitesimals — A maomturle Sjn.dl at will which wa‘ 

may mak(‘ and ke(‘p as small as we ]>hMse, is olttai Ccdh‘d 
<in Infinitesimal d'.henc(‘, tiom Ait r>, Thr diifrmfrr /;c- 
ttref'if a ntvHthlr (ttn! an infinitesimal. Ihauas 

.dso, An nit(^ntt('^n}f((l ys << Vitnabh^ 'n'hour hunt is 0. 

t 

It IS impoitant to ohs<awe that the actual \.ilu(‘ ot th(‘ 
intinit(‘Simal at <in\ st.<ie<‘ ot its \ai]«ition is a inattia of 
comp](‘te iiidiftei (*nce Its ess<‘n(‘e is ioun<l e\(dusi\<‘ly 
111 tin* tact that it is small a! anlK that we can mak(‘ 
and kee]) it as small as wa* ]>leas(‘, th.it its nitienitud(‘ is 
wdiolI\ in oui con t lot 

6. Theorem I — Ani/ Jind*^ mtiHiple of mi infintiestnial 
IS Itself am infiaiifesiHial 

Lc*t (T 1 h‘ any intinitt‘simal, no any <letinitt‘ numlnu , then 
'mcr IS a tinit(‘ multiple of rr, and it wull h(‘ intinitesimal 
in case \vv can mak(‘ an<l k(H‘]> Tt as small as we plcast‘ 
Let us pleast‘ to mak(‘ an<i kee]) aia < (t\ \vdien‘ a is in- 
tinit(\simal it imiy 1 h‘ (*hostai small at vvull, hut wt‘ must 
sup])ose one such clioict* aheady made* We now choose 

(r< * this wa‘ can do, since <t' is alu‘ady clios(*n and cr 

m 

IS completely at our disposal Then nicr < <t\ hut cr' is 
small at will, much more then is hlct small at wull 
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7. Theorem II. — llte sum of a futife na'mhev of m- 
fi iutesnudls is 'itself au ivfiii'ifesiuidl 

L('t w = cr^ -f O', + 

II1CI1 we may iiiaki* aial k<‘(‘p eaeli and oMdy ()1K‘ of 
tlit‘ rr’s less than a ])n‘Monsl3 ehostai cr small at wnll 
luaicc* w"(‘ may makt^ and k(‘e]> 'Unr but itcr is m- 

finitesimal, mueli moie tluai is intinitesimal 

N 1) — Th(‘ lestiiction that a he piiife is im])()itant, if 
n inciease indetniitt‘l\ , luatlua tier noi wnll in ^(‘iicavd 
remain i ntinitesimal 

8. Theorem III — 7/ tno ranah/cs r dm/ T' illtfer /nj 

mi ivjLii iiesnud/ o'n/t/y dad one 0/ iJteui ( T) lnn'e d /inni 
Ly tlieii fite other lids the sd'me lint t 

For we Iia\e V—L — cr. and V — V~rr\ wluam* 

that IS, F' diheis fiom L by *in intiint(*simal htmec^ 7> is 
tile limit ol F' 

Corollary. — If tind V' lie «ilways <‘qiiak and L 1h‘ 

the limit of F, tlien L 1 ^ also tin* limit oi F' 

9. Theorem IV. — T/te hniit of the saua of d Jmltf 
naiiihee of variables is the siivi of their lnn/its 

Li‘t 1 h^ the \ariables, /j, I,. I,, their limits 

Then 

^’l = /l + cri, = + ^ 

“b/id- d" + rr 2 4 - . . • +<T<, 

That is, the sum of the limits differs from tlie sum of 
the \aiiables by an infinitesimal henci^ the tlu^oiem 
Corollary. — The limit of tlie <liffeience of two variables 
IS the dilfereiiee of then limits 

10. Theorem V . — The hniit of the produet of a Jin lie 
miniher of variables is the product of their limits, those 
limits being finite 
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F\)r \v(‘ liave 

— Wi + finite* nunil)(‘i of tt*rinH, 
<.*fic]i contciinni^ nn intinitesinial factoi Eaeli of tlu‘so 
teinis IS infiintpsnnal, and so is tlu‘ir sniii lit‘ne(* 
(liliois tioin /j/^ I,, by an niiimt(*siinal, lioneo 

tJu* tli(*oreni 


11. Theorem VI. — The Intid of fhr (fnotteof of iico 
r<trnthl<\s 7s the (joolieut of ihetr Inntfs, tin* limit ol tlio 
<livisor limn^ finite* 


Foi we* lia\(* 


+ 0 -, 





1 


tin* e(notie*nt of the* r’s <lifte*is liom the* (|notie‘nt of the* /’s 
by <in ndiuite‘sinial , ]ie‘ne(* tlie* tlie‘oi(‘ni 

X li — ()])S(‘i\e‘ tlu* nn|K)i t.ince* ol the* conelition ftniic 
in tlie‘S(* tlu'oi e-'iiis, and liow tlie‘y l«nl on its ie‘nio\al 
Foi instance*, li a tixe*<l le*n;^tli a ,be‘ eli\ide*el inte) o e*(jnal 
])arts, foi n incie*asin^ at will tlie* l(*notli eif (‘acli jiait 
IS small at will, is infinite*simal ne*ve‘rthe‘le‘ss, tlu* sum of 
these* 11 infinite*simals is iu>t infinitesimal, but is a 


FUNCTIONS, DIP^FERENCES, DERIVATIVES 

# 

* 

12. Definition. — Tivo imuimtadcH related that to 
rallies oj the one correspond rallies of the other are 
called Functions of each other 

Such aie a numlier anel its lo^antlini, or sine, or cosine, 
a circle’s len^tli or are*a anel its raelius , a splieie’s surface 
anel its volume , the volume of a ^iven mass of ^as and 
its tension , the elasticity of a meeliiim and tlie velocity 
of undulation through it, and so on In fact, we may 
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almost sa^^ that all scit‘iitiiie irsoaich is the stu<ly ol‘ 
functional lelations Knowing oiu* of the magn]tn(h‘s wv 
may cithei calculate the othei by some ruh‘ oi foianula, 
as in math(miatics, or wa‘ may o]>s(‘i\e it, as in physics 
That one of tht^ twa) magnitudes to wdiicli W(‘ assign 
aibitraiy values in oidta then to calculat<‘ oi ol)si‘i\(‘ the 
coiresponding \alues of tlie othei is called the Argument, 
wdiih^ th(‘ otlun is called the function. Note careiully 
that this distinction of argument and tunction is ])ur(‘ly 
sul)](‘cti\ e, depending on oui aibitiary choice which itsell 
follows con\(an(‘nce olijectn t‘l\ , each mag iitude is alik<‘ 
a 1 unction ot tlie othei Tli(‘ tc^rms nnlej>c udeiii 'r(frn(hh' 
and (Icpenileui ra rntble aie ofttai used instead of aigunient 
and function 


13. Notation and Classification.- -Tin ‘ matlu matical e\- 
piession of functional lelations betw'een (say) a* and // is 

l(.r, //) = (), F(.r, //) = (), f/)( a*, ?/) = (), etc 

(lead, i-, or F-, or ^-function of a and y (‘(juals 0) Tluai 
t, F, 0 ar(^ not symliols of magnitmle, but of o]H‘iation 
indicating tliat wdam <*i ceitani set of ojieiations is pm - 
formed on a* an<l y the lesult is 0 foi all jiaiis ol 
coriesponding values of a and y When tliese opeiations 
consist of a fi^tuie numliei of lundanuaital alg(‘biaical 
processes, namely, addition, sul)tiaction, muluiphcation, 
division, involution, evolution, tin* function is said to lie 
algebraic , otlierw is(\ it ts sai<l to lu^ transcendental. Thus 


f(a', y) = .F — H(U y-^y^ and .r^ + ^y" — = 0(a\ y), 

arc algebraic functions of x and y , but 


ad a** x” 


is a transcendental function of .r, since no finite number 


of such opei*atioiis as will produce the sine of x 
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111 t1u^ e(juati()n 

i(.r, //) = 0 

misoKed as to Ixitli .r and ?/, cacli is said to lie an implicit 
function of tlK‘ other liiit in 

/y = sin ./•, 

sol\(xl as to //, tins lattia* is said to be an explicit 
tunction oi ./• 

\Vb(‘n to one valiK^ of (lie one \aiia])le tluav eoii(\sponds 
onl\ one \alii(‘ ol the otlaa, tins laiba is ealli'd a one- 
valued or unique tunction ol th(‘ toimer, but wlien to 
oiU‘ v<iliit‘ Oi tbe oiU‘ vaiiable tlaa'e (‘ori (*s])oiid inor(‘ 
values tlian one* oi tlie otla^i varlabl(^ tins lattei is 
(*all(‘d a many-valued lunction#of tlu^ formei Thus in 

yy = .V.r-l-/i, 

tf is an (‘X])licit on(‘-\ <ihie<l function a, while .r is an 
iin])bcit oiH‘-\alu(Ml iunctioi^ of ?/ In 

— //-{-//' = 0 , 

.r an<l // ai(‘ nii])licit tin t‘e-\ a]ne<l functions of (‘acb otlun 
In //“ = 47 /* 

.r IS a one-v<ilu(*d, // is a two-\alu(Ml function Jn 

yy r= cos ./•, 

7 is <111 (‘X])licit oii(‘-\ ahuMl function ()! ./ , while ./* is an 
ini])bcit intinitxdy niany-\ ;ilued function of y 

Tliou^li Ave may not be aide to solve tlie eijuation 
between x and //, y(‘t aa'c may always sup]>ose it solved 
as to eitliei* 

Exercise. — Describe the functional relation lictween ./ and 
y in the following Equations 

7 // = r- ± y- - a- , Li - + 2 h t y 4- y ?/- + 2 (jj' + 2/yy -f c - 0 , 

ay =: e"* + , tp ^ ./ =a{0 - sm 0), y = a{\ - cos 0)* 

14. Correspondences. — Pairs of coi responding valiiiis of 
X and y may b(‘ indicated \}y subscripts oi* accents Thus 
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v>Ci, //j), y') Likewise .r' — //' — // 

are pairs of corresponding differences, or cliaiiges in \ aliK* 
of X and y It is convenient to designate all sncli differ- 
ences by the symbols Ay, also tl^e letteis h and /* 
are much use<l for the same purpose Subscripts may be 
attached to these sjnnbols where there is need of gr(‘at(U‘ 
precision, as is rarely the cas(‘ 


15 Continuity. — If a be any special value of .r, th(‘ii 
th(‘ range of value from a — It to a-Y^f (wheie h and II 
are positive, but at piesent not furthei dehned) may be 
called the neighbourhood oi vicinity of the \alue (t 
When h and It are small ai iviV, the neigh boui hood may 
be calhMl immediate. 

When X may assume any value in t]u‘ neigh boiii hood 
of a, it is said to be continuous in that m nfhtuni iJhhhI 
When y = i\x) and we can make and keep Ay small at 
will by making and k(‘eping Ax small at will, that is, 
when to infinitesimal Ax there corresponds infinitesimal 
Ay, then y is called a continuous function of x 

It often liappens that y is continuous for certain ranges 
of value of x, but discontinitoiis in the immediate vicinity 
of certain critical values of x Thus, in y^twwx, //is 
continuous in general , we have, in fact, 


Ay = tan {x -f Ax) — tan x = 


{1 4- (tan ./■)“} tan Ax 
1 — tan X tan 


As long as x is finitely different fixim ±7r/2, tan x is finite, 
and we can make and k^ep the fraction (or Ay) small at 
will by making and keeping Ax small enough But sucli 
is no longer the case as x nears ±7r/2 indefinitely, for 
then tan x increases (positively or negatively) beyond all 
limit, and as x passes through the value 7 r/ 2 , or as x 
changes by Ax (however small Ax may be) from 
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S) 

tail ,r leaps from a veiy ^reat positive valni' to an e<iiial» 
negative one, so that A.?/, far from liein^ small at will, 
IS really made ^reat at will by making- A.r small at will 
Hence the values .r = ±(l2n+ 1 )7r/2 aie points Of dis- 
continuity for the f(tri<j<nif of .r 

Exercise. — Show that 

I 

)/ = 

IS dii'Contniuons foi > — a 

16. Difference-Quotient. — Mamlestly, m tin* study of 
iunetioiicU d(‘])en<haie<‘, the (piestion how the changes in 
\ alue of the one \ai\al)h‘ ar(‘ *1 elabsl to the chan^<\s in 
\ alue of the otlun \anab](‘ must he of prime im])OT‘tanci‘ 
manifestly also, a natuial way to in\ (‘sti^at(‘ tlu* lelation 
ol thes(‘ changes would b(‘ »to stinly th(‘ii (quotient, — the 
ai i»unu‘nt-chan; 4 (‘, liicdi is entnt*ly umho oui t*ontr*ol, bein^ 
the diMsor Accordingly, let us examine the Difference- 

Quotient, 

17. Illustrations. — A \<‘ry Ft-w cxiniq^lcs will sufticti to 
teach us that the ex])ression lor this (juotient is not in 
general simple, but ^ery eonqilex In the casi* of y a 
linear function of a*, y = }i.r-{-h, let us mcreast' any \alue 
of .V by A.r , thus the eoi resj)on<lin^ valiK^ of y is increasiid 
by Ay, and 

y -f Ay = s{j- + A.r) + h, 

whence, on subti'actin^ y = «a;-f6, we obtain 

A.y = «A.i-, = 

Here indeed the relation is simple enough Ay is obtained 
from Ax by multiplying by The geometric illustration 
needs no explanation 
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18 But now consnlei the simple relation Ax and 

Ay bein^ corresponding differences, 

y + Ay = (x + Axf = x- + 2x Ax + A.7 *“ 

whence^ Ay — 2x Ax -h A.r“, 

and 2.r + A.r 

Ax 



Similarly, for y = ^'''\ we obtain 

^-l = S.r^ + H.r A.r + A.f- 

Acf 

while in the case ?/ = taii ./• we have 

Ay ^ (1 4- tan x“) tan Ax 
Ax ( 1 tan X tan Ax) Ax 

When such complexity obtains in simple cases, it seems 
supi‘rfluous to examine complicate<l ones 

19. Derivatives. — However, it is a fact of observation, 
to be verified at every step of our progress, that the 
Difference-Quotient, no matter how unwieldy, in general 
hreal's wp into two parts the one, independent of Ax, 
constant with respect to Ax. the other, dependent on Ax, 
vanishing with Ax, 

The event will show that tlie first part, the indep)endent 
constant part, is of supreme importance, and accordingly 
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we f>ive it !i special name. w(“ call it The Derivative o^ 
U as to ,T Symbolical ly. 

;^;^ = C’(A.r)+F(A,r), 

an<] \vc‘ iiaiiu" ('(A.r) Deri rat irr of // as to r 


20, Symbolism. — ()i couisc am* n(*(‘<l a syniliol as a\(‘ 11 
as a name foi tins ma^nitutlt*, such as 

;i/,. //, y, l>,y. 

\V(‘ shall list* all ol tht‘se as (jiiiti* t‘(jui\ alent-, hut not 
<|Uit<‘ nahtii*! (‘iitly The seeoml, t/\ is At‘i \ eoiiA enu‘iit, 
])ut only AA"h(‘n tlu'ie ean )m* no unec‘rtainty as to the 
ar^aniuait (l(‘ri\ atioiM thus, i\h(‘iJ // = !(./*), //' or f'(.r) 
wull unifoiml> (h*note the iJerirattre auth re>,pect to .r 
The third, //, is es])(‘Cially used AAdien the aionnu‘nt of 
den*Aa,tion is tlu* tnae, <is in M(‘ehanu‘s, \\ h(‘U‘ f/=f/t = 
deriA^atiA'e of // as to t Tlu* lourth, D^i/, oi simjily Dj/ 
wdieri* tlu* ai^um(*nt of <l(‘i n atioii is \v(*ll und(*rstood, is 
tlu* most con\(‘ni(‘nt in ^t*neial <lisc*ussions, Avheie tlu* 
symbol D of deri\ation is use(has an subject to 

certain laAvs of opeiation The fifth, is the most 

common of all and is full of su^<j;estion , unfortunately, 
1)6111^ wiitten in the form of a fiaction, it is liable to be 
mistahei by tlu* be^innei for a fraction, a fiaction, how- 
evxu*, it is not, though in certain opei'ations it obeys certain 
laws of fractions In the main, and (‘specially at first, 
the symbol seems pi*(*ferable 


21. Derivative as Limit. — Whenever the JJi^erenre- 

Quotient, falls into the two parts mentioned in Art 

If), then it is plainly a iHiriahle magnitude, chan^ino its 
value as changes, the A^alues of x and y being regarded 
as fixed Moreover this variable, varying with Ax, differs 
from a certain magnitude constant \a ith respect to Aj by 
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magnitude small at will, by an infinitesimal that 
aiiishes with A.r Hence b^^^ definition this constant with 
(\spect to A.r, this Derivative of y as to .r, is The Limit of 
he Difference-Quotient for A.r vanishn ^ — anew an<l most 
mportant definition of Derivative 

22. Differential Coefficients. — In accordance^ wifh this 
efinitioii it would seem most natural to call this Limit 
ot Derivative, but Differential-Quotient, and the less 
ppropriate nanu^ Diftcrential coeffic'umi is, indeed, tlu‘ 
ne in general use However, there is a distinction 
t may ha])])en, and, in fact, doe^s happen, tnat the Limit 
f the Difference-Quotient may be perfectly definite foi 
ix positive and loi A.r negative, but not tlte same foi 
oth cases , ac(*ordingly, we may iiave a progressirr 
)ifferential-( Quotient and a wholly different regressive 
)ifferential-Quotient, but 'not a Derivative Only when 
he progressive is the same as the regressive D]ffu*(‘ntial- 
Juotient is their common value named the Derivativ^e 
Art :D) 

23, Staiting from thi.> conception oi the Derivative^ 
s tlu‘ Limit of the Difference-Quotient, we may now 
stablish certain useful piopositions 

Theorem VII. — The Derivative of the svm of a pnite 
amber of f auctions of an argvm'nit eqaals tlte sitn of 
he Derivatives of the f auctions 

Let a — (J>{x), = etc, be the functions of x, and 

g = f (‘^’) = a + c -h . 

jet Au;, A^/, Au, A'^^ etc , be corresponding changes in 
’, y, u, V, etc , so that 

y = f(a^), y + A// = i{x + Au:), Ay = f(x Ax) — f(.r), etc , 
hen y + Ay = u + Aa+v+Av+, . 

A?/ = A'?(. + A??+ etc. 

Ay Aa , Av ^ . 
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Sinct‘ the limit of the sum is the sum of tlie limits, 

4- 4- etc 

Corollary — If tj = n — r, then y, = 


24. Theorem 'VIll.- -Thr J)i' n ratire of ike yvoilavt of 
tivo fiiiictio'iis of f/te fiame (ityument equalti the sum of 
the Derivatives of each factor vivlt tjdied hy the other 

Let y — ui\ \v]iei(‘ u and r functions of j\ and lid 
A./*, Ay/, A?^ A^ 1 k‘ corres]>ondino clian^t\s Tlien 

// -f A// = (// 4- A^/)(r4- Ac/=r Ar+r AuA-^u Ai 


Ay = A'(t ‘ t'A-u Ac + Aa Aa 
Ay/_ A?/ 


A.f A.e ‘ 


Af , Au Ar 

(h 4 

Aa A.t t 


11 (‘itliei oi lias «i finite limit, tluai is a 

Aa* Aa Aa* 

hintt‘ mnlti])l(‘ ol an infin]t(‘simal, luaict‘ is itscdl in- 

finit(‘Sim il lienee on taking limits 

= ^’4-/^ r, 

Corollary — II y — ur ]nit ur~z tluai 

y^ — Zj^qv-Vzu\ =:v^nr+ar, 


and the pioot may thus easily be (‘xtended to any nuinlxn 
ot factois 

\V<‘ may write tin* result con\enK*ntly thus 


y = v (''tv. 


Z/x 






25. Theorem IX. — The Dert i'attve vj a fracftori equah 
the quotient of the Derivatii^e of the name tutor mnUlplted 
hy the denominator, less the mimerator midtiiilied, by 
the Derivative of the denominator, divided hy the squared 
denominator 

Let y/=^, . then vy = v , wlience v^AJ , wlience 

u^v— avx 


lh=- 
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26. Theorem X. — If y he mediately a fvunctton of 

1 = Oytid ii = \fr{x), tso tlud y — i\x) through ii, 

then the Derivatii^e of y as to x eqtL<ds the pi'oduct of the 
Derivatives of y as to u and a as to ,r 

Let A.r, A//, Alt bt‘ eon espondin^ difiereiices, \vt‘ 

have ]<le]itically 

A//^A// An 
A.r All A./' 

\vh(‘iJC(^ y^ = y,^ n^. 

Corollary — Simdarly in east* of se^elal nu‘dia, as wJien 
y = (/}{it), u=\/r(r), '?? = F(7r), /(;=^f(./'), 
g,=zy^, n, 9%^ IV, 

Metlude I)(‘riAatioii is t^xeiHMlin^ly nst^hil 

27. Theorem XL- -The he ri vat ires of y a^s to j and 
,e (cs to y are reciprocid 

For, i<lentieally, 

A./' Ay ’ 

whence, on taking liinit‘\ 

Vx tf — 1> ’ 

.7» 

since plaiidy the constant 1, like ev(‘iy other constant, 
IS 'Its oivn limit 

28. Theorem XII. — An additive constant disaj)pcars in 
Derivation 

Let 2 / = ^ + ^, wliere c is constant as to x, then 

y + Ay — a + Au + c, 

. . Ay An 

^2'==^'"’ a:. = AS’ = 

This fact is soiiietiiiies exjiressed by saying that tlie 
Derivative of a constant is zero By constant is uniformly 
meant a constant as to the argument of derivation 
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29. Theorem XIII. — A multi plic<(ti re ronslanf is an- 
iittrdcil h\f Deri ration 

Let */ = en, wlieie < is ronsfttnf as fo'.r, tlu‘n 

// + A// = t‘( </ + A^O. 

. . A// An 

A// = eA^^ \ . = \ ' 


Drriration inferpreietl (leoinrfnridl j/ and Mechanicall 1/ 

30. Geometrical Illustration. — Ilt‘i()ie inoeeiMlmo, as we 
uie Ji<m ])i\‘j>aie<l to da, to the netiial <l(‘i i\ ation ol 
tiiiietioiis, it may he well to illusti«itt‘ tht‘ ]mi(‘ly analytie 
])ioet‘ss Hi moK* tliaii.oiie wa\ ,• in onlt^i to eon\ hum* tlu‘ 
iH'oinuei* more tiilly *])ot]i ol its tiiii<l.iim‘iital imjioi taii(*(‘ 
aial ol* its ])(‘ifeet iiit<*IIieihilit \ 



Let // = f(.r), tlieii from Cooidimite (ileometry W(‘ know 
tliat this al^eliraic relation may, in fjeneral, lie (iepieti^l 
geometrically by a wiiose atjUKtiion is // = f( 2 c). L(it 

P be any ordtiiari/ point of tins curve, Q ami (/ any tw^o 
m‘i^hboin iiijj; points wntli P hef'tijee'tt tlunni Draw' secants 
PQ aial PQ\ making angles 6 ami 0' w'lth +.r-axis Let 
the coordinates oi P be ar, // . of Q be j: + Ax, y + A*/ , of 
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Q' be or + Ax\ y + jly' Tlion in the trian^^les PUQ, PU'Q\ 
we have 


A.r 


= tan 0, 


A'// 


= tan 0' 


If now, 1 ) 3 ^ taking Q and (f evei* closer to P, we can 
itathe and heop (for all still eloscn approaches of Q and 
to P) the anyle f/> b(‘tween the secants PQ and Pif f^nad/ 
(d uhII, then the secants tend to fall to^etln*)* as Q and Q' 
close down on P. and the fixed ])(JsitH)n to which both 
PQ an<l P(/ nia^" 1 k‘ brought and kept close at will is 
calh‘d the Lim'itnifj posdio'tf of each, and a ri^ht line in 
that jiosition is called the tangent to the curve at 
When such is tin* case tlu* angles 0 and 0' teinl toAvards 
a coniiiion liniitin^ value, which AAe shall uiiitorinl\" denote* 
by T, while tan 0 and tan 0" tend also toward a coininon 

limit taiiT*, and since* are alwaj^s eepial to tan 0, 

tan 0' respe^ctively, Ave have* 


limit of 


^*^^==tan x= limit 
A.r 


A'// 

A'./ 


Noav the common limit of these ])itference-(^)uotionts is 
by detinition the Dcri\"ati\e of y as to x hence 

y^ = tan T , 

7 ^, the Derivative afi to x of a function of j (lor some 
special A able* of x) eqiuds the tangent of the angle 'nuide 
with x-axis by the tangent, to the curve deincting the 
function in rectangular coordinates, at the point corre- 
sponding to the value of x 


31 . Exceptional Cases. — It is essential to tlie fore^goin^ 
definition of tangent that the secants through Q and Q' 
from P between ^ and Q' sliould tend to coincidence as 
Q and Q' near P Sometimes such is not the case, but 
PQ and PQ' tend to different limiting positions PT and 
PT' as Q and Q' near P, or indeed to no definite position 
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it all Then the notion of the tangfeilt at P fails , 
nay speak of tangent v p to P and of tangent on fi*oin 
P but not of the tangent at P But then the notion 
)f Derivative fails also, there may be a lhx)or(\ssi\ e 

Differential -Quotient ^the limit of and a Ke^rtsssive 

Differential-Quotient ^the limit ol ^ a Deriva- 
dve (foi that value of .r) 


T' T 



Fi(. 8 

Oliserve lik(*\vist‘ that wluai whieli ecjuals t) — 0\ is 
iiade and kept small at will, then tlu* fiuetuation in value 
)f each an^le, 0 and 0\ is madt* and k(‘j>t small at will 
Foi the positions of Q and Q\ or, wdiat is tantamount, the 
."allies of 6 and 0\ are entirely indepi^ialent of c^aeli <)th(‘r, 
iO that any change in the valia* of t‘ithei mi^ht produce* 
in c([ua] change in the value of th(‘ir difieii^nce , lu‘nce 
>he chaiiiije in the* value of (‘ithei* lK‘Comes small at will 
vhen tilt* change in the value* eif tlieir diff(*re*nce ]ie*comes 
miall at wdll , 7 f , geometrically, each secant se*ttle*s elown 
toward a definite jiosition an<l beith secants tow^ard the 
eame position 

32. Problem of Tangents. — It is thus manifest that the 
problem of deriving a function is in general the analytic 
jqui valent of the geometric problem of finding the tangent 

;0 a curve at a given point of the curve the prohlent of 
s A li 
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Derivation in geometrically interpreted the problem of 
tangents If now we ask for the Equation of the tangent 
to the curve 7/ = f((r) at the point (cr, y) the answer is 

where n and v are tlie current coordinates of a point on 
the tangent referred to the same rectangular axes, OX 
and OY For this is the equation of a right line tlirough 
(X, y) and liaving the proper slope to the .>t'-axis as deter- 
mined by y^ 

Exercise. — If w he the angle between obliqu^' axes, show that 

— sin .r/sin (<o - .r) 

33. Illustration from Mechanics. — In ordi r to interpret 
the Denvative mechanically, let .s be the S2)acc (oi one 
dimension) or path traversed by the body (conceived as a 
point) during the time t, a\so, let A.s’ be traversed in A^, 
Le , let A<s‘ and A^ be corresponding diherences in h and f 

Let us form the difierence-cpiotient According to the 

most familiar notions it is the average sliced (or velocity) 
during the time Nt If the motion was uniform, then the 
body actually traversed As at this speed , if, however, 
the motion was not uniform but varied, then it is not 
certain that the body actually had this speed for any 
finite time however small, nevertheless this (piotient is 
still by iiniv^ersal consent the average speed If we make 
Xt and therewith As ever smaller and smaller, the quotient 
remains always the average speed, but it will in general 
vary in value as Xt varies, whatever be the law of the 
motion If there exists any law conm^cting the space and 
the time, whether or not we know what it is, in other 
words, if the s^yaee be a function of the tune, then in 
general this uitference-quotient will break up into two 
parts, the one independent of Xt, the other vanishing with 
Xt. The first part is analytically what we have inet with 
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repeatedly, namely, a Derivative, the derivative of the 
space as to the time, it is the limit of the average 
in the immediate neighbourhood of tlie instant t {i e , the 
end of t and tlie hept n tinitj of AO Mechanically, howe\er, 
this limit IS not itsell an average speed at all, it is not 

of the same nature as the variable difference-quotient 

F'or this (quotient vertr assumes this limiting value, no 
matter how small A/ be made And this is (piite what 
we should exjiect and wJiat tht‘ natuie of tin* case di^mands 
For motion impliiNS duration, howe\ ('i small, of time, and 
chan^'*e, however small, of ])lac(* When tlu‘ie is n(» la})se 
of time and no disjilacement tlu‘ie is no mof.ion, and lu‘nce 
no sp(*e<l (or velocity)* In all strictiusss, tluue can be no 
'motion at an nnstniit and lu^nci* no speed (oi* \(‘locity) (d 
an instant The concejit of sjieed (or \elo(*ity) oi motion 
will not combine with the Voncejit of instant (oi* point 
of tim(‘) to 1*01111 a coiiqiouml conciqit N(‘Vi‘i tli(‘li‘ss, if 
IS an established and unclian^eal>l(‘ usaL»e to speak of 
relocitf/ (d an instant oi nista nta neons reloidp Th(\se 
expressions have in th(‘ms(‘hes in') nii;anin;Li;, hut we may 
(overlooking the inconsistency set loith abo\ (*) assa/n 
them a meaning, namely, the hnitf of the arena/e reloeitf/ 
in the immediate neif/hb<m rho<fd of the instant 

34 Of course, the (jm*stion lemanis, is the ^ame WMirth 
the candle ^ is tins limit oi* such natural intiansic import- 
ance for mechanics as to wai-rant us in ^iviiijir it this 
name and lii'tino it into tins promintMice ^ This (juestion 
cannot be answeied it jjriori, in a<l\ance, but only a 
posteriori, from the e^ cut We shall scHi at proper time 
and place that our justitication is comph^te* 

35, Further Considerations. — It is sometimes, indeed 
generally, said tliat the velocity at an instant is the 
(measure of the) space that ivoidd hove been traversed 
in the next unit of time if ike velocity at the instant 
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lad remained constant durin^^f tliat unit This definition 
s doubtless useful foi* certain pur 2 )oses, but it has little 
□gical value , for it manifestly defines the thing in 
erms of itself It may with more propriety be said 
hat the instantmicoun velocity^ whatever it be, cliarac- 
erizes the state of the body at each instant, but not 
he action of the body, in its passage from one state to 
another We may accordingly assume two axes one 
lonzoiital as time-axis, the other vertical as speed-axis, 
jid laying ofi‘ veitically ordinates to lepreseiit the spewed 
;t each instant we form by their ends the useful car re 
\f velocity (or sjieed), or by means of radii vcctores 
Irawn fi*om a fixed point, of length vaiymg as the 
nstantaneous speed, an<l jiarallel to the tangents to the 
)ath of th(^ body, we may form another important curve, 
lie hodoyrayh, the radius vectoi to any point of which 
lej^^icts geometrically the corresjiondnig instantaneous 
adocity In case of some actual motions we might 
lave such a curve <lesciibe<l by appropriate tachymetric 
nechanism But the fact remains that tln^ Derivativi* 
)t the space as to the time, this limit of the averagi^ 
"elocity, characterizes not the action but the state of the 
Kxly, and is itsell oiof a \elocity though e\ery where 
lamed so In like mannei the circle is not a regulai 
lolygon, thougli it is the limit of both in- and ex-poly- 
»ons , the tangent is not (in general) a secant, though tln^ 
imit of two sets of secants , and m general the limit, 
IS a constant, is essenti«illy <lifierent from the variable 
vhose limit it is 

36 Lastly, it is conceivable, though perhaps not actual, 
Iiat in case of impact with or without rebound, there 
iliould be sudden change, discontinuity, in the varying 
iverage velocity. Thus the notion of instantaneous 
velocity of impact would fail for the point in question 
There would be and we might define instantaneous 
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velocity xi'p to and on from, but not at the instant of 
impact, which corresponds precisely to tlie analytic phe- 
nomenon of projj^ressive as well as rt^^ressive <litterential- 
coefficient, in the absence of Derivative proper 


EL ESI ENTAEY 1 )ER1 VATK )NS 

37. Derivation of Rational Powers.— Liavmo tiuse 
subtleties, which the stud(‘nt must not be discouia^t‘d 
at not (piite i.uisteriii^ on first iea<lin^, procet*d to 
<lei’ivt‘ the ordinaiy functions 

1 Let = n beiu^ «i positne intt‘^ei 

fj -h A?/ = (.r -I- A.r r = ’ A./* -f | A/*- } , 

wheie {A.c-} means tei ms involving at l(‘ast tlie second 
power of Ac/’ Hi‘nc(‘ 

= I Af} . = 

If wert‘ not a ])ositive int(‘^<;c‘r the ( ) would not 

consist of a tiint(‘ numbei of intiintesimals, and W(‘ could 
not affirm its vanishing without more* ado 

We mi^ht also have re^ai<le<l ./•" as tlu‘ pioduct of n 
eipial factors, each .r, and have ap])lied Art 24, Hanem- 
berin^ that the deiivative of x as to x is 1 

2. Let y = where p an<l q are positive integers 

}pz=j'P^ whence by mediate deiivation 

n 

3 Let jj = jc-'‘^= h wliere n is latioiiul 

By Art 25, y*= 

We may obtain the same result by deriving yx“=\ 
So for all rational values of n we have tlie rule • to 
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lerive by the exponent and then reduce the 

xponent by 1 

For n irrational, see Art 40 


38. Derivation of the Exponental. — Let y = e^ 

We assume, as known from Algebra, that 


/y%ti ntH 


7C = tW y.// 

I n 


series absolutely convergent for all finite values of ./* 
We have then 


y + A;y = 



A.r“ 

2 |3 



A;v 

A,r 


= e^+e^ 


f Aj’ 



•) 


Comparing tlie series in 


laiuely, Ax + - 


A.K 

l^‘ 


+ ^^ + 
^ 13 ^ 

l _ 


{ J With the series for — 1 . 
, we find it less, term by term. 


h rough out; but for Ax vanishing converges upon 

> as limit, much more, then, is 0 the limit of { } foi 

ii:6‘ = 0 Hence, y^ = (('^)^z=e^^ 

. result of extraordinary simplicity and importance By 
.ctually deriving the series foi e^ tei*m by term we see 
hat it actually reproduces itself, but we are not authorized 
o derive an infinite series by deriving its terms separately. 


Corollary. — = . Ux , the derivative of an ex- 

>07ienfal = the ex2)07iental x the derivative of the exjyoneni 
Lhus 

llso, = gajioga ^ hence {a^)x = . log a 


39. Derivative of the Logarithm. — Let y = log x, where 
oy inesiJiB Qiaturallogarithm, Yhen e^^x, whence yx—^y 

T yx = {^Ogx\ = \. 
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The logarithm of in any other system difters from tht 
natural logarithm only by the modulus il/, as a factor , 
hence M will appear in the Derivative as a multiplier 
But other logarithms are seldom used 

1 

Corollary. — (logi6);c = — hence to derive the 

logarithm of a function, <hrive the fiincfioyi and divide 
the result by the function 

40. Derivative of Powers. — Let y = .r^\ v being any 
constant as to x 

Then log y = n log j\ , 

the complete gcmeralization of Art 37 

Special Oases. — (^x)x= \ , 

2va 

ie. To derive the 2nd root of a function, derive the 
cadicand and dnnde by t trice the radical 

C).= -x- 


41. Derivatives of sine and cosine. — We pass over now 
jO trigonometric functions, all of wlucli depi^nd on the 
dne 

Let y = sinx, ;?/ + Ay = sm(x4- Ar), 


Ay = sin (a; + Ax) — sin x = 2 cos 



A./* 

o 



9 


From Trigonometry we know that the limit of the 
ratio of an infinitesimal angle to its sine is 1, and the 

( AiX\ 

x+ 2 J is plainly cos^, hence 
yx = (sin x)x = cos x 
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Corollary. — (sm u)^ = (cos ii) , 

(cos = ^sin ^ ^ ^ — sin jc 

42. Geometric Proof. — Tliis fundamental relation may 
also be deduced geometrically, thus 

Let AOP = x, take the radius OP as 1 , then the metric 
numbers of an^le and corresponding arc are the same, so 
that AP IS also the arc .r, while CP represents the sine 
and OC the cosine of x , i e , the metric numbers of CP and 
OC are th(‘ metric numbers of sin(‘ and cosine of x Now, 
change .r by Ax = POQ or —PQ Draw PI> parallel and 
QD normal to OA, also the chord PQ Then as Ax is 



taken ever smaller and smaller, the chord PQ turns about 
P and tends to become normal to OP, the angle OPQ 
may be brought and kept ck)se at will to a light angle 
Hence the triangle PQD tends to become similar to 
POC, its angles differ only infinitesimally from those of 
POC, Hence we have the rigorously exact, not merely 
approximate, relation 

L»mt of 

Moreover, w^ liave the fundamental assumption 

Limitof 
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ilso 


QD = Ay = A(siii x), arc PQ = A.r, 


00 

OP 


= cos 


X , 


Lim 


Ay . / Ql) chord PQ\ _ OC 

Ax “ Vcliord PQ ’ ~Vv^PQ J'^OP' 


lence = (sin 0 ’)^. = cos x 

Quite similarly, from the figure, 

(cos x)j^== — sin X 

Vnalytically, 

( cos X )jc |sin — x^ j ^ = cos ( — 1) = ~ sin .r 

)r thus, 


sin t/''-i-cos .r" = 1 , 2 sin x cos.r-j- 2 cos .r(cos x)k = 0, 

/cos./*)a-= — siii X 


43. Ratio of Chord and Arc. — The assumption in tln^ 
ore^oin^ proofs is so important as to call foi special 
elucidation 

Let Q and Q' he two points of a curve Oy and P a 
loint hetween tlieni J)raw tangents at Q and Q\ and 
et these points ajijiroacli P Then this state of case will 



n general present itself . by takiiif^ Q and close at 
vrill to P we may exclude all flexures from the arc QQ\ 
o that the tangent QI will turn only one way in turning 
ound the arc into the position Q' I , also by approaching 
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2 and Q' to P we may make and keep (during all nearer 
ipproaches of Q and Q') the angle QfQ' close at will to 
i straight angle tt. When this is the case, the triangle 
tends to flatten out into a doubly laid tract QQ\ 
nean while it always encloses the arc QQ' and the relation 
Lolds constantly 

QI+IQ > arc QQ' > chord QQ' 


3ut 

lence 


„ Qi^iq ^ 

o' ShoTd w“ ’ 


Limit of 


arc QQ' 
chord QQ' 


In such a case we may say the curve is elementally 
traight in the immediate neighbourhood of P By this 
)hrase we mean that if we cut out an ever smaller and 
mailer piece of the curve, always including P, and magnify 



fc to a constant apparent size, as with a microscope, then 
he smaller the piece cut out the straighter (or less curved) 
t will look. Such would not be the case if the curve 


* 111 fact, if a, b, c, a, /?, y be the sides and opposite angles of the 
riangle then 


sill tt sin (I sin y 
a + 6 _ sill tt + sill /? 


c 

2 sill - 


sin ' 


i cos “ ^ ^ 2 sin I — ^ . cos ^ ^ cos - — ^ 

-L 2 S— L 2 2— L 2—1, 

Sin y 


or a = )Q=0, y — TT 


2 sill ^ . cos ^ 
2 2 


sill ^ 
2 
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flexed itself indefinitely often in the vicinity of P, ni)r 
if P were a cusp (as in the figure), when the chord and 
tangents would tend to a definite triangular shape under 
the microscope 

44 Tile substitution of the chord for tlie arc, Ac for 
Air, illustrates a very common artifice^ justified by tlu* 
following important 

Theorem XIV. — T/ie Jimii of the nifio of tiro va 7 'iahl(\s, 
ti avd V, is the same as the limit of the rat to of two other 
variables, u' and. v, ichen the Ihnits of the ratios of a to tt' 
and V to v are caeh 1 

For we have identically, 

K ii n' r T T . T 
= , , , and L — = J = 1^ 

r i( V V a r 

hence Lim -- = Lim 

V V’ 

Observe the analogy with mediate derivation 

45. Other Modes of Proof. — We may avoid all geometric 
considerations by defining sine and cosine through iiiiaginarv 
exponeiitals, thus 

= cos + '< sill .r , c ~ = cos j:* — / si 1 1 x 

whence 2 cos a; = e'-' + c " sin x — e^'* — 

Deriving, we have at once 

(sin = cos X, (cos x)^ = — sin x 

The same results are reached, free from all geometric refill - 
ence or dependence, by deriving the series for sine an<l 
cosine term b^^ term 

sma: = a:-j3+^-+. cosx=l-j^+-^ - + 

This process is admissible as applied to these series — a 
fact, however, not yet established 
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46. Other Trigonometric Functions.— Since all the other 
trigonometric functions are expressible tlirough sine and 
cosine, the student will find no trouble in deducing these 
results 

(tan = 1 /cos x = sec = 1 + tan x 

(cot x)x = — 1 /(sin ir)‘ = — esc = — (1 + cot x‘^) 

( sec x\ = sin xJcoh xf = sin x sec = sec x tan x 
(esc x)x = — cos ./ /sin .r“ = — cos x esc ./ = — esc x cot 

47. Sense of the Derivative. — Tlic signs of the foregoing 
Derivatives are noteworthy When the difierence-cjuotient 
A'// 

^ IS positive, and tlierefoie wlien its limit, the J)erivati\e 

iw positive — for mtless the limit be 0 it manifestly 

<leteriiiines the sign of the wliole expression — the 

meaning is that for Ax an<l Ay small enough ihei/ hoik 
have ihe same sign, are both +, or both — le, for 
positive, the function y and its argument x increase or 
decrease together — y is then called an increasing function 
of X Such are sine and tangent in first (juadiant But 
Vx be negative it means that Ax and Ay, small enough, 
have unlike signs, as the argument increases the function 
decreases and is hence called a decreasing function of 
the argument Such are cosine and cotaiige^it in first 
(juadrant 


INVERSE FUNCTIONS 

48. Definition. — When y=^i{x), then x must equal some 
function of y, say ir = 0(y) These functions, f and 
are then said to be inverse functions or anti-functions 
of one another The sign of inversion is the negative 
index, —1, superscribed to the functional symbol Thus 
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2J> 

so tluit HIkI 

We can pass at once fioin the invi^rse to tin' diivct 
1 unction Tims, if* 

?y=K-i(./-), tlien F(//) = ./ 

Tile lo^aiitlmi and the expoiH^ntal 1‘oiin a V(*rv inipoitant 
jiair of in\ erst‘ functions Thus, if 

y = ]()o.^, then = 

and if >f = e\ tlien loo yy = ,f 

49. Derivation of Inverse Puiictions.— We can always 
deriM^ the anti’functi<‘n when we can derm* tlu* lunction 

Foi let yy = r-i(.#), then f(//) = ,r, 

wlu'iicc r{.y)//, = l, 

Wi* may th(‘n in ^(‘iieial <‘X])ress H//) thiou^h ddms 
let // = sin'^/, tlu*n = l cos y/, o/ 

jsin'h.Ojj*= 1 \/l — f- 

As to the si^n of tie* ^/, it is ooom(‘tn(‘ally (‘\i<h‘nt that 
an^li* and si^ii ]nci(*ase to^(‘thc‘i in 4t]i and 1st <|ua<lrants, 
but not in 2nd and ibd henct* tlu* ^ is + for 

— 7 r /2 < // <' TT 2, — foi TT 2 <' // <' .S7r '2 

Similarly, let tlu* stiuhait sliow that 

(cos - \r)^ = — , { tan - \i- t »> (hcc ' \r)_, = - , 

Continental mathematicians write avc^iii ./• (it*ad (irv ivhosv 
sine is x) instead of sin"^a.* (rea<l cmti-sine {of) .r), but 
the latter is liotli more convenient and more logical 
Inverses of unic^ue functions are lu^t generally uniijue 
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EXERCISES. 


Derive the following expressions as to u* 

1. .C^\ X, y-, x\ clx, cjjr, (ll.r, X^, .T“2, h/i- 

2 s/l±x^, \/ a- ± a;-, \/.r- ± J a 2hx cj^, + 3/a 7 - -h / -I- 

N B — {v/r±"a:-^},=: ±2xl2jl ±.H- ±uls/i±7^ 

3 (^7.7^-h 2 /a/ H- c)^, 

(aa'* + Ahx^ + Gm - + Adx + c)^ 

By mediate derivation, first as to ( ), then as to 

we get 

{ {a- - ^ - 3x) - - 3Av/a- ~ a " 

1 -h a ./* \/\ ±a* \/a±. x/a 1 ± ,/ 

^ x/l-a-’ Vl±ay 4/1 + /’ 

I /f H- 2//r + r I 5 
+ 2f/x + c'J 


5 


.r(a- + .r-)x///'* - ar, 


\/l±r^±\^J fl±j\^2 + T'^']^ 

Vl +.r- ’ 1 1 + /sAi + .r-J 


x/l -f a ±x/l — a 
x/l 4-a’ + Vl - a’ 


a xA- — ((-, 


(a2^a^)l/(a + j)K 


x/l ± /“ ± 
X^l ±a- + 

(« 


By Unjaiithiii'ic deiivation we have for the first, 

_ /I 2r ^ \ 

~ ^\a: a- + a- - .r-y 

= (a^ 4- 3./,-)xV - a^ - ) / = -- -y- ;; 

x'/t" — x/ti" — a- 

x/it 4“ ■/ 4“ x/^ ~ 


(, log------ , logW , log"^ - , log 

l-a4'a \//+/ Ja-±J‘^ — .r sja + a — s^'if - 

log (log a’), 

{log(a 4- v/a- - a ^) }, = |l 4- 4- = 1 /x/a - - 


7 y-6 


co-< sr+6 sin x 


, log 


(a cos .r + Z/ sin al a 


5}“’ 


a cos x±.b sin x] 
e'^^sin^/a, silica*)”, ^'”(cosjt>a;)”, e'^t^nqx 
For the first, //^ = 2/f.c 4- 2//). 
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8 y = sin {(ix^\ = sin"^ ? = tan"^ sin {m r -h a), sin m.r cos nx, * 

{sin Ni,ry, (cosnry, (a sin 4- /> cos \Asin*r, sinV^, 

J tan Jx -= ^ax cos{a.t-), = l/Ja^ ~ x\ = a /{a- + .r-) 

f j. _i3 4-ooosr 

9 sec tan ^.Cs/a^~ sin ^ , ,, cos - j 

;) + 3 (*()g , 


tari'i 


f-tan-i-) 
\a ( 1 / 




, u 'X a 

\l = sec ‘ sec ?/ = cos // ^ , 
a a / 


a a 

suit/ = 

f- .r-sin // 




a 

-> 


We may also write oft this result immediately 
10 logsirch/, logcos'^./, logtan'^/, siii(log.r), ]og(siii /), 
cos“^(log tan y"), sij\~^{\ - 

• _ I 

I \ h + a-{~ s/JT- a tan 

7/;- : — 7 

\ o + (i - s!b - (f^tan -y 


7> log sin" = 1 /|v/l - r- sin~’ f } 

11 tan~\^(l ± 0/(i +‘0» log"/ -log log log/, 

(sinu)"®* 4 - (cob,/)”‘"^ + (tan“^/)s 

co&~V-'^v^l V = logy-- / log /, 


^'■(log ^ 4 - 1 } 

IJ (C ^ sill / cos./n/I -r-(b]n /•)“, 


log 


r- -{- a r±J {t- •\- a ! )- q: h t 
f“ + (M + s^( /“ 4- 


13 If «a“ + 2//./y + ^/r 4 - 27 .r + 2/’//4-/ -0, find y. 

Here r and y are impJud functions of one another, 
but no new difficulty presents itself We derive straight- 
forward term by teim, and then solve for y^. Thus 
2iu 4- 2ky 4- 2h nj^ 4- 2/;////^ 4- 2^ 4- 2ftf^ - 0, 
whence Vx— ~ ^ + % +/) 

14 Find y, when = 4- ?/)”*'"", (sin =icos 7y)*, 

r?-'iary + 'f^0, .i^Jl+y + yJl+J'.-^O, tanlog*= — 
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15, If y =</>(/) and .r=^(/), prove that y, = 

16. If u and v ho functions of r?, prove that n„ = uji^ 

— 2 T* , 2*?* 

17 Derive asto^>’*, tan“\ ,, as to sin“^ "" as to log / 

1 — ."r- 1 + .r- 

18 If y = ^ tan / + \/ tan v + Vtan / + , [)rove 

it ,^ = (2y -- l)cos^^' 

19 Derive the sum S„ of v terms of a Gr as to the ratio / 

20 From 

sin a, = sin (;i +r/)sin(.r + 2^^) .. sin (/• + ?/- la) = (sin ?? 
where na=Tr, ])rove that 

cot;/ +cot(;?4-^/) + + cot( / + - la) =;/cot7/^, 

CSC .1 4- CSC ( / + ^/ )'^ + + CSC ( / 4 - — hr )‘^ = 7/ - esc lu “ 


APPLICATIONS TO OEOMETRY 

50. Tangent and Normal. — We sliall now illustrate 
further the t‘xceediiig iiiipoitance of the DeriNative in 
pio])h‘nis involving tangenc}^ 

The Eq. of the Tangent to ?/ = f(.r) at (^*, y) is 

where u and v are the current coordinates Hence the 

Eq. of the Normal is 

yx{v - y) + {u — .t) = 0, 
obtained by putting — .r,„ instead of t/^. 

Deduce the corresponding e(|S. for oblitnie axes 

61. Subtangent, etc. — Now let the tangent at P {x, y) 
to the graph of 2 /is=f(.r) cut the axes at T and U, and 
let the normal cut them at N and Q , also let 8 be the 
projection of P on ;r-axis Then plainly 
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N7’=- S\i])tan;;4i‘nt = // //,.= // 

HjV = Snhnoi inal = // /z^, 

P7'= Tangent = //>v^ 1 

PA^ — Xoriiial 1 + 

Oy=Tan^ent mt(‘iCM‘])t on A'-a\is = ./ -~/y //^, 

Of^— Tan<;t‘nt. int(‘ro(‘|)t on i"-a\is f/^=^^()T //^ 


52. Derivative of the Arc. — It is conmion to (l(‘notc‘ h;v 
.s tJif' lenfjth of (( icckoiKMl ii’oin some point 

ap])i’oj)i*iatel y cliosun Evidontly, tlu^ii, tins .s is a function 

of both ,r ainl //, and may ]»<‘ <h‘iivc<l as to citlnn- Let.#* 
})e leckoned up to tin* ]>oint //), and let 

Ajf = 1)Q, = PQ b<* corit‘S[)ond]nn clian^es in a\ y, s , 

also let Ac = choi<l PQ Tlu*n 


A7;“ 


A./*“+ A//^ 


A.s 

A./* 


An Ar 
Ac Ai 


Now 

Lull = 1 » Lim. ^ = Lull 1 + = v^l + yf^ = 


Hence, in* general, = v^l + yf^ = sec t 
s A (’ 
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Hence = cos t = 1 / V 1 + 

and, similarly, 

Sy = -x/ 1 + y s = yx ! + yx“ = s 1 n T 

63. In Polar Coordinates let ^ ])e the pole, Sa tlie 
polar axis, l\r, 6) any point on the ^raph oi' f(?% ^1) = 0, 
T as before, 0 the radial amjle of the radius vector r 
with the tangent at P, let A?’, A0, Ai>' be coi i e'^]»<>jidi]ig 
clianges in r, 0, s, and Ac = chord PQ as before, also let 
a perpendicular 1o r through S meet tangent and normal 
at T and N. Then, much as before, 

ST= polar subtangent, SN = polar subnormal, 

PP= polar tangent length, PAT = polar normal length 

About Si describe the circle-arc PP, and <lraw the half- 
chord PD' perpendicular to ISD. Then 

Lim. = 1 , and Liin. = 1 , 

Ac arc PD 


as we know. 
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SO 


54. Infinitesimals of Higher Order.— In passing 
liave here establislied the very important fact tliat the 
limit of tlie ratio, intercept on radius lietween chord and 
arc divided by choi’d, is zero , or 


T n 

Lnii. = 0 


Tliis fact is commonl}' expressed by saying tliat DJY 
imfinifeHimal of necirml order with respect to FD' taken 
as infinitesimal of first ordei 

No obscurity need attach in the student’s mind to tlu^ 
nature of these inhiiitesiinals of highei order Coiisidei 

the three fractions ^ , \ If 'ti be in oui i)o\\t‘i to 

make as great as we will, then each of tliese fractions 
is in our powm to make small at will, each ts i‘Hpirite>oi)i(d 
As V increases each appioaches 0, not, howe\ei, in the 
sam(‘ way, but through very different series of values, 
c//, if n increase through the senes of natuial nunibtu’s 
the fractions pass through these series of values 


f, 


1 

1 0’ 


1, b 
1, i, 


1 


1 

1 TTO’ 


1 

i\ 4 ’ 


Always the ratio of the second fraction to the fiist is 
and of the third to the st'cond is ^ and of third to 

il 7? 

first IS i These ratios are themselves small at will, 

71- 

infinitesimal . in fact, there is in the first fi'action only 


one factor small at will, but in the second there are 

n 


two, and while in the third there ai-e three, and 
n n n 

^ and hence the names, infinitesimals of first, second, 

third order Clearly the same reasoning may be extended 
to infinitesimals of any order. In the foregoing illus- 
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tration tlie factors arc c(|ual, but this circumstance is 
entirely unessential In the cas(‘ ot‘ DIY the tiro factors 
small at will are D'Q and tan TY PI) the removal of the 
first leavers the secoml still present, and therewith the 
<{Uotient still infinitesimal, henct^ DIY is of secon<l order 


55. Additional 

Formulae. — Thf otiu'i- 

rcl.itions follow 

now without ditfieultv 


Tj ^ PQJ) = (/) 

L tan PQD = L.j/j^', = L 

PI) , rSO 
Ql)~ A/’ ■ 

hence . 

tan </>= rO, = 


Similarly 

sin f/> — >'ds, cos (Ji — 1\ 



In the ri^ht tnan^le TPN, sinet‘ SJ^=r is ]H ‘1 p(‘ndicular 


to TJy and wo ]u\\o 

If) 

tan SPT= r tan </>= r-d, = r- ,-, 

' it r 

cot = r cot <J} == 

PT=SP o<>h ,s7^r=r>)sr/>=r 'r, 

^ if r 

PX ~ sin HX P — r sin </> = 1 0^— ( 

' ifti 

If SPi = p he the ptn peiidicular Irom the oii^in on th(‘ 

tan<i(*nt Pl\ and a — a common and conv(‘nH*nt snh- 

r 


stitutioii- 


-then we ha\e 

<W^ 




(tti 


PP^ = ^P cos c/> ; 


ifr 

^\fs 


Exercise. — Prove 

jj%= / sin (/) = 


/W 


1 o 

jr \dv) 


Foi 


<fr _ dr _ 1 (// 

,10^''^' <W' 

/W 

,77,- -'',77^"'^^ 


t 


hence 
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66. Angle between two Curves.— The angle between 
two intersecting curves at their point of intersection may 
be defined as the angle between their tangents at that 
point, which may be either of two supplemental angles 
To find this ancjle, first find the point of intersection, 
then the value of yx for each curve at tliat point, say 
7/' and 7/", then tangent of angle lietween curves 

by Addition-theorem of tangent 

57. Pedal Curves: Definition. — As F traces tlie original 

curve Cy the foot Pj of the jierpendicular (oi /'j), from 
the origin on th(‘ tangent will also trace a cur\ e (\, 
called the (First Positive) Pedal ( f C with resjiect to 
the origin (\ will itself have a FPP with respect 
to >8, winch we write which is the Second P.P. 

of (/ with respect to H Consistently, C is called tin* 
First Negative Pedal of Cj and the Second N.P. of 
while C\ IS the F N P of (7^, all with respect to S Clearly 
this notation may lie extendiMl to any degree, and with 
resjiect not simply to S, but to any jxnnt in the plane 

58. Equations. — To find the E<] of we must expi'ess 
the coordinates (.r^, 7/^) or (7*^, 6^) of J\ through tlu‘ 
coordinates (.r, y) or (r, 0) of in two ec^s , from thest* 
eqs and the eq of f(.r, 7/) = 0, or 0(r, f?) = u, we must 
then eliminate the coordinates of P, (.>t, //) or (r, 0 ), the 
result, or so-called eliininant, vvnll be the ecj ot a 
relation holding between the coordinates, 7/^) or 6^), 
of Pj in eveiy possible position of P We remark in 
passing that 

0^ = xSF^ = — 7 - + 7 r /2 or i — 7 r /2 

69. Pedal Equations. — It often happens that the relation 
between the radii vectores r and (or ^7 as it is commonly 
called) of C and is v’ery simple This relation is called 
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the Pedal Equation of* C and is especially useful in 
mechanics 

lU iistrations — 1 . The e(] of the ellipse is '“ + ^ = 1 , 
the tangent at //) is ^ + = l ; henc(^ 

p = r, = aV>^!Ja*i/^+h*x\* or = \ 

also .r“ + 2 /“ = r‘-^. hence 

aV>^+j,^r^ = (a^ + lfi)jr-, 

t 

the pedal e(j sought 

2 Let = a'^sin( deriving, Qot(HO) 

henc(* Qot <l> = coi{t}Q), ^y — nO Also 

nz=r sill d>=^r Hm(v6) = r — - 

/ 7 

/yW» + l • 

luaiC(‘ y>= , the ])e(lal (Mj sought 


EXEKClSES 

1 Discuss the common Apollonian paiahohi, ?/- Y/i 

hence ST—2t, SN^2(/, zr, I'hc .siMntffriff 2 s his^rfed hf 
the tatcj (oiigin), tin snhwnmd is a (.(HisUnil^ the hidj- 
pinmnetci Find lengths of tangent and normal 

2 Discuss the logarithmic spiral, i loga = ? log a , 

tan 0 = 9 /rg= 1/log a, a mnstanf, whence the name rqm- 
ffuqulai spiral given to this curve The student may 
continue the discussion 

*T<) get this, leduce ~ — 1 =0 to the zioi'tiiadfonnyh} dividing 
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3 Discuss the logarithmic curve, x = log //. ^ hence 

ST = yj i/j, = I, a constan t 

4 Discuss the Archimedean and hyperbolic spirals, 

r = aO^ V 0 a : 


5 Under what angles do = and intersect The 

real points of intersection aie (0, 0) and (4//, 4y) The 
values of the derivatives are 2^//// and r/2^ For (0, 0) 
these values become oo and 0, hence the values of r are 
7r/2 and 0, the difference is 7r/2 , hence at the origin 
the cuives arc perpendicular to each otLai At ( 4^) 
the values become \ and 2, which aic tan t, and tan t., 

hence tan(T 2 — t’j)= ^ , t.e , the paraliolas intersect 

under an angle whose tangent is j 

6 Show that in the hypocycloid + the intercept on 

the tangent, between the axes, is constant, u 

7 For what values ot t do the cuives w -- and / - + ir i “ 

touch each other Do they meet at right angles? At 
what ])oints? 


8 Show that the coni oca 1 conics 


a- 



1 


and 



1 


cross at right angles 


9 Prove that the hyperbolas — and n/^c- cross .it 

right angles 


10. For what value of c docs the circle + + cut the 

p.arabola ./“ = 4y orthogonal!}^ ? 


11 How do the parabolas y- == 2<t.r + and ?/-= - 2/;/ + 

meet, and under what angle ? 

it ^ , 

12 Show that ri the catenary iy = -(c" + c-J) the normal from 

the foot of the ordinate {S) on the tangent is constant 
in length 
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13 Prove that in the tractiix \4^“ — lo^ ^ 

the tai\^eiit-length PT is constant 

14 In what parabola ?/ --(.>" (/ r , for what value of /i) is the 

triangle hounded by axes and tangent constant in area 

13 In the hypocycloid ^ show that the e<{uation of 

the tangent is 2/* sin a 4 - cos sin 2(t, wheie 

{ — 

./ = (f cos a , i/ = (I sin (I , 

also that tangents mutually t)CH)endicular meet on the 
cm \e 2 / - r/“cos 2^^ ’ 

16 The FPP oi the ecpiiaxal liyperlad.i ju - a- is IhTuoulli’s 

Lemnis(ate i'*-=a*p 

17 Apply the lesult in (2), Ait 39, to show tliat the Pedal 

Kcjuations of (hide, Paialxda and d.iidioid are 

jut - /“, — and jf-K — j ' 


ENV ELOPES 


60 . Pencils and Parameters.- -Anal \ tie (honudry has 
alivady faimliai i/.ed tlie stiidmit M itli the notion oi a 
family or system of eui\<‘.s, all (hdined l>y a singh* 
<‘(|uation TJuls 

IS tlit‘ e(] of a [HmciL e , of a faniilx^ of light liiu's, all 
passing tlie sanu^ point {j\, //j ) Foi* any ])artieubn valii(‘ 
of tlie (liieetlon eot‘tfici<‘nt .s*, as 1, 2, —8, \\(*g(*t a paitieular 
right line, by letting s range tlirougli tin* eonipletc* stuies 
of rtvil \ allies fioin — x to +x, Ui* get tlie eonijileti* 
system of riglA lines tlnongli (.r^, //^) The s^unliol or 
arhitiaiy, by eliange of wliieh jiass from one nuanlx^r 
of the family to anothei , we may call tin* parameter of 
the family. It is constant for any particular iiKunlau*, 
but changes from member to membm* 
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Exercise. — What systems are represented by these equations, 
and what are the parameters 

+ = = ?/ = .s.r4‘\/l +eS“, = + 

y = ,s./ 4- ± r/*“ + y- - + c = 0 

61. Intersection of Elements.— Now- let 

F(x^y. :/>) = () (1) 

be tlie e(] of a system of curves, the parameter bein^ 
For any particular value of w-e have a particular cur\e 
of the system, if wn change this particular ]) into p + I^p 
we ^et another curve of the system, namely 

F{j\y , (T) 

These two curves wdll intersect, ^eiun’ally in real points, 
thou^di it may be in imaginary points By combining 
(1) and (1') we shall obtain the jioint (or points) of inter- 
section (x,, v/d» thou^li this result w-ould rartl}- be of 
interest. In this result we may put A^> = 0, oc , w-e may 
tind tlie limiting values of .r, and y, for A2> vanishing, 
we may find t](C points of intersection of tivo consecutive 
curves of the family. Thus, let (.r — + = be the eq. 

of a family of circles of constant radius r, then centres on 
tlie ./’-axis Considei' p as some p^irticulai \alue of the 
parameter, then this is the e<] of a jiarticular member of 
th(‘ family and the ecpiatioii of any other member wdll be 

(.r — p — Ap)- + ir = r- 

Hence (.r — — (,r — — A/>)“ = 0, 

or {x — + .T — — Ap) (.r — — x +p + L^p) = 0, 

wdienc(j x = 2^+ ’ 

a result evident from purely geometric considerations 
For Ap = 0, x=2>. ic, two consecutive circles of the 
family intersect at the ends of a diameter normal to 
the centredine 
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62. Intersection of Consecutives.— But instead of fiiulmj* 
the points of iiitei'sectioii, whether of two coiisecutue 
or of two non-consecutive iiieiiibers, we may eliminate 
between tluur eq*^. (1) and (I'), and thus olitani a 
1 elation connecting x and // loi all values of p Tlien 
a* and ?/ will be and since in eliminating p we 
tacitly assume that x an<l // aie the same in the two 
eqs Let th(‘ result of tins eliiiiniatioii be //, . = 0 

This IS the e(| of t]i(‘ locus of all points of interst‘ction 
of jiairs of curves of th(‘ family whose paranu'ters <li1ier 
by Ap In this ecj put Ap = (), the lesult, ?/, . ()) = 0, 

is the eq of th<‘ locus of the intersection of consvcuttre 
curves of the family Tims in the preceding eKamph* on 
eliminating y> we ^et 



i V , 
two 


the civcl(‘s AN hose centres are \p ajmit, intt‘rs(ect on 
parall(‘ls to the .r-avis <listcint from it 


On putting Ay> = 0, W(e j^i‘t as locus of tin* inter- 

sections ot pans of const*cutiv(es Both these lesults are 
^eonu‘tiically evi(h‘nt Diaw tin* ti^un‘ 


63. Envelopes. — Tlu* locus oi tlu* int‘rs(‘ction of con- 
secutivt*s is jiai ticularly important liecause the tanffenf 
tit ft (it dll}/ point IS in (/enrnil tani/nit to tin* (um- 



sevutivas intersecthii/ at that point In fact, considei 
three curves of th(* family, f/.j, correspomlin^ to 

the parameters p — Ap, p, p + Xp. I(*t Gy and C.^ mteisect 
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at (J,^ aixl at i^ 2 J ' draw the chords 

PjP^j Now let A'p approach 0 then tlie 

curves tend to })ecoine consecutive, and th(‘ cliords PjPo 
and to become taiifi^ent to (\^ and (\ lespectively 

the ])oints J\ and P^ are always on tlit‘ locus of inti^r- 
sectioiis, IS always a choid of this locus, i/ri8 Io(UH 

levcJs totV(ird the /ocus of 'niter.secHons of co io^ecui i res 
ns its (iihii, and at the same time P^,l\ tend to bt^come 
conseeutn(‘ ])Oints, so that the choid P^Pj tends to ]H‘Come 
tan^(Mit to the locus of intersections of consecutix (‘s li* 
tlien the cui*\ es and this locus leally admit of tangents 
111 t]H‘ iHM^hhourhood of tht‘se 7^’s, tli(‘ thiei^ choi’ds flatten 
out towards one and the same limiting jiosition as AP 
ap])roaclu‘s 0 , i e , the consecuhive nuanbeis have a 
common tan^iait with tlu‘ locus of then inti‘i section at 
tlieir point ol intersection . hence this locus is said to Ih^ 
itself tan^(‘nt to the consecutives and is called th(‘ 
envelope of tin* family. 


64. How to find Envelope. — Whih‘ tin* loie^oin^ may 
<‘lucidate th(‘ natim‘ of this locus of intei sections ol con- 
secutives, the nu‘thod em])loyed to find its E() would 
^(‘iierally jiroNe to lx* t‘xcessi\ (*ly a,\\k^^ald lnst<‘ad ol* 
t‘hminatino p and then taking th(‘ limit foi Aj) approaching 
0, W(‘ may proceed more simply, thus 


Henct‘ 

hence 


P(.r, //. j>) = 0. . . (1), 

P(a, //. y> + A/>) = 0 . . (V) 

7^(*r, //, 7 > + A^d — P(.r, // y>) = () . . ( 1"), 

//, y>4-A/>)-P(,r, // 


This Eq (!'") we may now use instead of (T) In it 
sujipose the value of j) taken from (1) to be inserted in 
place of py this would merely be eliminafiiKj 2> between 
(1) and (!"'") — or, what is tantamount, between (1) and 
(I'X the thing we set out to <lo — and then let us take 
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tlie liiiiit tor Ay> cippi'oachiii^ () So wo ^ot as K(| ot tin* 
Envelopo 

//, y>(.r, = 

Tins howevoi is nothin^ but tlio <l(‘ri\ati\o of as to 
with th(‘ valiu* ot p takon tioin (1) siibstitutod toi p 
Honee, to find tlu‘ Envolo]>o ol f\,i\ p /d = 0 

Rule. —l)v ru'e F <(is t(* p the it el tin tiiaii' p ht/ Itel p 
i\t tlie oripiiml Eq in otlun ^\ol<Ls, 

El tin nude p hetu'een 0 <t m! = 0 


65. Parameters with Conditions.— ()i tin it is tlio cms(‘ 

tliat tliori* ai*(‘ two oi n p«ii anudc^rs in tlh' tainil\ , luit 
th(‘se paraniotois fii(‘ tluai c*onn(*c*t<‘d ]>y 1 oi // — I E(|s 
ot coiKlition Tims d wo w^onld tind tlu‘ En\(‘lop(‘ ot a 
straight liiu‘ two ti\(‘d ])oints ot which slnlo on two 

1 octaiioulai a\t‘s, w(‘ lia\o as E(| ol tlio lannlv 

^ ' 'uh 

and tli(‘ ])aianK‘tMs a an<l h aio connoctod l)\' th(‘ con- 
dition rr-+“^d = d“ {(I th(‘ liact ))t‘tw(‘(ai tin* points) 

\\"o nia\ now (‘liniinati* ono ol tin* pai ainotin s, as />, d<‘i i\ 
as to tho otlun, and then <diiiiinatt‘ tJiat othoi or w'o in.iy 
cliooso oithor ono, as (/, toi the pai ain(‘ti‘i , M‘^aid tho othoi 
as a function ol it (wlncli is tht‘ cas(*) ,ind tlion jnocrod 
to d(n‘iv(‘ })(>th tlio E(] ol tln^ tanul\ and tlio Ecj ot con- 
dition as to this oiK^ ]iarainot(‘i u So W(‘ shall <4ot /o/m 
E(| s , troin wdncli W(‘ tlnai (‘liininato tla* tw'o pai ain(‘t(‘i s 
a and \>, aloiif; wnth tho d(‘n\ati\(‘ of u as to h Thus 
ill th(‘ probloin ])iopos(Ml 

■'+•/- 1 = 0 = 

a If 

=() = /’(./', 2 /, ^0 = 0 .. . ( 1 ), 


J ya 


= () = /’„... . 


(2) 
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Whence 


__ a- 

^ a^f (P - a-’ 


j-'' + y^ f/;^’ 


*/.!•’+ v’ 


and similarly, 


On suhstitution in — + ^ = 1 we wt as E(] of the Envelo])e 
a ^ 


x~^-\-y~' =^(P 



Otlierwist*, tluis 

'': + ;^_l=0, a^+h^ = iV, = a + />6' = () 

(I b a** 6“ 

Here />' is derivative of h as to a, and we must eliminate 
>((, h, U fiom tliese four Eqs 

T, X 1)^ jr ft , .r“ cr 

/> = — — 6 = — hence . = , > 

y a-’ h Ir 


lienee (X = — 7-4-=-, as before, and the same result follows 

V.r^ + 2/-H’ 

A still more elejj^ant method of eliminating parameters 
by ten determ hied midtiidiers must for the present be 
reserved. 
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We also reserve the rigorous analytic proof that in 
general the locus of the intersections of conseciiti\ es 
actually touches evtuy ineinher of the family, and hence 
IS propel ly named Envelo'pe 


EXERCISES. 

1 Find the en^ elope of a system of coax.d ellijises ol 
constant aiea 

t • > 

Here // , = - 1 — 0, and irdb^irt' 

Hence 

0, a>r - 1 - bUtk ' — 0, }> + nh' — o , 

(i-if- ^ ^ '2.1- 1 - , 

hence, 'lnf~ ±(-, a pair ol ecpuaxal hyjieibolas, asymj>- 
totic to the a\cs of the ellipses 

1 Find the envelope of equal cncles -with ccnties on a given 
ciicle 

3 Find the envelope of the right line //- .s/ + A 

4 Through the ends of a given ti.ict (2<() are diawn two 

})ar«allels, and a transversal moves so that the rectangle 
of the Intel cepts on the paiallels between it and the 
tract IS constant (<-)' show th.it the envelope of the 

tiansi ersal is - ± , — 1 
( 1 “ (- 

o A moving right line forms with two fi\ed light lines a 
triangle ol constant aica show" th.it the envelope is .an 
hyper)>ola .asymptotic to the hxed lines 

6 Show that the four-cusped IujkkmIokI + is the 

en\ elope of coaxal ellipses in w"hith the sum of the 

axes IS constant. 

7 Show that the same hypocycloid is the (Envelope of the 

join of the projections on the axes of a point of an 
ellipse. 
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8. The centre of an ellipse, whose axes are fixed in size and 

direction, moves on another ellipse whose axes are the 
same in size and direction , show that the envelope of 
the moving ellipse is itself an ellipse coaxal with the 
fixed ellipse and similar 

9. Find the en’velojie of the polai of a point of an ellipse or 

hyperbola with respect to a coaxal ellijise or hyperbola 

0 A pan of mutually ])er[)endicular tangents are drawn to 
an ellipse , show that the envelope of the join of the 
points of tangcncy is a confocal elli])se. 

1. Show that the enveloiie of the join of the ends ol conjugate 
diameters of a conic is a sinnlar coaxal conic. 

2 IJ and V arc the projections on the and //-axis of a 
point F of the cubical jiarabola show that the 

envelope ol UF another cubical parabola 
27// + 4/7/'' = 0 

[3 A fountain (/// nnno) throws uj) water in every diiection 
with the same velocity , show that the envelope of all 
the parabolic jets is a paraboloid of i evolution 

14. Show that the envelope of the drops of water flung liom 

the rim of a wheel ol radius // revolving with velocity 
\l l(jJi IS a parabola .7- - ^ 47/(7/ - //) 

15. Show that the envelope of the normals to ./■*-}-//’=//’ is 

(? +//)'« + (/ -?/)'» = 2 //"^ 


HKIHER DERIVATIVES 

66. Definition. — The first derivative of a function of 
r, y = f(.r) is in gentu'al itself a function of ./■, and may 
tself be derived as to .r , the result of this second deriva- 
aon is called the second derivative as to ./* of the original 
function 7/ = f(.r) Siinilarl^^, the derivatne of the second 
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Derivative is called th(‘ ihird DeinrafirOy and so on, ihr 
derivaiivf^ of ihe Derivative heimj called the (/?4-I)*^' 
Derivafi ve 


67. Notation. — Ui^lnn Dt‘rivativc‘s ar(‘ d(*nated in s<‘\eral 
ways as 


?/ 


ir 


//-•- //i* 


!/>n 


(Pjf (Vj! 


d.r^* 


Wlaai d(‘rivati()n is \Mtli n^^ard to tin* tmu* /, as in 

J\l( ‘dial lies, we may wi it(‘ //, //, 

Still anotliei form is olt(‘n eonvi‘nu‘nt, wIk'Ii au* 

d(‘alin^ with d(‘ii\atioii as .1 mere operation ol)e\ iii;j^ 
ceitain laws y>y, /)-(/, J>\fj and \\(‘ sjieak of tlu‘ 

operator 7> \Vh(‘ie any doiiht mii;ht ai ise as to tlu‘ 
argument of d(‘i nation we m.iy sutlix it thus ih d'lu* 
\aiioiis <h‘iiv«itnes ol 1(a) as to a* an‘ 


Hi), 1(a) r'(a) h">(a) 

Where w c‘ W'ould d(‘note not mei(‘l\' a d(‘inati\t‘ i)ut th(‘ 
s])t‘Cial \alu(‘ of oik ' (*oi 1 <*spondin^ to somt‘ spi‘eial \ahie 
of t]i«‘ arouinent of deination as foi a =a, we enclose 
th(‘ sptH'ial ai;^nm(*nt xalm* in the pari‘nthesis inst(‘ad 
of a Thus \"{a) Queints the value aj r'(a ) 'tr/tea .r = a 
X()t(‘ carefully that the suhstitution of (( loi a* tak(‘s 
place after tin* d<‘rivation not before It wanild he- 
meanin^l(*ss ,01 im])ossihh‘ to suhstitut(‘ the constant 01 
special \alue a tor a, ami then d(*rivt‘ as to a* Th(‘se 
remarks ap])ly to all d(‘n\ati\es 


68. Formation of Higher Derivatives. Wt‘ will now^ 
learn to write <lown d(‘iivati\es immediately, without 
successive dm 1 vat ion 

1 The derivatnes of .r’ are in ordm, 

r,,==/(r~]) . (r — 'a + l) 

1 ) 


w liere 
s A 
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If r be a natural or count number (positive integer), 
then the Derivative vanishes for n>r If r be not 
natural, then in general no derivative vanislies 

2 The Derivative of (.r-faV is r;,(.r-fay"" 

3 The Derivative of — is 

4 Tho Derivative of ^ is ^ ^ 

5 W(.‘ SCI* it is (‘asy to form any <leiivativ(‘ of a fraction 
with but om^ linear factor (winch may b<‘ it‘p(‘ated) 
involving ,r in the <lenominator Now any pioper lational 
fraction, as i'(.r)/<j)(,r), wlu*r(‘ f and 0 are integral functions 
may be d(*composed as leain in Algebia (set* Appendix) 
into a finite number of part ti actions of the form 
A/(,r-\-ay It may Ik* that ..f takes tlu* imagniary foim 
iv + u + if\ but in that case tht‘ii‘ will also ai)]K*ar in tht* 
same degi'cv tlu* conjugfate factoi ./-{-a — on com- 
bining the derivatives of 

A/(,v+itAii'Y and A'/{,r-i- a -- i r)\ 
the imaginary terms will annul, and we shall obtain a 
real iium(‘rator over the real di'iiominator (.r4-?/“+ r“)" ^ ^ 

() Tht* dt*ii\'ati\e of sin./* is cos.r, aa Inch is sin(./’-|- 7 r/ 2 ) 
hence deriving the sine mei*ely iiici eases its argument 
by the tpiarttu -period, 7 r/ 2 , lienee the (hrivative of 

sin./; is sin (jo + Similarly the derivative of 

cos.r IS COS 

7 The first derivative of the logarithm of a rational 
exprt*ssion will yield fractions to which ajiply 4 and 5 

8 The exponental appears as a factor in all its 
derivatives, but after the first derivation it will generally 
be most convenient to apply the folltiwing Theorem of 
Leibnitz for deriving a product. 
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69. Theorem XV. — Lot y—ur, (U‘iivo it siioo(‘ssi\ lOy as 
to ./■ 

y' =u'r 4- ur', 

//" ~i("r ' 

y'" = i('"r -4-8?/"r' -j- tf r'" 

y""= 

W(‘ <)l)s<*r\o tliat tli<‘ ooofliouaits an* tla* sanio as in tla* 
(“Xpansioiis of t]i<* J liiioiiiial and tliat tlu* oid(‘is 

of tlu* doiiNAtnos ait* tlu* sanu* «is tlu* <lt*mt*t*s oi tlu* 
pow(‘is, if \\o’oonnt n and »• as zrruth dt*i i\ «iti \ (*s oi 
tlu*iiisi‘J\ c*s as to /, wlncli wo must tlo to In* oonsistt*nt 
AV<* natiiitdly sus]»oot tlu* sanu* law to hoM foi all lii^^lioi 
doii\aii\t‘S aiul wt* (*asily ])io\o it, thus Assuino 

“ tlu* Hyiomud t*\j»<insion i t*])n*st*nt<*tl 1)\' t w o oons(*(*uti vi* 
t\])i<*al t(‘i ms \\<‘ now ask wdiat is tlu* otM'fhou'iit ol 
the tx^iioal t(*rm oontaiinn^ 1 1) ,jj f|j,. ^ .p ] )tii 

dt‘i j\ ati \ t*, //" n — ( ^ ' 1 ) ^ Manitt*stl\, on «l(*ii\in;j; 

only tlioso two tyjnoal tonus can ooiiti ihutt* to tlu* l\'])ioal 
t<*im souolit in all ])ioo<‘dni^ torms tlu* dt*ii\ati\i* of u 
IS ali(*ady too lii^h, in all su(*(H*(‘dni^^ toi ms tlu* iii*n\ at,i\ t* 
ol r IS ahoa<l;^ too In^j^h l>ut <*ai li ol tlu*so t(*ims will 
yi(*Id a ooi^ti ihiition tlu* first on d(‘ii\ni^ tlu* factor 
tlu* sooond on <l(*ii\in^ tlu* la(*toi honoi* tlu* 

ooi‘tric*iont sought will bo wdnoh 

llonco, if tlu* law' liohls lor tlu* donvati\(* it must 

hold for tho Jt-nd so for all, it doc*s hohl for 

tho }u*nco it holds for tho 5^** and all In^lu*! 

Tho sum of*tli(‘ ordt‘rs of dc*ri\ation is tlu* same for 
oacli term, as those of u dc*scoii<l, thos<' of r asoond Wc* 
may choose either factor as i\ Imt if eithhr factor- of tlu* 
product be a positive integral pow'er of x that factor* should 
be taken as v, so that the series of terms may cl<*arly be 
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seen to close witli the proper derivative of v Tlius the 
^th derivative of .r'^sin ,r is 

o . / , n7r\ , 2 • / , ( — 1 )'7r\ 

ir^sin^ir + -2 y + ^ J 

+ — l)x\sin (^.r + ^ 9 ^^^) 

+ yi(')V — 1 )('// — 2)sin (^x + 

all the lii^lier deri\ativ(\s of \anishiii^ In jLi^(»nerah 
if .F he the factoi r, then^ will h(‘ (c-hl) terms, c heino 
a CO Lilli nuni])er, v c , wliole and positive — only such 
numbers can 1)(‘ counted 

70. Derivatives of c"* — Denoting <lt‘n\ation l)y ih we 
have = So it appears 

that the opevaior J) before may be su}>])lac('(l by the 
mvXtipLler a, and lienee, if ij>(D) drnoics a rational in- 
tegral fun ct uni of 7>, as .. + CJF, then 

= </){(( )e ^^ — a very important result 

71 Derivatives of — Now let A" bt* any function 
of J ' , then Ave ha\ 

D{ X) = ’ A" + c« * DX = c" • ( 2) + a) A' 

Here {D-^a)X means J)X-\-(lX DeriMii^ a^ain, we ^et 
D\e^^X ) = D{e^^{D-\- a).Y] = ae^^{D -f a)X + L){D + a )X 

= c« ‘ { a(7) + <0A^ + IK » (77 f- a YX 

Or, by Leibnitz’ Theonmi we have at once 

D%e^X) = aVLY -f 2a(f^DX + e^^lFX = c«-^(n + DfX 
To establish this result generally, (tssiune 
77«(c«-^Y) = e^^(a + J^YX , 
on deriving again, 

D^i^\e^X) = ae ^(a + DfX+e^^D{a-{-D)X=:e^^(a + l))^+X 

Hence, if this assumption be correct for any derivative, 
it is correct for the next higlier, but it is correct for 
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the second, hence is coirect for tlie thiid, hence for the’ 
fourth, and so on, i e , 

a TX 

Exercise. — Obtain this result at once hy Lcibnit/’ theorem 

72 Meaning of Operator.— It is iinjxn-tant that the 
student know just what tlie o|U‘rator (/>-}-rO si^niti(\s 
Written out in full, 

( 1) + ayx = j) X 4- ir-x + ihf^nx + u w 

Jj and a o1h‘j the same laws ot oj)i‘i ation, hut (t~X mt‘ans 
tlu* product ol* l1u‘ magnitude nr inulti])li<‘d into A" whil(‘ 
/>kV means tin* s(‘Cond diai\ati\(‘ oi A^ as to a n is a 
symbol ot magnitude, J> of o]u‘iati()n 

ioi(‘ 0 ()int; foim'ul.i holds as well loi ne^atiM* as 
ioi ])ositi\e a, and is s]K‘ciall^\ imjioitant for n m^gative . 
howcwei, W(^ do not yid kimv what is men id by 
D-\ . (S(‘e (Him) 

73. Application to Sine and Cosine ~ W<‘ ha\(‘ 

I) sin ii(j('= in cos( ///./’) />“sin nt.i — ni ')sni '///.r, 
so that to d<‘ii\e sin 7/er twnct* is to multiply b\ (—nr), 
tc, />“ beloie, oi op(‘i*atiiig on, sin n/.e may lx* supplacixi 
])y — Tlu* same hobls foi cos//#./ as well Now" 

f(l>), if it be a rational integial function of />, ma^\ be 
sepaiated into an e\ eii ])ait and an (xld jiart 

wdiich lattei ma\ be wiitt(*n w"here yjAl)-) is 

itself an even function of I> H(*nce 

f( y>)siii nLr = fjA 1>~) sin ///.r-p «in 'in,r 

= <fi{ — //r)sin niX + Ih}f{ — 7//“)sni 7//./* 

^ = 0( — 7 //-)sin niJ' ia\jA — 7/r )cos ?//./* 

Also, f(y>)cos7//./' = f/>( — 7//-) cos 7/i./’— />/>/'( — 7//“)sin lujr, 

* Fei Me nwiy all tlu* even j/oweis and call the sum of 

them <K/>-) , also the sum of all the <xld poweis we nxi} call 
■\/ri(/>), out of each of these we take the fa( toi />, leaviii^^ onh even 
j)oweis whose sum v^e wiite 
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74. Extension of Theorem XV. — Leilmifz Theorem 
general as it is, admits of the following important gener- 
alization 

I)\nv) = uiy{v) + ; - \v) + u\ + . 

+ n<J%C^D^-JXr)+ . , 

where for convenience the <lerivatives of are deiioted 
by accents, and the terms are arranged accoiding to tln^ 
rising indices of n. Multiply this ecpiation by aii arbitraiy 
constant ^,.and then take the sum of such terms 

in ascending order, i e , h^t r range from 0 to n Wc^ 
shall tlien have 

'EArU^(iiv)y 

0 

an integral function of D(uv)y say f(/>)(/(/r) Henc(‘ 

i A , D^(uv) =a^A rD^( v) + i -\r) + 

0 0 0 

+ -^X'04- 

0 

Now the first derivative as to 1) of A^D^ is rAjI>^~^y 
the second deriv^ative is 

the deriv'ativ'e is ,Cp,\p AflF~r^ and so on On com- 
paring these expressions with the series above we se(^ 
these terms with the factorials struck out are the co- 
efficients in tlie expansion Hence W(‘ may write 

tr /// 

u , V) = ut{B)v + uT(i>)t- + . r(J)yv + r'iD)r + . . 

If now It be some positive integral power of .r, x^y then 
this series will close with the (c+iy^' te^m, since 

jT^r-rl^r^O 

76. Operator xD — Another important operator is xD , 
prefixed to any symbol as u, it directs us to derive as to 
X and then multiply by x\ Any integral power of this 
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operator, as (xl)y\ directs us to Tej)eat the operation jI> 
n times Obsiu’ve tliat (.r7))" is quite different fioin 
which latter means merely tlie dc‘rivative multiplied 
by We have {xl))x^ — rx*, (.r/>)-V =(j7))r.r^ = r-.r'', so 

that {xD) befor<^ any powi*r of ./* may bo supplaeed by 
the exponent of that pow(U% 

(xDY,(^ = r^‘x* 

Hence if i{'xD) be any sum of positne inte^ial powers 
of xl), 

i\xD)x* =i\r)x^ 

76. Relation of (./•/>)” and — W(‘ naturally ask, 

how are (r7))” and x*‘p** related ^ W(‘ have seen that 

{xDy\r^ = r^^x' 

also = X- j r{ /• — 1 .r^““ = r(r — 1 ).r' , 

so that =?(r“ 1 )(r-“2) (/• — 7 / + l).r' 

Now {xD — l )x^ ={xD)x* — = r.t^ — 1 )x^^ 

and (.r7> — 2)./'^ =(,/•/>),/•’ — 2.r' = rx' —2./*^ =(/• — 2)./', 

so that (xn — s) Indore x'' may be sup})]ac<‘d by 
Hence making this substitution, we have 

=xI)(xI) — l)(xP—2) . (./7> — ??+l) 

77. Anti-Operators. — All the fon^^roin^^ propcu-tifvs of 
these operators I) and xl), pro\(‘d for positive* integral 
exponents, may easilj^ be extemled as mere formalities 
to negative integral (*xpoiients, by properly deft n! nr/ the 
operator with negative exponent Wtj say then that we 
shall denote by l)~^ an operation that is precisely undone 
by 7), so that DD~^ before, or operating bn, a symbol, 
may be supplaeed by 1 as a multiplier, or 


7>7>-^ = l 
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« What then is ^ We have 




-X' 


but 


/^r+l /•> f 1 

D —x^, henc(‘ D~^x = ' . 

4“ 1 r + 1 


le, the operator D~^ dxrects m to increase the exponent 
of a 2 >ower of x by 1 and then div/de by the tncreased 
exponent Wo may name and read antt-derhnitloe 


Similarly, 1)1) - I ){D~ 


But 



licnco 

and 


a 




fCy atijj integral power of D opeiatin^ on o" may bo 
sup])]acod by a rais(‘d to the same power 

Let the student i‘xtend this ^eneialization for negative 
int(*^ral powers of I) to sine an<l cosine 


78. What is I)~ X) ^ — We ha\e vseeii tliat iu‘itlu‘i 
1) nor D~^ operating on c®* removes it — a very important 
peculiarity of the exponental , naturally, then, we m ast 
assume 

where 1" is an unknown function of A". Operating now 
with on both sides, we get 

==I)\e^ V) = e^^(D + ay^Y, 

whence X ={D+(i)^Ty or Y = {I) + a ) ~ 

Hence I) ' »(6« • A ) = e^^{l) + u) " 'LY 

We know precisely what ive mean by the operators 
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D ami (D + (t) with any inisitive integral (exponent We 
have defined D~^ to indicate an operation tliat undo(‘s 
the operation of /), and we lia\e found how to pc‘rforni 
tins operation on we luive not yet learned, nor in 
fact sliall we learn, how to perforin this operation 
geiu^ralJy, on any function ol hut tlii^ operation retains 
its importance even A\lien no Jong<u* f(‘asil)I(‘ Siinilaily, 

we define the o])erator ov to indicate an 

operation tliat undo(‘s tli(‘ opi^iation of + or is undon(‘ 
hy the operation (7> + u) hut we lia\e not yet Jt*arne(^ 
how to pel form this ojii'iation on (‘\eii tli(‘ sim])]i‘st 
expiessions But it is not nec(\ssarv to know how to 
carry out the opeiation in ordtu to liaison about it as 
a])o\(‘, all wi‘ ])i(‘t(‘iid to know about Y is that it is a 
function ol .r wlncii tuins into X wdien ojunated iijion 
hy th(‘ o])(rator + S(fni(‘times, how(‘\(‘i, w<‘ may 

ieduc(‘ th(‘ com])l(.‘X ojieoition ‘ liaek to th(‘ sim])l(* 

op(U*ation and that is ofton a gri^it gain ddius, 

Tliis means that in ooler to o])(*i,it(‘ with (/>-l-o) " on 
X, we o])erat(* witli />'" on and tlnai multipl^V by c'*’ 

ddiis in\eise o])eration is ilms soiai to h(‘ \<‘ry 

com])l(‘X, and does not admit ol iimiM‘dMt(‘ exrcution 

Exercise. — Extend the thcoii'nis eoiicerinng the o]>ciator //> 
to the case of w^hole negative exponents 

79. Indefiniteness of Inverse Operations. — It must not 
he disguised fiom tlie studcmt tliat in all this argument 
concerning inverse opiaatois then^ has ]>een made tacitly 
an important assumjition Thus, sinc(‘ • 

^.r-f 1 

D(X>- V) = x’' unil 1> . 

*’4-l 
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it is conclutk'd that 




Qti +1 

r-f-1 ’ 


the assiiinecl major preuiise is that f inctioiis which, bem^ 
operated upon in the same way, yield tlie same results, 
are ecpial But this is manifestly not universally triu^ , 
for = and /l(./‘'^4-e) = ‘l./*“, Imt .r^ does not equal 
x'^ + c Tlie fact is, as we sliall soon learn, tliat these 
hivvTHe or -operations are (h^finite only as to tlu‘ 
form of tlie rt\sult, but are^ wholly indefinib^ as to the 
value of th(^ result , it is just as correct to writi^ 

(where c is constant as to x), as to write 

This indefinit(‘n(‘ss is an <‘\ceedin^]y imjxntant character- 
istic of these in\(‘rs(‘ opc^rations 


KXEIKUSES 


1. Write oil the fifth Deiivative of r , the fuuith of d ’ , the 

ninth of the third of and of — , 

{i-\y 

2 Find the Derivatives of 

f 3.r 

- a-’ ( r - a){ji - If (2x - 1 )(.-? - 2)^ 




•" -liU \ {.r 



2^‘-! + 3r- 1 

3r" 


r)'(r-2)v- 


iry 



1 

• 

1 1 

~ 1- + 11' 

2((i - ai 

./ 4- J 

1 

1 1 

1 
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(- iy> r(^ 4-^/0”''' 

lai \ (.>“ + a“y'^' I 

( " 1)" 

Or thus put ^ a cot , then // ^ \sinf^“, ancl 

ft- 

/ + fli = (t{cot 0-^ i) - ,/eos 0 + t sin f^) -- 

sin (f sin ^ 


' ---- 

sin n 


( - 1 )’* // I ( / 4- /' ‘ ' - ( / - ro)" * ' 

Jf// { (.r- +</-)" ’ 

( - 1 )"' // sin//' ^ ' 


zai a 


f 1»" _ f 4(1/ \ Klf^ 


siiO> &in(/>-hl)^> 


1 Find J)erivnti\e of 


/-'+ M 1 


Ileie put (/ + j) u and applv K\ 5 


5 Find Dcnvcitive oi // , . , , 

Ihit u+^/^;(Os^, h~i^u\0 \vh(‘iue 
i- s=(, 4- ^/ )" 4 tan ^ 

./ 4- 

jirocecd as in E\ 5 

6 w=^t{in~^-. find Dcinativc I)envo .ind aprilv 7*]x V* 

a 

7 Find y/‘‘ Derivatives of ^ ~ /‘■'tan'E, 

/-•'4-a- ^ ‘+ 1 /* -ff* 

^ ^ //r ^ - 

( 4- a-)(./ “ 4- / ‘ 4- ' 1 ’ o 

8 Find 7^^‘* Derivatives of ./v"% /'sin^n, a^cosf//, 

.1 "e '’^ sin hx^ f "c'" cos h t 

9. Find 71^^ Derivatives of ///i, ./“//« ^ 'V.i, where //,, means 

the Derivative of y as to t 
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(>() 

10. From (1 + = 0 deduce 

(1 + ^ } 2 + ( 2 ^?< 4 - + (//2 _ = 0 , 

and find when y-^0. 

11. Find Derivatives of sin .r*, cos.c‘, tan .r*. 

12. Find Derivatives of .^’dog / and ./"log f 

13. prove that -4//, and tlience show how to 
find any Derivative 

14 From // ^ ./ sin a./ -\-]jco^ax denvc the dificrential ecpiations 
//o H- art/ = 0 and y,,^ . + m-if,, - 0. 

1^) Obtain the dilleiential e(|uation \-ii ,+ niy\- =- i) fiom 

y a cos (log x) 

IG If // and v be functions of x establish the imi)ortant relation 

^ ^'i 

//j ? , If ( ^ 

when the sullixes denote oidei ol deiivation as to j 

17 Extend Ex IG to three functions -w, i, v, and then to 

any numbei of functions oi i 

18 Sliow that the Derivative of T'//”, when x + y-l, is 

I } 

19. If // = + +r„/")c% deduce the diHercntial 

equation of the (y/4-l)*‘* ordei {1) - ay‘^hj = 0. 

20 If // = (r^, + fj y + fjj "){A cos a r + B sin a.t ), deduce 
the differential equation of order {JY a-yy 0^ 

and find what change to make in y when (])- - a-)y = 0 
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tnte(;eatj()X 

80 Problem of Areas <>f thr most im])or<?int and 
f)V(|nent ])rol)I<‘ms in (il(‘oni(‘ti\ is tln‘ piohhan ot' Quad- 
rature, i i‘ , oi finding a tMjn.il in aira to some 

^ivtMi tl^un*, as a tiian^h^, caicla, (‘llijist*, paialiolic oi 
li\ |)( I l)olic si‘f»nu‘nts rtc In case* ol* i (‘ctilinrai ti^^nirs 
the jiroblem a<lniits ot n‘*id\ solution hy cutting tlaaii 
up into tnan^l(‘s and tra]K‘Z(wds a\]ios(* an^as nia\ lx* 
(‘X])n‘SS(Ml citli(‘i antlim(‘tic*«dly oi i^eonadi i(*all\ thiou^li 
(‘(juivalent s(juaies But when tlio li^uio is (*ui*\ ilim'ai 
111 wdiol(‘ or in part, this nietliod no lon^^m a]>pli<‘s, and 
new^ concepts ar(‘ i'<‘(]uiied ol wlneli ehict and i<‘nulati\(‘ 
IS the Limit. 



81. Illustration. — To illustiate, let it he r(H|Uired to 
find the area bounded by tlie ./-axis, tlie {^raph of y = Ujr)^ 
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and the two end-ordinates corresponding to x = ((. a-nd x — J) 
Divide the base AB^h--a into n parts, not necessarily 
equal, but each small at will for n great at will, and 
denote each by Ax’ Consider any strip standing on one 
of these sub-intervals, A.r To different points in this A.c 
there correspond different values of x, and to these there 
cori*espoiid in general different values of y Among these 
various l/’s there will be a greatest and a least, or, m 
any case, one as great and one as small as any other . 
call them and Then (except for th(‘ simj)le case 
of y con^itmit , where this <liseussioii would be superfluous), 
th(i rectangh^ of y^^ and A.r is gri^ater, while thi^ rectang](‘ 
of y^ and A..^* is less, than the sti*ip on A^’ , and if w(^ 
form th(‘ sum of all such greater rectangles, and the sum 
oi all such less rectangles, we sliall have the one suni 
greater and tlie other sum less than the aiv^a in question, 
A , or, in symbols. 

This doublt‘ ine(juality holds always, however great n 
may be, and however the interval may be divided 

into sub-inter v^als Now, if y=?{ii) be a continuous 
function of .>f,then by making i^ach A.r small (uiough, we 
may make each fluctuation y,, — in the value of y for 
that A.^’ as small as we please , that is, 

for each and every sub-interval Ax Hence Sy^Air — 'Ey^Ax, 
which is E{y^^--yf)Ax, in < or E Ax, or<(r'(6 — a) Now b — a 
is finite, hence (/(b — a) is small at will, or 

'^l/^Ax-'EyiAx<cr 

Hence these two sums may be brought and kept close 
at will to each other in value , meantime the area A 
always lies fixed between them , hence each differs from 
this constant A by an infinitesimal , hence they have this 
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constant A as their comiaon Inmi moreover, it* we sum 
similarly, usin^ any interme<liatt‘ \ alue of // for each A.r, 
so that we shall ^et a sum beUvcnai tlie two 

preceding sums, whicli tluaidbre has tliis same A for its 
limit , i e , 

A = Limit 2£//A/*, 

7/ bein^ (tn i/ ordinate on the sub-iiit(‘r\ al Ax. 

For this nc^w concept, this limit of a summation, we 
need a new name and a lu'w sy mlK>l , we naim^ it Integral 
of // (ifi to ,r hctiV'‘en Ihc extremes a (utif h, and wc* 
s\ mbolizt^ it til us 

J = ju,W.r 

a o 

82. Integration not Summation. — ( tbsii \ eanfully 
tluit this symbol, though madi‘ u]> ot S(‘\c‘ial jiaits, is }oi 
a vliole, a unit, and wo must not yn^M to the temptation 
to analyze it and s(*ek out tlu' nuMimi^ ol (‘ach jiait 
These parts are ind(‘ed lull ot distinct suno(«stion, but 

not of distinct significance Thus, j* su^^(‘sts an<l <Lr 
suggests A/*, but J is not ^ and d.f is not A.r The* 

integral is in fact sliarply distniguish(Ml fiom a summation 
the latter r(trics Avith A.t and vitli the //’s chosiai , tlu* 
former is coiisiant, is dependent neitlK‘i on Aa nor on th(‘ 
i/s chosen The iiit(‘gral is in fact- as btth* lik<‘ th(^ 
summation as the circle is like tlu* ciicumscribe<l or in- 
scribed regular polygon So, too, (/.v is \(‘iy unlik(* A:r , 
the latter is a linear magnitude, jH‘i*f(*ctly int(‘lligibl<' by 
itself, apart from any otlu*r symlxjl . but dx is luit a 
magnitude at all, and is not intelligible a]>art from the 
general integral -symbol, I . dx We may, and in fact 
often do, use dx and such symbols by themselves, but we 
do not interpret them magnitudinally as tlms used. Th(*se 
symbols of operation obey C(;rtain laws of magnitudes 
without themselves being magnitudes Tliere is nothing 
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logically stranger or surprising in tliis fact We should 
not expect to be able to convert simply the proposition, 

Symholti of Viagiiitvbde obey certain laws of operation, into 
Symbols that obey certain laics of operation are symbol s 
of magnitude 


Of the separate syml)olic use of dx (called differential of x) 
we shall speak hei'eaftei , at present we view th(i wholt‘ 


integral symbol 


dx as a unit, a comph^te fusion of 


all its elements 

The extremes a and b aie commonly called th(‘ Inn its 
of integration, but tlu* term limit has aheady been 
appro])riated to dc'note sonu^thing entirtOy diffeient, so 
that its use in this otli(‘i sense seisms unfortiiiiat<‘ 

Tl le function y or f(.r) may be called Integrand. 


83. Deductions. — From this definition of Integral as 
Limit of a Sum, several jiiojim'ties follow at onC(* 

(i ) Exchanging tlu^ extremt\s rt^verses thc^ Intt^gral i r , 





For, if we biggin with x — b and reckon backward to x~a, 
the will not be aff(‘cted, but (‘ach A.r will be re\ersed, 
therewith each term in the summation will be revi^rsiMl 
then on taking out the common factor ( — 1) W(‘ shall 
have the original summation, and hencis on taking the 
limit we shall get th(‘ original Integral, multiplied by 
(- 1 ) 

(ii ) If a, h, c all lie in an interval whei*e f(.r) is 
integ cable (ie, for the present, where f(.r) is finite, one- 
valued, and continuous), then the Integral from a to h 
equals the sum of the Integrals from a to c, and from 
e to 6 , or, in symbols, 

f f(^’)da: = f f(.r)c?a' + f f(a’)r7a’ 
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For, iDaiiifestly, the Nuiuinatioi) from a to /> e(jiials the 
sum ot tli(‘ summatioiis from it to c an<l from c to h, 
then the limit of the sum equals the sum of the limits , 
hence t^tc 

If c lies hetwecai <i and h both the part-inte^i als will 
be taken in the same sense but li c hos without the 
int(‘i*val (f to />, then th(‘ intt'^rals will 1 h‘ taken in 
oj^jiosite s(‘ns(\s, and M'(‘ must ol cours(‘ make sure tliat 
f(,/*) IS actually iiite^iabk* u]) to r 

(ill) A constant tactoi, /. imiy be )>lact‘d inditfercaitly 
within Ol A\ ithout tin* si^n ol int<‘^i ation, f Foi b\ the 
<J i.^t nhiii t r<' Law ’ of ^lultiplication th(‘ factor /• may be 
taken out ol <‘ach summami ami ma<le a multijilim of 
the summation thus ’ 

)Aj 17. F( / )A./ = / 1 F( / )A / 

On taknm tla^ limits wv 

^ I 

|’/.F(y),/, =/, j'K(0(/.' 

(i\ ) Tilt* ]nt(‘^ial ol the sum ol a hnit(‘ numbm of linu*- 
tions e<ju«ils th(‘ sum ol the inteoials ol' tin* lunctions /c, 

j* 1 li( ' )+ 7./ = J t,( 07/ -f 4- j* f// '‘)7 / 


Foi the limit ol the sum e<juals the sum ol tin* limits 
Ol couist* the sepaiate functions <ii’e su])posed inte;Lli*abh‘ 
wdthin th(‘ extremes ol int(*^ration, e and /> not(‘ also 
that tluui numb<*i must bt‘ tinit(‘ Whetluu* wa* may 
inte<»ratt^ an intlnit(‘ sei les b\ inte^i*itin^ its t<‘rms 
separat<*ly we lea\(* as \et imdec]d(Ml 

(v ) The argument ol int»‘;^i «ition ./■ may lx* multiplied 
by any constant tiv if at tlu* saim* turn* tin* integral bt* 
niultij)lied and the extiemes divid(‘d by 7a, , 

pfi lu W* Hi 

1 f(a’y/.r = 7// 1 f( )7 /• = /n I F(a’)7a’ 

a ojut til/it 


s \ 


L 
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For by niercjly writing mu for x we ^et 



h 

f(7Utt )(l{miL) 


This IS a inei’e change of name, Init now in tli(‘ suniination 
Aiuii= ni>\'u , liow^so<‘Ver tlie intei \ al be ent up into sul)- 
intervals Henci* 


P' 


f( nt a ) 


=„.|- 


b m (I )flf{ 


But wlien }hu = <i ami b, tf =(f 'in and h'In nior<‘o\ (‘i , tlie 
function of luif tHpials some ot]i(‘r tunction F(e) 

of u, lastly, and tins is veiy im])oi'tant, it is indilierent 
what symbol wv use for the ai^ument ol inte^iand and 
inte^iation, whethei wo write 



1 


F(.rV/./ 


the (‘xtri^mes being unchanged, the icing(‘ oi \alu(‘ being 
the sanu', tlie ni(‘re chang(‘ <A nam(‘, as Irom it to lias 
no effect- on tlie valiu* of tlu‘ integral Heiicc^ 


if f(77iz/ ) = F^a ) 




F(./ )(/.r. 




<t , }U 


84. Theorem of Mean Value : XVI.— If </>(x) and Vr(./ ) 

be two functions of .r, both integral)l(‘ from (t to h and 
\l/'{x) change not its sign in the inter\ al u to />, then 

(I « 

wdiere x is some value between a and b 

For, if 0(.r) vary at all in the interval, let (r be the 
greatest and L the lecast value it assumes then (t— 
and (f>{x)--L are both positive throughout the interval 
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a to h Also, let l>e (say) j)ositi\t^ from a to h. then 

and /•) — 7.\/r(.r) 

are both positive from ff to h H(‘iK*t‘ 

J r)]f/ r >0, J J 0 (./OVr(./ )— /.\(r(.r )}<^/,r 

{t 41 


Since in each all tla* teims of thi^ sum, ]u‘nc(‘ tlie sums 
th(‘ms(‘l\ (‘s and henc(‘ tlie limits ol th(‘ sums an* ]>ositi\e 
Hcaice 



)fl.t > Ij 



(f 




Hence theie is some v.due d/ ]H‘t\M*(‘n G and L sucli tliat 






and since 0(.O is continmais in passing Irom the \alu(‘ A 
to tlH‘ \ alue G it must ])ass at least onc< thiou^^h tht‘ 
Intel mediat(‘ \alue M loi a =.7 let c/>(./ ) attain the \alue 
J/, so til at (/)(.7)=d/ thiai 

f ' )(/.< = <p(7 < ) f \’/(j )(/,/ 


It \lr{d) be ne^atne thiou^liout tln‘ inteivals to //, 
no change woith mention is ie<|UiH‘d in t-lu* leasonino 
It 0 <lenote a juojx*! traction that ma^ take any \alu<‘ 
tiom 0 to 1 iiiclusi\(*, then we may ^^l it(‘ 


./ 


— r/)0 and 



)(/.f = 



85. Derivation of an Integral as to its extremes.— 

It IS plain that the Integral ^ = is a function ot 

<» 

its extremes n and h foi by changing eithei one, the 
number of terms m the summation is changed, the range 
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of integration is varied, the area A is altered Accordingly, 
we may seek to derive / as to t We have 


1= £(.r>/./*, ^ + A/= 1 iVV.r = 7+ I f(.rV/.r 

h 0 

A/ = j f(,/' )da' = f(7 ) j d.r — £( .7 ) A/> 


p/' f A^' 

Here ^(a), of S4, =f(.r), and \/^(.r)=l, also 1 (/./=A/>, 

r. 

for it IS th(^ limit of tlie sum of the A.r s into ^^hicll the 
interval from h to ?> + A/> is cut, and this sum is always Ah 

(In general J (Lv = g — f) Hence 

f 

^^=f(.r) = f(^^ + dA^>) , whence i^ = f(/>) ic. 

The Derivatine of the Integral as t(f upper e.rtreiue is 
the vahiie of tlie I aiegraial at the upjier ejireme 

Let the student show in two ways that I^ = — f(r/) 
These \ allies f(/>) and \(a) are the end-ord mates ol A, 
and may be called De rivattres of the area as to its 
abscissae 


Corollary. — If a<u< b, then 


I j = {{V ) 


86. Quadrature of Parabola. — Befcjre proceetlmg fiu-tlier 
with the general theory of Integrals, it may be well to 
calculate or evaluate some of them, and thereby clinch 
our notions Take, for instance, the ordinary Apollonian 
or quadratic Parabola x- — py, and let us compute the 
area from the vertex 0 out to x = h = y = v. Cut the 

u 

interval u into n sub-intervals, each = A.^’=- . then the 

u 



INTEGRATION. 


00 


successive values of are 

i 

and of are 


’ ’ /?7> ’ 7?“P 


1 a’ 2-^ a- 

7i“y> ’ ii^p ' 


H- a- 
n-j) 


Forming the siiius and taking out the constant factors 
we ^et 

(0' + P+:>^+ +(i,-iy-i) ‘''<^1, 

n 

^v+^2^+tr^+ . +o>^) '‘>yi 



Th<' sum of the s<|uares of thi‘ first n natural nund)ers is 


1 

0 


//(7i + 1 )(2>/ 4- 1 ) , hence, on cancelling 


1 

P 




> 


p 




Now letting n incr(‘ase without limit we clos(‘ <1owti 
the two extremes in this ineciuation upon the constant 

mean value A, and we eet as ^ vanishes, 

’ ^ n 


vA 

-3p 


a 

8 


^- = 1 uo = loBPO 

p 8 8 
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Also 

A = \ 

’ ydx = ^ 


1 ?/ ^ 
x~dx= , 

2) A 


J 

0 

V pi 


1 0 

0 

hence 

1 

•w 

u^<J.v = 

. lienee 

r W' 


J 



J 3 3 


0 u 


87. Generalization. — Similarly for the general Parabola 
j ''' = cy 

A = 1 ydx= ^ 1 ^ Lim Z.r’''AcT 

0 0 


We divide the interval into n 


e(nial parts, A.r=-. 
* * n 


the 


successive values of x are 0, 


u 

7f’ 


llu 

V 


')ni 


Hence on takini* out the common factoi 

A.r = ( I'"' + 2"' + 8'^' + + > / . 

7?'" U 


This sum of the jioweis of the hrst n natural numbers 
may be expressed as a siu'ies of ('>y<-|-2) terms, arranged 
according to falling poweis oi ?? with timte coefficients 

1 unctions of 7a, the first term beine . ^ , t e , 

^ 7a -h 1 


Xr”'Arr 


r^^m t 1 _j_ J 


+ lowei 


pOWlU'S 



= — ^ + negative powers of 7# 

7>i + l ^ 


( )n letting 7? increase without limit, these {vi + 1 ) negati\ e 
powers all tend toward zero, the limit of their sum is 0, 
and we get 


Lim !S.r"*A.r = 


f 


x'^^Ulx 


q^in + l 

7?t + 1 


hence, too, 


j* = 


m + I "»» + I ’ 


A --^r‘ 

^ 9J» + 1 
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Accordingly, tA) }i}te(jrate m bein^ natural, increase 
the iwponeni b(/ 1, divide by the nc'iv exponent, and take 
the value of fh%s result (ft the lower extri^nie from its 
value at the upper extreme 


88. Curve of Sines. — Find tlie aiva oi‘ an arcli of the 
sinusoid, y = sin.r Divide the interval from .r = () to 


into n e(|ual paits, A./* = 


u 

n 


\\ v ha\ e then 


V \ » , , nn \ i( 

A sin - I sin 4-sin -h +sin } 

\ n n n I n 


o Z' * \ 


1 n n \ I ( // -f I )// 
sill . 

: n 


sin 


(i ::) 


Tlie Integral sought 




IS the hunt of this ex- 


pression f )i a lai-^e at will W(‘ tak(‘ tin* limits of tlu^ 
factors s(‘])aratel\^ limit of sin is of course sin 


as IS also limit ol sin d- I limit ol tlie jiroduet 

J Sin xdx = 2 (^sin = 1 — cos n 

0 

Hence J sm xd.r = ( 1 — cos // ) — ( 1 — cos a ) = — (cos ?#’ — cos u) 

V 

Hence too, J sin .rdx = — (cos tt — cos 0) = 2 
0 

Show that J cos ./ = sin ?e — sin n , 


IS tlu‘r(‘toi*e 
liave 


limit of / sin ! IS 1 , Induce we 
2n/ 2n 


usin^ cos a -p cos 2a + c<is na — 


na . ( a -p I 
cos 2 ,.7 ■ 


sin a {2 
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89. The Lograrithmic Curve. — Let the bomulin^ ^raph 
be the logarithmic ^ = Cut the interval from .r = (> to 


u 


x = vb into n equal parts, Ax= = and form the sum 

1 




, h 



Hence 


and 


Lilli 





- 1 , 



e 




90. The Hyperbola. — Thus far we have cut up the 
ran^o of integration into equal parts, but sucli a division 
IS by no means necessary nor indeed always expedient 
For example, let the graph y = f(.r) be the rectangulai* 
Hyperbola xy=^l, referred to its a-\iii|'i"l - as axes. 
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ami let the extremes l)e .r = l and ,r=a, We seek the 

Integral I ^ \V(‘ divi<h‘ tlie interval 1 to u into 'n pai’ts 

1 

in (jeometric piopvssion «it the points whost^ .r’s an^ in 
or<le]' 1, 7/, 7 a“, tins last — if eorresjxaidin^ 

values of ?/ are 1, 7/"^ this last =1/// 

Th(‘ eorrespondin^ sul)-int(‘rvals are 

h — 1 , 7 /( 7 / — 1 ), /<“(// — 1 ), , h^~ ^( 7 / — I ) 

AVe know from Analytic (kxanetjy that tlie areas of tlu‘ 
stiips are all Kjual, aii<l it is moreoNtw pLiiii that each is 


< A — 1 , Imt > * oi 

h 


1 — , Since tlu‘it‘ <iu‘ n such, we 
li 


Inn e 
A 


//(//•— 1 ) ^ a (^1 —j* ) 


i c , 


= f = Lnn n{/t — 1 )= Lim a< — - 1 )= Lnn ^ ^ 

J it i 0 '* 


= Lini'' ' ^ = Lnii^lo^ ^ "h j = 


1<'K " — I) 
r 


(when* ^ ) Hence = lo^ #c — lo^ </ -= loo ^ 

V a/ ^ .1 "" ^ ft 


91. Need of better Method. We ha\e now inti^^^rated 
a luiinher of the siniph‘i functions, dl^idiiaic and tians- 
ceiuleiital, an<l have leaiiKMl by tiial that tlu‘ jiroci'ss of 
integration is jx'rfectly <letinite and h*ads to definite 
results We mi^ht eontinm* tluNse iesearch(*s and h*arn 
to integrate othei functions Howe\ei, th(‘ m(‘thod is a 
tiMlious one and dejiends foi its success in t^ach imlividual 
case upon our ability to biin^ our summation into a 
form convenient for the recognition of its limit The 
question arises, Is then* any general mt*tho<l for i(*ckon- 
111 ^ these limits that sliall not depend upon our ingenuity 
in effecting a siiinmdtion " There in, as ma^" tlius lx* made 
evident 
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92. Integration in General.— Let // = f(./’) be finite, one- 
valued and continuous between x = a and x — b, ij — a and 
y — b' Let A.i‘p Xx^^, ..., be ii sub-intervals into winch 
b — a IS divided, and A//,, \y>, , A/^ be the coriesponding 

sub-intervals of I/ — a Also let r/>(.r) be the derivatne 
of f(.(;) for every value of x in the interval a to or 
(/){x) = f (.r) Then by Defin i turn of 1 )eri vati > e (Art 10) 
we have 

= f'(i^') -f <T = ) 4- (T, 


A// = r(.r)A./’ 4-^A.r = (p{ x )A./‘ + aXv 

wliere or is small at will and vanishes with \x This 
equation is exact and holds for exeryone of th(* sub- 
intervals, Xk\, Xf'y, , A.r„ Hene“ 

i:A^ = Zr(.r)A.r-t-i:(rAr = Z0(.. )A.r + i:rT A/ 


On taking th(‘ limits we o])tain 


= f'(.r)cii.r + J o-^7.r = j' 0(.r)r/a4-J cr<l t 

O O <t (f 

Now 

I cr<^/.r = Lim 'Ear A./* = Lim rr Lim EXf 

(t 

where a is some imaii of the infinitesimals cr^, ctj, , ct/, 
coiTespondin^ to A.r^, A./^. • , A.r^,, and is itself inhni- 

tesimal, since even the greatest of the cr’s is infinitesimal 
also, by definition, 


Liin EXe 


■=J I 


lUid Lim cr = (). 


hence 



dx = 0 


ft 



i*(6)~f(a). 


ie, the integral of the derivative of a Junction 'ts the 
value of that function at the upper extreme, less its value 
at the lower extreme, of integration. 
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93. Another Proof.— This same important- fact may he 
elicited otherwise, thus Let /==l and let 

o 

be tlie deri\ati\e of f(.r) for eveiy \aliie of .r in tlH‘ 
interval a to b , then 

{T-\{h)\u=Io-i\b)^ b) - f '( /O = 0, 


and tins result holds (s<‘e (\n‘. Ait (S5) when h denoti's 
(m// \ alu(‘ in tlu* iano<* of intt‘^iation No^^ a dei*i\ati\(‘ 
may of couis<‘ Aanisli foi some pai‘ticulai \alue ol tlu* 
argument thus tlu* d(‘ri\ati\(‘ of (./* — ( )“, \anislu*s 

Tor j‘ = (\ and this by no means imj)lu*s that (./* — (*)“ is 
constant l)ut- when tlu* d(‘ri\ativ(* \anish(‘s loi rrrrf/ 
value ol tlu* a,i;^unu*nt in a ec‘itain int(*rval, tlu‘n ^lie 
function IS constant ^^lthln that inteiNal Foj li the 
lunction (/y=F(i)) w(‘ie discontinuous at any vahu* ol a, 
then in tlu* lu'i^hbourhood ol that vahu* A// would not 


Ih* small at will aiul Lim 


A// 

Aa 


avouM not b(* 0 


but il 


7/=.F(/*) Ik* continuous, tlu‘n it may Ih* d(*])ict-(‘d ^(‘om(‘tri- 
cally by a (*ur\e, tlu* tan^(*nt ol whose* slope* te> the* 
a‘-axis IS j/t aiul it tins latte*! always =0, tlu*n the* 
cur\e IS evenywdiere* paialle*! to the* a -axis, /c, it is a 
ri^ht line paiallel te) a-axis, tr ;e/ = a ce)nst Hence*, 
since {/-t(/>)}, = (), /~l(/;)^r 

To tinel this ceaistant (J we* may ^n\(‘ b an\ Naliu* in 
the ranoe of inte^iatieai tor b = ((, i = () anel f(/>) = |(<<). 


hence 0 — f(et ) = ^ \ oi 




= !(/>)- f(e/) 


94. Integration and Derivation.— While* then the* seu 
calle^el I)de<jral Calculus is in no wnse* ele*penelent upeai 
the so-calleel D^pemitial (Udciil us for its funelamental 
notions or even jirocesse's, ne*verthe‘le*ss the latter is in- 
valuable te) the former in disceiverin^ the* forou of the 
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Tiite^ral froin the form of the Integrand The law is 
tliat, so f(ir (IS form is conoernedy whenever we recognize 
the Integrand as the Derivative of a function, that 
function may he taken as the form of tlie Integral , the 
vid'Lie of th(‘ Integral is then found as the difference of 
valu(\s of this function at the uppei- and lowei* extremes 
But even if we could not discover a function winch 
ilerived would yield the Integrand, or even if tlunv were 
in the nature of the case vo such function, the concept 
of the Integral would not suffei This latter might still 
exist, and we might he ahle to calculate it, though it 
wouhl he impossible to derive it and obtain the Inte- 
grand Whenev^(‘r then the Integi’antl is a Derivative — 
and this simple hut very general case shall engage at 
piesent our i^xclusive attention, more difficult matters 
being h(‘ld in n^seiwe — the ojieiation of Integration, so 
far as form is coiiceined, is meri^ly th(‘ Inverse of 
Derivation. 


If ^(.e) IS the Denimlt re oj l(.r), 
Inte(ir(d of cJ>{j) 

Symbolically, j = ‘ = 2)’ = f ~ ^ | 


I 


ihen f(.r) (s the 
1) and ( being 


symbols of operation, not of magnitudt* So far as form 
only IS concerne<l, th(‘ Int(‘gral is the anti-Dc?’? ra/ / rc of 
the Integrand 


95. Definite and Indefinite Integrals.— It very often 
happens that w(‘ are concerned solely or piincipally vvnth 
the form of the Int(‘gral In such cast's it is customary 
to omit the (^xti ernes and write 

Jf(.r)d.r = 0(.r) or Jf(.r)d.r = 0(.r) + (J 

These equations must be understood as declaring only 
the form of the Integral, not its V(due In fact, the 
Integral is a mere form until the extremes of integration 
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are assigned , only tlien dot's it ])ecoiiie a iiui^intudt' 
The ai-latrary constant — constant, tliat is, with rt'sjiect 
to X — is added because the form 0 is for all |)urpt)ses oi‘ 
deiivation unaftected liy piest'iicc or abst'iice ot additi\e 
constants, C would ol couise disappear in dernation 
Such a mere form is called an Indefinite Integral, 
wliereas tln^ ma,<j;mtudt‘ oi \alut' oot liy assioimio (*\> 
tremes is called tln' Definite Integral. 

ObstMve cartd'ully tliat in tht' liidt'tinitt' Intt'^ral the 
aro unit 'll t-symbol is wlitilly mditiert'iii . thus 

fi(.r)</a = (h //)(/// = )r=(y>(y) = r/>( ^0 = <‘tt‘ 


St), tt)t). 111 tlit‘ Dt'tinite Intt'^i.d tht‘ ai^umt'iit ol in- 
tt'oialion IS iiidiflei lait • tiius 

j* f(./)d.r = j' = J t( a )t/a = f/>( /O — ) 

« i‘ " 

The \erv ^leat ]m]>oit«ULCe t)l tie* arbitiai\' ctmslant 
ill ^ivin^ ^t*n(‘ra]it\ to the Intt'^ivd Ft)im will bt* s<‘<‘ii 
111 tlealiiio wutli J)ifieit‘nti<d Ktju.itions 

It is commtm to m<dv<* a dt)uble list* ol one s^ mbol, 
as .r, usin^ it naiiK'ly botli as tin* ai^umtail ol int-t'^ia- 
tion anti alst) as the uiijiei extit'ine Thus w t* t)lt(‘n 

wuate J f(.t )t/./ Tht*re is nt) objt'ction tt) tins modt* of 

writing, proMtled tliat nt) contusion lesult in llu' mind 
of tilt' studi'iit 


96. Fundamental Forms.-— Wt' shall now ust' tlu* 
theorem of Art b4 to dt'teimint' Hit' I’orm of a numbei 
of Eleme iitartf IfLtnjroh 


,.»>j+i 


1 !)■ ^=.r 
in + I 




3 '^' + 1 

1 


2 
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8 



4 

7>log^-=\ 


5 

J)loira=’\ 

1 » 

() 

D sill X = cos ./* 

Jcos .zv/.r = sin .r 

7 

/>( — cos ./*) = sill .t 

Jsin x<lx == — cos X 

s 

yi sin ?/ =COS // 

Jcos (f ^ ffx = HlllU 

9 

I){ — cos (6) = sill U ((a, , 

Jsin a . a ^(Ix — — cos n 

10 

i) tan X = (sec xY , 

J( sec = tan t^c* 

11 

yy tan ii = ( sec u )- . // r ^ 

J( sec ff )“ 1 f lx = tan , 

12 

yi( — cot .r ) = (CSC .r*y^ • 

j*(csc = — cot./* 

in 

Z)(— cot i/) = (csc . 

J(csc a)“ a, f/./ = — cot a 

14 

7>(sn» -Ir) = ’ 

f 1 

1 =sin~\r 

15 

I>(co.s-V) = ^pl,. 

1 , — - = cos ~ \v 

J^l-.r- 

10 



17 


f (lx . J.r 

1 , = sm ^ 

J V 

18 

X>(^ t!Ul~'''^^ = - ->• 

\(t <f/ 

f , = 

Ja“4-./*“ (1 a 

19 

D(sec~^x)-- / „ T’ 

Xms/x^’—I 

f /Z./* 1 

1 - =sec"^u^’. 
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97. Change of Variable. WIk^u Integrand is not 
olio of tlie ,foiv^oiii^ fonns it may ofti^n l>o unhicod to 
om‘ of tlicnn* by *ni ci]>|)i o])riato chanyr of (in/uvieuf oj 
I ntofjnittim, tlnis 

ib0( o ) = <j/( o) // , 

1 

also — o ) 

H(‘nt*o )o r<lj — J </>'(// 

1 trr p((^s from i(ti nite(jrai(oo (ts to u orcr to ao 

nit( f/t'fft fon (Ls to ,t hjf m alt i jt1 ff nKj thr i nii tfro ,nl by th(' 
(Irrn'fdtrr of a (fs fit ,r 

Tins (•han;^!' ol tlio tiimimont of into^iation is of tlu‘ 
most h*(M|ut‘iit oc(‘Ui 1 ciKT 'Hh* ]>]oc(‘ss ma^y 1)(‘ (*all(‘d 
Integration by substitution, oi mediate Integration, 
since it eoiT(‘sponds to mediati* Deiivation 

We si*e then, an<l tins is (‘xtiiani'ly im])oitant, that 
iindei the Int<‘^ial si^n W(‘ may su])])la(*(‘ </tr ]»y //,(/./• 
or /(fr jnt rjMfsf's of I nfryrtrf nnt , tlu‘ symholu* (*<juation 

holds, 

f / tf = a t<lj 

Here da and </./ ait* calletl dfffr/ r tdiffbs ol a anti x, aiitl 
hence a^ is called the d iffr renin d coejficfe'nt of u as to x 
Jn the Integral (''alcuhis, anti t*spt*cially in its applications 
to riiysics, this notation is moie conveni(*nt than the 
DeriVidi re notatfon thus far employed , neither is it 
logically • ih;. « I !• .n.d •]. if propm*ly undei stood But wt* 
must beware of attempting a magnitudinal interpietation 
The symbols <hi and dx are tuA symbols of magnitude, 
no matter how small the change in a may be, it is not 


h(‘n(*(‘ ad.r = (j>{ tt ) 

h(‘nc(‘ Jf/>'( a )d a — t/>( a ) 
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equal to the correspoii(lin 4 » cliaii^e in luultiphed bj" the 
Derivative of ii as to x Accordingly, when asked wluit 
vfc uneaii by the symbolism (J {Jb = ii 3 dx, our answer must 
be vse mean lhat the Derivative of u, as to x is , thus 
d{x^)=^f^xhlx means only that the Dc^rivative of .r^ as to 
X is This symbolism is convenient because we may 

at once oj)ei*at(‘ on l)oth sides by intc^^ratioi' an<l {)btain 
a formally coiTect r(‘sult Then on assi^nin^ the exti'emes 
we ^et a corri^ct relation betwcM^n oaupidiides Similarly, 

= G./ (tx- 

means simjily tliat the second l)t‘rivativt‘ of ij as to x is iu 
From tins point on we sliall ireipiently ^ mjdoy this 

Differential Notation. 


98 Anoth(‘r ^ery important ^eiu^ral method is that of 

Integration by Parts. We ha\e 

di^n r) = uo r-\-vd i( , oi 
{ur)^z=uv^ -\rva^ 


Wh(‘nc( 


= +J(', 

J » r , f/.r = ?(, r — j" « , 


•(h 


V d.f 


Hei(‘by we make the Integral of (kqiend on that of 
Ua: V dx, and tins latter may be much simpler oi still 
othei’ advanta^css may accrue 

Illustrations.— 1 Conshler J.rcVZ.r Here we put x=a, 
= hence e^ =v , hence 

j'.rrk7x = .re'* — j'ckD’ = c^(x~ 1) 

Similarly integrate x-c^, .rV^, ... 

2 J(cos x)K Kr = j*(cos ./’Xcos x)dx = sin x cos x + x)-r/./ 

= sin X cos X + J(1 — cos x^yix = sinxeosx + .r ~ J(cos x)-dj 
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Here the integral is made to depend on the same integral, 
and this may be found by silnply treating it as an un- 
known and solving the equation, hence, ti and 
dividing by 2, we get 

Jcos X? (he = J (cc + sin x cos x) ; Jsin x\ix = J(a:‘ — sin x cos x) 

S ^\/a^ — x^(lx. Such radicals are generally moie 

manageal:)le in the denominator, accordingly we write 

X 

The hrst Integral on tlu' riglit we recognize as sin"^ , 

(jj 

the second we integrat(‘ by parts, tlius 

= xs/ X- — J — xhix 

Here again tlie original J depends on itself, hence 
— ,r- ( lx — \ (^X\/ <i“ — x^ + a^sin ’ , 

or = i (^x\/ ( ? — f r'cos ” , 

a result of great significance and importance 

Exercise. — Put r = «sm</> or a; = acos</), and obtain the two 
results of (3) by help of (2). 

4 It is natural to investigate now the integrals of 
s/x^ — a^ and As in (3) w(j get 

t 

iU = I 

\jx^+ar- 
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We are as yet unacquainted with any simple ex- 
pression that on derivation yields so that we 

V X? ± 

cannot integrate these expressions at once However, 
* C (fx 

tlieir analogy with j is evident, and their signi- 

hcance may be easily made geometrically apparent 

99. Circle and Equiaxial Hyperbola.— Consider tlie 
equations of a circle and a lectangular Hyperbola 

+ — and — = 

which may be written 

i/^ = (a-Yx)(a — x) an<l = a) 



From the figure it is seen that when we divide any 
tract 2a internally and at each point of division erect 
as perpendicular ordinate the geometric mean of the 
parts a+x and a^x, the locus of the ends of the 
ordinates is the circle, but when we divide externally 
the locus is the hyperbola So closely related are these 
curves, apparently so unlike. If now we would compute 
the area of a h.ilf-^e^iiH nl we have in the circle and in 
the hyperbola 
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whole i( = OS Tviid u'=(}S' 

Now, 111 tlu* cii*ele, 

\ a^ — SOP, 

■“ • 

]wnw, . = 

u 

hut A OP = A OP), 

hence {-^-^ 1 ^=====. ^ A (}P= cos"^ 

JVo- — .r- 

o 

100. Anti-Functions re-defined. — This last eiiuation 
may be taken as the definition of this Function, cos"^^^* 

True, we have already the notions of cosiiui and anti- 
cosine defined for angles, but tf 'we had no siieJt notions, 
neither of cosine nor of aiiti-cosino nor of an^le, this 
definition would serve us perfectly Call this integral / 
for the nionient and liold tlie upper extreme a fast, 
constant ; then I is some function of tlie lower extreme 
n, since to any value ©f eithcir there corresponds a value 
of the other. Hence 

/=^(u) = cos'"^”, and ^ = >/r“^(n) = (»s /. 

If we put a = l, we have the cosine of a number, of a 
definite integral, defined as the lower extreme of that 
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integral , and it is important to observe that the cosin 
the lower extreme of the integral, is a much simple 
function than the anti-cosine, the integral itself 


101. Hyperbolic Cosine. — Turning now to the Hyperbol 
we have 


Wju''^-a^ = S'0P\ hence uA" - =^0P' 


or 


r 


dx 


2 AOP' 


. , P dx 

, precisely as 1 . — o = 

J V “ 


2 AOP 


Now we took the second of these Integrals as a Definitio 

of a new function, namely, the anti-cosine of oi* 

u ^ 

number whose cosine is - Cosine lion^ means (as w 

a 

independently know) the ordinary or circular cosine, sine 
AOP is a sector of a circle But AOP' is a sector of 
(rectangular) hyperbola , accordingly, we must, or at leaj 

we may, consistently name the first Integral, I — 

J Cl 

a 

• * 'ic' 

the hyperbolic anti-cosine of , that is, a number who? 


a 


hyperbolic cosine is — , and we may write it thus 


f 


=hc-i- 


Calling this Integral I' we have 


u 

a 


= hc/', and for a = l, u' = hc7' 


102. Hyperbolic Sine. — Similarly we generate the coi 
cept of hyperbolic sine, thus: 

Consider the conjugate rectangular hyperbola, 
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Thi\ area of the quadrilateral OBQ'V' is 
^ \/x^ + rx^dx = i 


Now 

hence 


htJu^+a^=OQ'V' , 

t*U ^ /VI 

J \/ xr -f- iV^ 



Fk,. 17. 


Similarly in the circle — we liavc 

OBQ F= j = i (etV<6"^^+ 


hence 


\ vbi>J <t- — = OQ V , 


, .,f“ dx . f“ dx 2 0 

hid\ , =cir. sect OBU, or | , = - 

“ J J(d-x^ J Ja?-x^ «■ 


« dx 2 OBQ 


103. Anti -hyper -functions. — We may now nuTne tliis 

• \Jb 

latter Integral (circular) anti-sine of - and write it 

a 

'lib 

sin”^ , the Integral then is the analytic definition of 
a 

tliis new function, anti-sine, while its value, the quotient 
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of the double sector by tlie squared radius, is the geoiitetric 
definition of the same function Herein there is implied 
no previous knowledge of sines, anti-sines, or angles If 
now we would be consistent, we must name tlie coit(^- 

spondiiig Integral, f , the hijnerhoVir 

J a- 

0 

anti -sine of and write it /^ = hs"^~ This is anothei 
a (C 

new function, named from analogy, and has two ecpii valent 
definitions, one analytic and one geometric For a = ^ 
we have 

r =hs-iM/ = 20/iP' = 7'. or = 

J s/l+x^ 

0 

104. The Arguments Pure Numbers. — From the fort^- 
going it would seem clear that these hy])(‘ib()li(‘ functions, 
sine, cosine, anti-sine, anti-cosine, are (|uit(‘ analogous to 
the ordinary (circular) sine, etc , and have like imjiortance 
for pure analysis. If now it be asked, what ai'e these* 
magnitudes, circular anti-sine and h\]K‘ibolic‘ anti-sine of 

the answer must be that they are pure iitimhevb, com- 
pletely defined by their definitions, analytic and geometiic, 
and this ‘is enough It turns out, to be sure, that the 

first, circ sin“^-^, is the same number as the (natural) 
u 

metric numbei* of the angle POB^ and of th(‘ arc PB^ 
hence the first Integral I may be interpiHited geometrically 
as an angle or as a circulai* arc This, however, is a 
circumstance quite extrinsic to the nature of anti-sine as 
now defined, and we must not expect to find its analogue 
in the hyperbolic anti-sine, which must not be understood 
as the metric number of the angle Q'OB 

106. Relations of the Functions.— The real relation 
subsisting between the circular and the liyperbolic 
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functions is of another and very different nature, which 
may be thus exhibited 
dx 






= hc“bj== J ; 


’ = hci/^ 


Multiply both terms of tlie fraction by i, remembenno 
~ 1 , 


dx 


L cos'^r = J", 


J 


V = cos = cos I J* , 

i 


h c J = cos ' — cos / J- 

i 


A^ain, f — hs ~ b’ = J 7’ = hst/ 

j -V 1 + X“ 

(I 

Change .r into v//, then changes into r//, and 
(/// 

7 I — j ~ V sm “ = ^/ , r = / sin J > i=^ — t sin uf . 

hs ^ sm Jj i — — / sill iJ 

Thus it appears that the hyperbolic functions equal 
coriespondin^ circiilai runctions of imaginary angles, but 
are thenist^lves real 

106. Exponentals. — Now we liave these expressions foi 
sine and cosine in terms of imaginary exponentals 

cosx= sin = , 

whence we have foi the h vj^-rbolic functions 

+ *), hsj? = 1(6^ — e~^), 

the most convenient dejinitions of these fwnciioiis The 
equivalent series are wortli noting 

^2 ^0 

lica:=l + j2+'j^-l-j^ + ..., 

/y»3 /yth rf*J 

h8ir = x+jj^+|. +1^ + ... 

* Since ami cos( — /e/) = cos(if/), the cosine beinj^ an even 

function Similarly for the sine, which however is an odd function 
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differing from the series for cosine and sine only in the 
signs of the even terms. 

107. Other Hyper-Functions. — now define the othei* 
hyperbolic functions thus* 

, , hs£c — ^ 1 hex 

ht cc = , — = het X - , r- = , - - - ^ , 

hcic hix hsx* e® — 

liscx = ^ , hcscx = ,-“ 
he X hs X 

Now let the student prove 

1 hca?^ — hsir^=l, ht = 1 — hsc 

2 Z) hs £c = he Xy D he x — hs x 

3 D\\ix = hsc = 1 — lit 0 ?^ = 1 /he x^ 

4 D hse iT = — hsc x lit x 

5 hs(^* ± y) = hs ic he 2 / ± he ic hs y. 

6. hc(x±2/) = hcajhc2/±hs^fhs2/ 

7 ht(ir ± 2/) = (ht x ± lit 2^)/(l ± lit x ht y) 

8. The period of hs and he is 2^7r, of ht and het it 
is iir. 

9. The he and hsc are even functions, the others are 

odd, 

10. Changing the argument by the half-period reverses 
hs and he, i.e,, hs(a; ±i 7 r)= — hsic, hc(x* ±i 7 r)= — hcic 

11 Hyperbolic sines of supplemental arguments are the 
same. Hyperbolic cosines of supplemental arguments are 
counter , 

hs(i7r — x) = hsir, hc(i7r — it) = —hex 

12 hs(2x) = 2hsx. hex, hc(2x) = hcx^-bhs , 
ht (2x) = 2 ht x/(l + ht x^) 
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1 3. hs .r + hs 2 / = 2 . he- ^ 

and corresponding prostJiapheretic formulae. 


_ . T T lit , 

14. L. = L =1 

r=0 ^ r-^O 


Hence it appears that the doctrines oi' circular and 
hyperbolic functions stand on equal footiiif^ and supple- 
ment each other 


108. Guderinc»nnians. — We know that we inaj^ write 
the equation of the circle o?‘ , by use of a third 

independent v ariable 0, thus x = a cos 0^ y=i a sin 6 This 



depends on the fact that (cos 9)^ -f (sin 0)^ = ^ . Similarly, 
since hcu^~lis = 1, we may write the equation of the 
rectangular hyperbola thus a; = a he </ , y = a hs u. 

Here u is the third independent variable, but is not an 
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arc, nor an an^lc, like 6 However, it stands related t( 
the sector-area precisely as 6 does , for 

Ut-O — QiYC, sect AGP and = sect AGP' 

Moreover, it is reniai'kably relate<l to an an^le, for draw 
tangent to the circle at P, denote ^AGP by and 
we have x — asectj, y — atsbUfj as ecpiations of the hypei* 
bola x^ — y^ = a“, this depending on the fact that 

sec ly" — tan = 1 

Comparing the values of .r and also those of y we set‘ 
he li = sec f]y hs u — tan rj 

So it appears that n an<l f] are functions A each other 
and the relation betw^ien them having b(‘(‘n especially 
studied by (Tiulermann it is projiosed by Ca;^dey to call 
Tj the Gudermannian of u and write /; = gd?t, whence 
^6 = gd"^>; We may also call ?; hyperhohe ampldvde ol 
u , r) = amh iLy wlience u = amh “b; 


109. Geometric Property. — We have now^ 
e" = he u + hs u = sec ly + tan ?/, 
wdience, on passing to logarithms and reducing, 


, = logtan(^ + '|) 


We have also 


1 + 


hcu = 




1 + 


•K)' 


and secw=- 


or, since 


■(tan|)‘ 

7 73 ’ 

l-(tan|) 

he u = sec rj. 


lit I = tan I 

The geometric significance of this result is that the same 
ray GM that halves the angle ly, and therewith the circular 
sector AGP, halves also the hyperbolic sector AGP\ and 
therewith the chord AP' and so is the diameter conjugate 
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to the chord For diaw two rays from 0, tlie one lasect- 
in^ the circular sectoi, the other bisecting tlie liyperbolic 

%Jb 

sector, their equations are 7//j* = tan ? 7 / 2 , and yjx = \\i^, 

tliese two values of y/x ai*c e(jual, lienee the two rays are 
the same 


Exercise. — Tangents at P, P' and ./ concur with OM 

110. Ellipse and Hyperbola.— We derive tlie Ellipse^ 

* + > = 1 from the circle ' , + * =], and the Hyiierhola 
b- a- if- ^ 

,7‘“ 7/^ . "T*" 7/" 

from th(^ rectangular hyperbola — by 

iiKirely shorkning all tluui y's in the ratio h a henc(^ 
the (‘(juations oi' E and H aie .a — {^cos0, ?/ = />sind, and 
,rz=cfhc((, // = />hstt The miyle 0 is callc^d the (wceiiirtc 
amruiahj of the point P in the Elhjise liy analogy we 
may call the ^ttinitber if the h yfHtrbo/ ir exceiifric (tiunmily 
of P' in tb(‘ Hy] )erl)ola 

Manifestly the areas of coi ies])oiiding parts in circle and 
elli])se, 111 I’ectangnlai' hypc^rbola ami geneial hyjH'rbola, 
will be in the constant i*atio a b , hencc‘ the area of the 
elli])tic sector corresjiomling to 6 is \fthOy and of tin* 
hy])ei])ohc sector corresiKuiding to a it is 

iahii =Uib]o{i ('j + l) 


111. Logarithmic Expression. — For a = /> = l, in the 

conjugate rectangular Ilypeibola y- — y“= —1, we have 

j; = hs//, y=^hcu = \/lA-x-, 
hence = he u + hs ft = x + ^ 1 -\-x*y 

and 11 = hs " '^x — log {x + /s/l 


But 

hence 



f ,=\og(x+Ja^ + x^ 

J •Jl+x^ J V <■// + , f- 
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These results are useful when for any reason we would 
avoid the use of hyperbolic functions , they may be readily 
verified by derivation, and may indeed be obtained by 
the substitution of z = x+ \/o?-Yoc^y but such a process 
seems very arbitrary 


Exercise. — Exj)ress all the inverse hyperbolic functions 
through logarithms, as ht“bc = log 


112. Imaginary Integrals. — We have now integ^rated 
+ As/x‘^-a^, the remaining form \/ 

is reduced to one of the others by taking out the factor i 
or by putting x=hiy bat yields a purely imaginary result 
We see in fact that if in the general formula for area, 

A = ^ydxy we have y = \/ — then + x^ + = 0 , 

whence it appears that the bounding curve i?- imaginary, 
with no real points in the plane of x and y 


113. Reduction to Standard forms. — When the radicand 
is the general quadratic, Ax^ + ’^Bx+G, we reduce it to 
the form of the sum or difference of two squares, ±u^±a^, 

^(J ^2 

by the substitutions u = x+ y and For 

Ax^+2Bx + C=Ai^(x+^y + 

The first or second form is preferred according as the 
Discriminant AC—B^ is positive or negative If A be 
negative, let ^ = —-4' , then 

s/ A — = \/ A's/^-^ u^, 


s/ Af*J + A'\/ i6^ + a^. 
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EXERCISES. 


'■ J?“+.+i-J(:;-+jFn;.-7j‘“" V375)-v5“" ^/5 

2. f ^-_ = JL f ''(i -ff) X 

Jv/ 3 ./-“- 5»-+ 4 V 3 Jn/(» - ’)- + ^-g‘ v /3 \ v /23 / 

3. f-^ _ = _Lsin-iil^^. 

J'\/7 + 3.' — 2j'^ ~ (•' ~ ^)" -s/bS 

J(rt - h.h + -t- - dx'^)d.t, 5 -l_ 3/ _ "J.t’^dj. 

J - ^ jt*^ + 0 ~ ^ ^ 

6- jsIZ/'-'’ I(2^^'^-'’ 

j(2 + 3a- + 5.^'^5'^"'’ j4(l -3,0'^''’ f(2 - 

^ r dr f dj ^ dv r dj 

• J^^.6.1 J - + 6^ - f3’ }'X^±u + V J?^r6 

®- j*J-J-l’ j( 2 ,. - 3 )>'''’ |j-(<, -SiT-'''’ irl + ,/'-‘ 

'’■ [P'«>-“-^-'i 

f (7.? r f d.t f dx 

J — b\i/ J a^ + ^-V’ J \,'2ifh # b- 1- J >Jh * / - - 2uhj ' 

114. Powers of Sine and Cosine. — Tii|. -iMhnu (coH^y)^ 
and (ninxy hy parts we have found, 

j*(co8 xydx —l(x + sin x cos x*), J(sin xYdx = ^{x — sin x cos x) 


dj 

16 
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The same method avails for higlier integral powers, thus 
J(cos xjhlx = J(cos xy^ ~ ^cZ(sin 

= sin X (cos xy^ “ ^ — 1 ) j*(cos .x)" “ “(sin x)-<Ix 

= sin x(cos xy^ “ ^ + ( 7 ? — 1 )J(cos .r)"' " hlx - (?? - i )J(cos xy^lx , 
j*(cosx)^VZ.x = {sin x(cos xy*^“^ + (?i — l)J(cos (A ) 


By this Reciimi on- formula we lower the exponent hy 
2 , by repetition we may lower it to 1 if 71 be odd, or to 0 
if n be even , in either case the integral is reduced to an 
elementary form 

The same formula may serve to raise the (‘xponent by 2 , 
we have but to change n into m + ^ and solve the equation 
as to the second integral , tnen 


j' 


(cos xy^dx 


1 

m+1 


{sinx(cosx)’"+i — (m + 2)J(cosxy^’+%>t; } . . ,{A') 


By repeated application we may raise an even negative 
exponent to 0, or an odd one to — 1 , but here we must 
pause, since for m=— 1 we have 771 + ! =0, and division 

(* dx 

by 0 has no sense , 1 calls for special treatment 
jeosx ^ 


Exercise. — Integrate similarly (sinre)” and (sinx)"”* 


116 . Secant and Cosecant. — To integrate we first 

® cos a? 


integrate - , thus , 

® sin a; 

Put x = 2u, then 

f _ f du _ f< 
Jsin aj~”Jsin ucos u ~ J 


(sec uYdu 1 , 1 X 

— ' = log tan u = log tan 

ijan u A 
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The devices liere employed are very often useful 
Exercise. — Integrate 1/cos by the substitution j =2 u 

116. Odd Powers. — Other irndhods may be preferred in 
special cases. Tims, to integrate an odd jiositive powei’ 
of the cosine we have 


J(cos X ^dx = J(cos .r y^^'cos x <lx = J( I •— sin x'^Y'd (i- 


sin ./■) , 


Now we expand the integrand and inte^i'ate its terms 
as to sin X 

Exercise. — Integrate cos / ^, sin/', cos./Wn./^, cos.r*siri 
show how to integrate sin ./"cos/”, either /tf or // being odd 


117. Even Powers.— In case of only eren pcweis w(^ 
may use tlie doable angle 

2 cos = 1 + (*os 2x, 2 sin jl? — 1 — cos 2.r , 

and we may reduplicate the angle until an odd jiowtu* 
IS attained, thus 

jeos x^dx = T 6 J(1 d- cos 2xyd2x 

= Tvj*(l + 3 cos 2x d- 8 cos 2o(Y + cos 2x^)d{2x) 

All of the terms in ( ) are now easily integrable as 
to 2ir. We may proceed thus with any product of 
positive even powers of sine and cosine, but the method 
is scarcely preferable to that of reenrston 

Exercise. — Integrate cosic^ sinri,® sinrc^cosa;^ sin i/;^cos 
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118 PoAjv^ers of the tangent are integrated by recursion 
Jtan x^dx = Jtan “ '^(sec a? — l)dx 

1 1 Ji~l ih 2 f 

= — -tsbiix — Itanx dx, 

71 — 1 J 

So we sink the exponent to 1 for 7? odd, to 0 for n even 


Exercise. — Integrate cotj;” by two methods; also tan.c^ tani/*" 

119. Special Integral. — A very important integral is 
f dx 

Ja- 

For x = 2u, 

H. 


1 4 - 1 > cos X 


dn 


a(cos + sin u^) + ?>(cos — sin u“) 


‘i 


du 


(a + 6)co8 u^+(a — />)sin u‘ 


2 r so 
a — 1 


sec ti du 


+ , i 2 

, 4* tan u 
a — b 


===- _A=:^tan”^/W^ if a>t. 

Va + 6 2 ’ 

If u<6, show that [ = tan j'.’ 

J — ^ b + a 2 

If a = by show that J*= ^ 


Exercises. — 1. Prove 

dx 


f- 

ja 


1 ,acosx + 6 

— = ■ -- cos”*^ , 

+ 0 cos X >Jar — 0- a-\-h cos x 


1 , ,acosa-+& 1 , yi + a + >/&-«tan 2 

, ^ hc“i - , or = -T ^ T — log — . 

Jh- - a-h cos x - a- /. — ./ 


Jb + a - Jb - a tan 

2 Integrate . 

a + 0 sin x a-^bncx a + hs 
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120 A more ereneral integral is — —r 

jct + o cos ,r + c sin x 

We reduce this to the dorm in Art 119 by putting 
6 = 1 * cos tt, c = 7* sin a, 

a -f cos .r 4- o sin .r~ a + r (cos ir cos a + sin x sin a) 

= « 4" '?* cos( r — (x). 

Similarly, when hc»r and hsj* vsupplace cos a? and sin.r. 
Exercise. — Integrate 

1/(2 + 3 cos ^ + 4 sin a) and 1/(3 + 4 he + 3 hs j). 

121 Functions of 7nuJfrple angles are easily integrated 


COS9i X(l. 


If 1 

lx — I cos ')ti X (I (mx ) — 
77<J ni 


’ ) = sin mx 

m 


Products of sine and eosine of multiple angles must be 
transformed into sums by the formulae, 

Jsin 0 }tx cos 'iix dx = j J { 4- ^^7 )^‘ + sin ('ni — 7? 

Exercise. — Integrate 

sin 7n.t , cos 3./ sin , cos 2x cos 4x, sin 3.^ sin 2./ 

The more general problem of integrating any quotient 

of rational functions of sine and cosine, ^ is 

0(cos.r, siiijr) 

waived for the present, as is also the problem of ration- 
alizing or reducing certain other forms, pai'ticularly 
binomials, such as x'**^(a + hx'**’)^^^ 

122. Simple Fractions. — The integrands — 

which present themselves very frequently, are recognized 
at once as the derivatives of 

\og(x-a) and 

these latter are then the integrals of the former* 


f dx . . . f dx 1 1 

Ja; — J(/c — a)^~' 9^~l (cc — a)^-^* 
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When the denominator is a quadratic we have 


jx^ + a? 






dx + c 


J: 


dx 


x^ + 


= & log + -tan"^^ 

f hx + c , _^b( 2xdx f dx 
]{x^ + d^y‘ ^ 2y{x^-\-ary^ ^]{x- + d^y’ 


f dx 


a2)»‘ 


To find this last 


then 


lo 


){x^ + d^y*' ~ ^ 

J, put x = a tan 0, dx = a sec . dip , 


dx 


I / fcos <h^^~\ld> — a known form If the 

]{x^ + a^Y ^ ^ 

numerator contained higher powers of x even up to 

the same would answer, yielding low^er powers of cos 0. 


Exercises. — Integrate 


,1-3’ 4:-x {j-by 


2r^-a.2 + 3ir-4 


123 The simple integrations of Art 122 prepare us 
to attack the general problem of integrating Rational 
Algebraic Functions of the argument Such a function is 
the quotient of two entire functions of the argument, as 

may suppose f(ir) of lower degree than <p{x) 

for if it were not, by division we could at once make it so 
This fraction i(x)l(p{x^ we now break up by known 
algebraic methods (see Appendix) into part-fractions 
A , Bx + c 


of the forms 


and 


The first we 


(ic — a)" (x^±2bx + cY 

integrate as in Art. 122 ; the second presents itself only 
when c — 6^>0, i.c, when the factors of x^±2bx + c are 
imaginary. In that case we put x±b = Uy c — = and 


get 


Bu+c±bB 


— which is of the form 


bx + c 


integrated 


(u^+a^Y (x^ + a^y^* 

in Art. 122. All such rational fractions may thus be 
integrated. 
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124. Irrational Quadratics. — We have learned to in- 
tegrate rational functions of and also the radical 
\/S = mJ 4 - V , the question is natural * What com- 
binations of X and S can we integrate ? The most 
general form of any rational function of the two is 
R + TjS , , _ VTS+{UT--nV)JS_ W-hXjS 

y 

w xs 

= r^+xT^ /et- where the large letters are entire functions 

y i\/s 

w 

of .r The fraction -y we integrate by Art. 123 The 

XS E 

fraction w(‘ break up on divi<ling by V into 

f(>r) 

, . where E is an entire function of x. and f(.r) is of 

<f>{xWS 

lower degree than (p(x) Let the highest term in E be 

fx^Ulx 

Hx^\ then on integrating by * parts we can make J 
r 

<lcpend on J repeating the process we can 

f d V 

make the integral finally depend on known form, 

so is integrahle 

The proper fraction f(.r)/ 0 (.r) we break up as before into 
part-fractions of the forms and 

where A'G'>B'^ To effect the integration f — — 7 -, 

it suffices to put a; — a = - , then S turns into Qjv^, where 

Q is a quadratic in v, dx turns into — d.vj'i^, and the integral 
r - ^dv 

becomes — J the form just treated, 

(Mx+N 

In dealing with reduce S and S' 

simultaneously to the form of the sum or difference of two 
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squares, by the substitution 

I -f" TllZ 

Tlie coefficients of the first powers of ^ in the transformed 
expressions of 8 and S' are 

Alm + B(l + m)-\-G and A'lm + B\l-Y'inr*) + G' 

These we equate to zero, and tlience determine first Im and 
l + m, then I and m On carrying out the substitution our 

intewal takes the form I — 7-=^ , where 2 is a 

^ i{z^-^a^yj±z^±a^ 

sum of powers of c lower than the Integrating by 

parts we may now lower the exponent of + <lown 

to 1 , so that our J is made finally to de^pend on one of 

three so-called Normal Integrals : 


^ \(z^ + ^ 1( + a'2) - a^’ 


{z^^a'-^)slz 


<'''> L+.; 




To effect these integrations we must pass over either 
to circular or to hyperbolic functions, thus 
Let = a hs u . then 


dz = a he udu , fj z^ A- <i“ = he u, z^A = (f^hs vl -f a'^ , 
hence 




du 
a'‘^-fa‘^hs 


-f- 

Ja 


cZ(ht il) 


a 


tan “ ^ ^ 




1 . i(\/cc^ — 


. lit 


-a ' 


a 


)■ 


if a^>a'K 


Exercises, — 1. Putting ;:' = atan</>, show that 



tan"^ 


z>Jd^ — 
dja^ + 


J_ 


or 
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or 


1 , 4- ~ ci^ 


2a' Ja''^ -a^ ^ a' Jd^ + z^ - d^ 

according as a^>d^, or a^^d^, or a*<d^, 

2 Putting z=^a sec 4' and : = a sin 0, show that 

(II) U + + 

J 2d Jd^+ tt- zjd-^ 4- d^ — a\ 


t'Jz^ — 


(III) f= / tan-i 

J ttV d- 4 * a- djd- - 


3 Integrate (ll ) b37 : =r he and (III ) by = a cos </>, ht w 

It appears that a rational function of .n and >s/>S is 
always integrable in terms of algebraic, logarithmic, cir- 
cular and hyperbolic functions The foregoing argument 
seems the simplest to prove the lut* tjinhiht tf ^ but the 
process indicated may not be tlie simplest for actually 
finding th'‘ integral 


125. Higher Functions. — Thus far the only radicands 
we have attempted have been of second <legi‘ee, of the 
type, S = In case the radicand is of first 

degree, F= ArA-B, it suffices to put it = A,v -\r B , then 
A dx = 2iul 66, and any I'ational function of x and \/ F may 
be rationalized in u by this substitution But the student 
may naturally inquire what if the radicand be of third 
degree, as T = AxJ^-\-"ABx-+’‘^Cx+ 1) ^ where without loss 
of generality we may suppose B=^0 

The answer is that, precisely as the irreducible form 

certain shth'pli/ periodic circular and 

hyperbolic functions, of some of which indeed we already 
had knowledge, but which we defined through these 
integrals quite independently of any such previous know- 

ledge, so the irreducible form J“y^ gives rise to a 


new 
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class of functions, the Elliptic or Doubly Periodic, of 
supreme importance in Higher Analysis We may write 


u 


^ r dx r dx 

{ JHx-e^){x-e^){x-e^) \ >jT(x) 


Here y and u are plainly functions of each other, but 
exactly as the sine is a simpler function than the anti- 
sine in 

/=f' 


j 


?/ = sin7, 


so the lowej* extreme y is here also a simpler function 
of the integral u than is of the lower extreme y 
accordingly we write, following Weierstrass, 

djc 


;y = ^(u), u 


=f 




The theory of the ^-fuiietioii cannot even be broached 
in this elementary work 


Exercise. — Show that ^\u) + JT {pn) = 0 

Hint Deriving as to the lower extreme p{n) we get 

(hi _ 1 

whence, on inverting and transposing, + = 0 

We may write T{p)^ 4:{p - e^){p - = 

as is common, without loss of generality. Now show that 

p'^ = %p--lg^, p'”^\2pp\ 


126 . Exponentals and Trigonometric Functions.— 

Combinations of circular or hyperbolic with logarithmic 
or exponental functions or integral powers of the argument 
of integration will often yield to integration by parts, as 

J.r”log X dx = ^.x”‘^^log x"* — mjoj^log 

[x'^e^dx = x^e^ — n \x'^ “ ^^dx. 
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foregoing form 

J^''*^cos X dx = e^siii — ^ 

= e^sin X + cos x — Je®cos x dx, 

J^'^cos X dx = x + cos x) 

We may proceed similarly with many such forms 

127. Illustrations. — We shall now exemplify the fore- 
going inetliods 

1- | (;c - 1 l^f'coinpose into part-fractions 

:^x + ^^ A B (1 
IJ ~ .r — i X — 2 X — 8 ’ 

Put X ill turn = l, 2, 3 , thence in turn 

o = 2A, H=^B, 11 = 20. 


whence 


J = .] log(.r — 1 ) — 8 log(.r -- 2) -h log(x — 3) 




2 f ^ 


5x^-2 


, dx TJie denominator 


“• Ja:*-8a^-|-18^^-27^'''^ 

I) = (x + l)(x-3f, 

5x^-2 A A' A" B 

for 05 = 3. 133 = ^4, ol=i-P- 


* {or — 3} means terms containing o — 3 as factor 
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Substitute for A , transpose, and divide by x — 3, 

. l{20s^+60x + 4,7)^^f_^^+{x-S},, 

for x = S, = A'.4!, A'= W 

Substitute for A', transpose, and divide by a? — 3 , 

TM80*+73)^^^^3+{a;-3}3. for a; = C, A” = ^ 

To find B, put it; + l = 0, or a; = — 1 , 

. 5a:*-2^|_|--^ + {ir+l}, or -7 = Ji= 

Note that the multiplier of all the A'h is the same, 
namely, l>/(ir — 3)^ = ic + 1 

f 133 40V . 64, , ox . 7, , . 


f £c'‘ + 4 f(^t+l)® + 4 j 

J(55^x+2)**’“J (u’+ry ■* “= 


X- 


- 1 . 


(^_i)"±^ = ,4_'^+b' A"u+b" 

~(u2+l?'^(u2“+i)2+ (^*^+1) ’ 
(u-i-iy+4^Au+B+(A'iL-}^B'Xu^^l)-^(A''u + B'Xu^-\-lf 
For u = i, —4}i = Ai+B, A = —4, B — i) 


Substitute, transpose, and divide by u‘^+1 , 

. u^+bu^ + du + o = A^u+B'+{A''n+B''){u^+l^ 
For — 8^ = jB , -A^ = 8, B' = 0 

Substitute, transpose, divide by ie‘^ + 1 , 

• u + o^A"u + B\ , A''=l, i^" = 5 


f A { 1 U f . f ^ . - f 

J = -^J(Wiy+^J(t?+l>+Ja-^+l 

The third and fourth integrals are logv^ie‘^ + 1 and 
5tan"%; to find the first and second, put u = tan 0 , then 
(* ctuu (* 

J(tt2Ti;3 = jeo® <p*d<p = i sin 9&(cbsV+i cos 
l(w^r)2 = jeos 0 = J (^ + sin 0 cos <f>) 
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Combining these results and returning to x we get 

1 ~ {S-2x+‘l\^ ‘ ~ ^ ^ 

4 Putting x=^a tan sliow that 

f dx _ 1 or, 272.-3 f (lx 

]{(i^A-x'^Y^ (ti-A-x'y '"^2^//— I)(«-J(a^ + .r“)”“^’ 

an important reduction 

f dx 

5 J _ Y We may consider n as odd, for if it were 
even, say 2m, then we should liave 

To factor .r” — ], put Such will be the foriti ol x 

when cr” = l loi if ,/ ==(6 + 7 ?;, we have 

a = r cos 0 and h = r sin 0, x = 7’(cos 0+6 sin 0) = re'^, 
where 

= 7)iO(lul(is or ahtiohtte luorth of (6+27; 

hence 

f.n _ 1 ~ ,f,v^uie _ 'TiO + i sin nO), 

1 ==/‘"^cos ?2 0 and O = sin ?2 0 hence cosn0 = l, hence 7*" = 1, 
hence = — in accord with the general proposition that 
the absolute woi th of tlie 76^'^ power (of a nuinbei ) ecjuals 
the 72^'^ power of the absolute wortli of that number Now 
the only powers of e that =1 are of the / 07 m where 
r is any integer positive or negative F or = cos </> + 2 sin 0 , 
hence if =1 we have cos^ = l and sin ^ = 0, which two 
equations consist only when tp is some multiple of the 
period 27r Hence, if r/' = = 1 , we have 


72.0 = 

0 , 

or 

Stt, 

or 

47r, . 

or 

-27r, 

or 

■~47r, 

0- 

0 , 

or 

^tt 

or 

4 ^. 

.. or 

- 2 '^ 

or 

- 4 ^ 




76 ’ 


76 


n' 


n’ 

j:‘ = 

1 , 

or 


or 


.. or 

e ■ 

or 

6-^ . 
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where Qr = It is plain there are only n distinct values 

oi X, i,e , only n distinct roots of 1 , for 
is best to arrange these roots (except the real one) in pairs 
of conjugates or reciprocals, as and — it is clear that 
the reciprocal of an root of 1 is itself an n^^ root of 1. 
We have then 


” ~-N+ +_?_ + >L +...+JL 

y, — X — .r — ,r — 1 


For jc=l we have n = nL^ whence Z = l. Generally, 
//•w 1 

ti = — - , A + {x~-e^^^], 

X — 

whence A = e ^ 

Similarly 

Whence, remeiiibering that = 2 cos 0, we get 

A ^ A' ^ 2./* cos 01 — 2 

X — iT — e “ x^ — 2x cos 01 + 1 


This then is the typical form of the part-fractions, the 
others are formed by changing the subscripts of 0 There 

7?' — 1 

are — ^ such part-fractions We now have 


2ir cos 0 — 2 , 

— 2.r COS0+1 


f 2.r — 2cos0 , . - 2^2 { dx 

= cos01-^ — - -x— — , to’- 2(1 — cos 0 )l- 7 — 

j — 2.r cos 0 + 1 ^ ^}x^--2x cos 


0 + 1^ 


J = iog(jr*^ — 2x cos 0 + 1 ) , 
1 


l=L-^ 


d(x — COfi0) 


(x — cos 0)*^ + sin 0^ 


1 X 1 .r — cos 0 
— tan"^ — — . 
sin 0 sin 0 
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Hence we have as final result 


= I - ^ > + S ^ - 2.« cos + 1) 


27*7r\ 

X — cos 

-2sin — tan-1 

2>*7r 


7t 


sin 


a / J 


Show that J ^ =saiue, with mr for r in multipliers of 


log and tan " ’ 


(* dx 

6 J ~ ^yi ^ 2 ~- linear factois of ./?’* + ! are plainly 

ir/ _»/ ^Jir/ ^(2r-l)ir^ 

rr — e", .r — e ", .r — c~", . x — e" " ,. 

since e-'^' = = — 1 

We may again combine conjugate terms and obtain 
results of the same form as in (5) with 2r~l put for 2?* 


7 

r dx 

1 f dx 

l>-i 


8 1 

r dx 

1 r 

(a;^— 1 




1 f dx 




J 

r dx 
\x'^-y 

Put u = 

once 



10. 

f dx 

f dx 

rH 

1 

— > 

JiC^-1’ 




11. Multiply the numerators of the foregoing by x, x?, 
3tc , and evaluate. 
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12. Find the area of an arch of the cycloid * 

X = a(0 — sin 0), ?/ = a(l — cos 0), 

-d = I ydx=^a?\ ( 1 — cos QYdQ 
0 0 

af/Q o • zi . ^ . sin0cos0)2ir 

= a2|0-2 sm 0 + ^d 2 - I :=87ra2 


13. Find the length of a cycloidal arch 
Since = v^l + and = >v/ 1 + we have 

6* = I V' 1 + //a.“ = |>s/l + (\rdy, 

between proper extremes Now 

Vx = Ve ^/( ^ “* ■= cos 0/siii ^ = cot 0, 

if 2<f) = 0. Hence 

V^l + yjc^ = 1 + cot 0"^ = 1 /sin 0 

= a(l — cos 0)cZ0 = 4a sin 0^ci0 

Hence 

TT 

==4a 

0 

0 

Here the extremes are 0 and 27 r for 6, 0 and tt for 



,• = 4aJ sin 0d0 = 4a|^ — cos 0j^ 


14 

15 


r dx _ r dx _ r(l 4-tan a*“)sec 
Jsin.rcos.T/ J tan cos u:** J tan.>c 


= log tan x + i tan x^. 


16. 

17 . 


f /v/sin u du _ f ^ ^2 _ o 

J (cos u) - J 

Jsintt^'^cos a’'cZa This may be written 


1 


tan a”‘cos a"^'^’‘'^“{7(tan it), 
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ince sinu = tanu cos '#^, and dtm\ ii — HQQ. u?du Now, if 

71 + 71=— 26% wliere e is a natural number, then 

cos = { sec } ' " ^ = { I + tan 'irY~^ , 

lence tlie integrand is rational in tan u and integrabh" 
it once 

18 f 

J. ^ . 4 2 _2.r+l 

20 I", an<l show liow to iiitej>rate -f ,^., 


I ((^ + J 


^ j [H lilt = (</- + f' rj 2-^ur)((c--nj\/ 2 4-.r- ] 


9t> [ c.rdx r c.A/.r f e.r’ C c.r"’ , 

1(.“S;,.' 

or f 7 r f n> ^ 4 n 

25 I - L , o 1 r.,, 4w [Put.«'* = i6] 

J(l+ir‘)- J7.r + :i./*’ Jj”(l — ^ -■ 

It is often well to put substitutes and then clioose 

n so as to make tlic result as simple' as peissible 

f ((djr CaxhLn f ax\Lr 

]x^(x^-2y J0^.7‘-''+.^“ 

^ r xdx f dx r dx 

]x^ + 4fX-\-2’ J (.f- + 5x-i- 4)-’ J (x^ + + 4 )^’ 

f ei;r 


f dx 
1(0;**^ — 5ir + 41^ 

f x^dx T-i 


f aj^ 4 + 2x 


For u = 4 + 2x. 


J = — ^u^du + 2J- 
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90 f f ^ f_ 

J^^s/5 — 2x’ Ja:^(l+a:)^’ i^a — x ’ i sjx—a — h 


30. J ^-dx, \xiJ:^x + 'Jdx 

J 1 + ijx J £C® J 

x^ 


31 


J: 


, dx 


[Hint Put ^6 = ] 

J, 


+i 

axdx 

(l+^-(l+.'r)^ 


[1 +a; = tfc^.] 


33 Show by deriving (ax + by(cx-\-(lyj = and tlien 

integrating the result that 

(-> 

This formula lowers the exponent of P by 1 , solving 
as to the integral on the right we get a formula (A') for 
raising the exponent of P by 1 

fVi 


34 f(2+3.r)^(2-3.'r)W, W}'^^dx, W^'^^.dx 
J Jvl— 


35 


f^l+x 

ki-xyl 

j*(au^ + h)Pu^ ~ ^ dw Put = x , then 


1 "^-1 

7iu^^~^du = dx, = u”"^cZt6= - x'^ dx , 

n 

hence J= ~ j*(aa* + 6)^a?" ^dx 

Apply 33 , whence 
J(au^‘ + ^ du 

= ^ + 6) + hnp^iau^ +hy~ ^ ci it | . ... (B) 

This formula I'educes the exponent by 1 , solving as 
to the integral on the right we obtain a formula (B') for 
raising the exponent of (au" + 6) by 1. 
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P a(m + 7ij)) 

This formula loivers tlm exponent of u by the exponent 
within the parenthesis , solving as to the integral on the 
right we obtain a formula (C') for raisivg the exponent 
of tt by V 

37 ^x\\-x^)idx 

= ~ - 24,/"- + 2.r-* + 3.<- + 3 sin - i.r ) 

J 

Lower th(‘ exponents, first of .r, tlien of (1 — .r-) 

Siimlarly j'ir^(l — Jj’Xl +^7’“) Jj:‘“(l — 

oo r Pdd' 2 — f .r^r/.r — P , 

2 JI--X- “ 


Lower exponent of jr, raise i^xjxment of ( 1 — ir”) 


39 f - , f , , raise the exj)onents 

. f x^^dx f dx „ 

40 I — 7 , I 7 , for m even ana m od 


for m even and m odd 


41 ^o(I'{ax^ + ^^x-{-cydx Bring the parenthesis to th(.‘ 

form of sum or difference of two s(]uares, and procetid as 
before 

f dx f d{x—-2) f d.u , , 

= he ■ \x — 2 ) = log(.r — 2 + + 3 ) 

43 ^0jx^+x-y^dx = ^\/u-+idu 

= ^^Us / + | + | 

= j{(ai+j)v'a;^+x+i + ihs-i^^^|, 
or i{(2x+l)*yx'^+x+l + i log(2x+l + 2y/x^+x + i)]. 
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44. ^x^s/x^-\-x+\dx, 


xdx 


f 


Xrdx 

i{x^+x + l)i 


45 ^x~^s/x^+x+\dxy ^x'\x^ + x + li )-dx, 

^x ~ ‘%r^ + .T + 1 yhlx, Ju’ “ \x^ + .r + 1 )~ hIx. 

f (lx f dx f xdx f xhlx^ 

j^ax^ + hx is/cix^ — hx' Js/2aj^* — ./■“’ J — 2((a’ 
f x'^djc 
j s/ x^ + 2ax 

47. f f f , 

J X\/ 2ax + X“ J x^s/x- — 2a ^v J x^s/ 2ax — x^^ 

2ax ± x-dx 

f , L 

j(x±l)\/l—x^ j(x 

i 


48 


dx 


49 


(^±l)Vl' 

'xdx 
{a?±x^)i»/x^± 1 

j* {x—\)dx 

](x^- x-\-\)>Jx^+x + \' 
f (a: — 1 )dx 

3 (rjx^- 


f 


dx 


(a' + a)>X — 1 ’ J {x'^ ± (d)is / 1 ± x^’ 


f (a;^ + 5)^a: 


(.5a;2-18i + l7)ViOa:2-22aj + 13’ J(a:2+l)Vl -x^ 


50 


[ Jf"' = 2 ht-iJ— 

J)s/{x — (i){x — b) ' X — 


= 2 log 


f dx 
Jy/(a — aj)(x — 6) 


= 2 tan”^ 


— a 
x — h 
Ajx-‘a + \/x — b 
y/a --6 

X 


^ a — i 





CHAPTER III. 


APPLICATIONS 


DEVELOPMENT IN SERIES 

128 A most important example of integration by 
parts, ^uvjcdx = — dx, is tlie following 

\<t>Vj)d!i = - ^fj>\y)ydy, 

I 

-\<i>\!i)ydy = -'|0"(//) +i \<i>'''{y)y^dy, 
l\<l>'’Xy)y^dy = '^"\y)-^^^‘\y)y^dy 




Taking 0 and h as extremes of integration, and re- 

(h 

membering that \<p'(y)dy = (p(h) — <p{0)y we have, on adding, 

o 

0(/i)=0(O)+V(/O-^Vw+[^0'"(/O- + ■ 

! 0 


pi 

When the last term 1 is neglected and n is increased with- 
0 

out limit, the result is Bernoulli's Series This has the 
s. A. H 
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disadvantage of alternating signs, to remove which we 
may put — for ^(y), then 


““ u)du = u<pXa — u)+ u)udu, 


since - { (pXa — u)}u = — <p'\a — u). 

As before then, we get, on inserting extremes 0 and h, 

<l>(a) = (j>(a — h) + h<p\a — h) + ^(f)"{Q--h)+. 






Now put x+h for a, and there results 

(j>(x + h) = <l>{x) + h<p'(x) + , ^ ^ + • « 


+ 


+ + — vb)xCUlu 


129. Taylor’s Series. — This is by far the most important 
series, expansion, or development, in tlie Calculus It was 
discovered and enounced by Brooke Taylor {Alethodus 
Incrementoram Directa et Inversa, 1715), without, how- 
ever, the last term or Integral, the so-called Remainder, 
n being boldly put = qo. This Remainder, liowevei, Ji,^, is 
plainly an essential part of the series, and only in case 
Limit of Rn is 0 are we justified in omitting Rn J^-nd 
extending the series to oo. We notice further that the 
process by which this series is generated is admissible only 
when and as long as </> and its Derivatives and Integrals 
may be derived and integrated by parts Such are the 
conditions, not so much of the validity as of the existence 
of Taylor’s Theorem. 


130. Lagrange’s and Cauchy’s Forms.— This Remainder 
Rn tells us nothing about what properties (j> must have in 
the interval li, in order that Lim. Rn = 0 , but it may be 
broufirht into several forms more or less convenient for 
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testing whether its limit be 0. Thus by the Theorem of 
mean value. 


1 

Rfi = 1 + fe — u)u^du 

' —0 

1 Pi 7/»*+i 

= - + eh)j iPkl It = + 6h). 

Such is Tjtvfrauitfrs form. Similarly we deduce Cauchy's. 


Ii„ = |^^(»+iXa; + 0/0(1- 


Here 0, and therefore'^l —6, are proper fractions 


Note that the vanisliiiig of the Limit of the Integral 
llcanaindei , Lim i^,i = 0, is the n('t est^a ry and siijfirievi 
condition of the existence of Taylor s Formula , while the 
vanishing of Lagrange’s or Cauchy's of the Remainder 
IS a sitfficicHt, but not always a necessary condition 


131. Interpretation of the Series. — What does this 
series signify or ehect ^ Suppose we know the value of 
0(.r) and its derivatives for some spectaL value of the 
argument, as .r , then this series furnishes us a rule for 
calculating the value of ij) for any other a i gn na nt , x-\-h 
For example, we know the value of sine and of its 
derivatives, sine and cosine, for the special argument- 
values, 0, 7r/6, 7r/4, 7r/3, 7r/2 , accordingly, this series enables 
us to calculate the value of sine for any other argument- 
value and express it through sine and cosine of any of 
these special values In the general case we are said to 
develop or expand the fun eft on <f> in the n* tgJdfon rhood h 
of the special value x. For instance, let us expand, the sine 
in the la ig1ds>'i rhnod of 0. Here x = (), 0 = sine, ^' = cosine, 
^"=--sine, 0'"=— cosine, ^'*' = sine, etc., also, for the 
special value 0 all the sines or even derivatives vanish, 
whilie the cosines or odd derivatives become alternately 
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+ 1 and — 1 , moreover, the Remainder, in Laj>rauf;e’s 

//nfl \ 

form, is seen to be sin ^ -s^~Tr-\-6hp and this is 

certainly not greater than hunt of this 

latter is 0, lastly, the resulting series is absolutely con- 
vergent for all finite values of h We have, then, 

s\nh h |3 + |5 |7 + -" | 27?+1 


Such is the well-known development of the sine in 
the vicinity of the argument-\ alue 0 Quite similarly, 
let the student develop cosine and the e.rponcntdl (^' 


132. Stirling’s Series. — The most important argument- 
value in whose neighbourhood we <le\elop iunetions is 
the value 0 Putting r = 0 yields us a special foi'inula 
for this development, called after Muddiir} n , but first 
given by iStirling (1717) 

<l>Qi) = + (0)“b I . 

li ” 1 

-f 1 

' — ' — 0 

Of course, the derivatives are to be formed ^firsty and the 
critical argument- value 0 inserted (ifterwards (Art (>7 ). 
Clearly, any other symbol, as .r, /y, c, may be put for h 

133. Relation of the two Series.— Maclaurin’s then is 
only a special case of Taylor’s formula, for expansion in 
the vicinity of 0 But by a mere change of variable, 
eciuivalent to a change of origin, we may generalize 
Maclaurin’s into Taylor’s formula For tlien x will take 
the place of 0 and x + h of Jt in tlie function 0, but the 
vicinity h remains unaffected The student must note 
carefully the significance of the symbols in Taylor’s series . 
X is the special or critical argument- value, x-^h is tlie 
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general argument- value, h is the neighbourhood. In 
Maclaurin’s formula h has two (|uite distinct logical uses 
on the left, in <j), it stands for 0 + A, the general argument- 
value , while on the right it denotes the neighbourhood 
— only ill case the critical value is 0 will the general 
argument- value be the same as the neighbourhood This 
double logical use of h rather obscures the significance 
of Maclaurin’s formula We may perhaps set the matter 
in clearer light by calling the critical argument- value a, 
the general argument-value u , the vicinity will then be 
u — a, and we shall have 

— |2 ^ A- • A- Jin 

Foi u. = 0, and only for (v = 0, this becomes Maclaurin’s 
lormula, and th(‘ neigh bourhoocl it — a coincides with the 
g(*neral argument- value n 

134. Development of Logarithm.— When a function 
can be developed in the neighbourliood of 0, Maclaurin s 
formula may be used, but not otherwise Some functions 
do not admit of such development, as the logarithm , for 
plainly log .r and all its derivatives become oo for ic = 0, 
wherefore our part-integrations used in the deduction of 
the formula are seen to be inadmissible. But we can 
develop the logarithm in the vicinity of the argument- 
value 1 . Thus 

^(l) = lo{r(l) = 0, ,^X0=1=1, S&"(1)=-1, 

whence 

7,3 7.4 

log(l-l-A) = A— 2 +g — ^+... + /2 h. 

Here by Lagrange’s form we have 
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It is plain that for h not greater than 1 this expression 
approaches 0 as limit, but for /t>l we cannot affirm so 
much For negative hy however, this form of the re~ 
mainder is unavailable, since 1 + Qh may then be < 1 
But by Cauchy’s, 




71 




h 

'.+eh- 


If //>— -1, then finite while (j 

power of a proper fraction, and hence hi4,s 0 for limit 
Hence 


log(l+/.)-*>-2+3— i+-*7' 




136. Another Series for Logarithm.— The series is con- 
vergent within this narrow neighbourhood hut not witliout 
it. However, we may readily deduce anotlier seiies with 
wider range of rapider convergence For, to make the 
alternation in .sign disappear. 


1 /t l^ 7 

log(l-/i)= -h--^ -g 


h* 

4 


log ( 1 -f- /i) - log ( 1 - /o = log ^ + 1" + :^ + ) 


The improper fraction we may equate to then 

A. = „ \ , so that we get 


log(w -t- 1) log % -t- 2 !^^^ + q. 1)3 + 5 ( 2 n, + 1)5 + • • • } • 

Hence, knowing the logarithm of n, we may find that 
of n+1 by use of this very rapidly converging series; 
nor need n be integral. 
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136. Expansion of Anti-tangent. — Let U8 develop 

^i(a:;) = tan"^.r 

in the vicinity of 0 We have 




... ^('*+ i)(x ) = ( - 1 )« 1 - ^ q7^„-+2) 

Hence 0(0) = 0, 0X0) = 1, 0'XO) = O, 0"XO)=-1‘1. • •• 

In general the even derivatives vanish for x = i), since 
;in<l tlie odd derivatives are factorials with 
alternating signs , hence 

, x'* x7 


tan'’^ir = 0:- 


3- + ^^-y+...±i2„. 


Let the student show that Lim 72„ = 0 for — 1 < a’ < + 1 
Only within this narrow neighbourhood does the expansion 
hold 


137. Circle of Convergence. — It is common to deduce 
this series thus 

Cx flrr CJ /y»5 

tan”^ir = J = +"5 

0 0 

But we have no logical right as yet to declare that the 
integral of the sum equals the sum of the integrals when 
the number of summands is not finite. 

It is remarkable that the series should hold only within 
a certain range, whereas the integrand remains finite and 
devoid of peculiarity without that range , thus, for ±2, 

^ = =1 It is the fact that the integrand becomes 

A X X “P ^ O 

00 for a; = ± i, and that the absolute worth of i equals the 
absolute worth of 1, that limits the circle of convergence to 
the interior of the unit circle — a fact which the student 
may hereafter understand and appreciate. 
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138 We may now deduce the Binomial Theorem by 
developing 0(rc) = (l in the vicinity of 0, thus 

0O)(cc) = m(77i — 1) ... (m--r + l)(] -f 

0(0(0) = 771 (771,— 1) ... l) = m, _i 


Hence 

(1 + x)^ = 1 + '^nx + - 

By Lagrange’s form, 




Rn = 


X 


,71+3 




1 71 + 1 ' 

the limit of which is 0 for x between -}-] and —1. 
To expand (<^4-*/ )’^^ we write 


(«+^) = a(l + ^)or =.r(l + ;;) 

according as a>x or .r>a, and apply the preceding 
formula 


139. Newton’s (?) Method . — Often the straight-forward 
derivation of 0 would lead to very complicated expressions 
for the derivatives In such cases it is well to find the 
simplest rational or integral relation connecting 0 with 
its first derivatives, and then to derive the terms of this 
relation separately by Leibnitz’s Theorem , in this way we 
may arrive at some simple general relation connecting the 
higher derivatives, from which we may then obtain them 
successively Thus, suppose 

0(x) = cos(m sin 

Then ^ i ^ x^(f}'(x) = — m sin (m sin “ ^x), 

= — m®cos(m8in"^a:). = — mWa;)/>\/l — a:®, 

Vl— 




/I nf\ -L. nf*\ — H 
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Derive n times this Differential Equation of second 
order . 

(1 '^\x) — n{n — 

— X(fP^'^^\x) — n(fe^^\x^ + 

or ( 1 — x^) ) — (291 + 1 + {m^ — • n^) (fP^\x) — 0. 

This is an equivalent DifTerential Ecpiation of order. 

For the special \alue x~0, we have 

0"(O) = - m20(O), ^2)(()) = (9?'^ - 

But ^(0) = 1 , 0'(O) = ^ ^"(0) = - 

and so on, while all the odd derivatives vanish Hence 
cos {m sin "^r) 

^ m“(2“ — 9/i^)(4- — ^ 

- ^ ~ 1 2 1 4~ ■ “ j ()^ ^ “ ' 

Let the student test lin <^nd the range of value of x 


140. Bernoulli’s Numbers. — A very remarkable expansion 

X f’**’ + 1 

IS that of or still bettei, of \x , winch equals 

X 

-, + ix This latter is an even function of .r, since it 
e ^ — J 

equals het which is the product of tvH^ odd functions of 
X , hence its expansion can contain only even powers of x. 
If <p{x){f'^ ^1} =x . derive this equation 

successively, put x = 0, and there results * 

^(0)=l, ^'(0)=-|, <^'X<>) = J. ^'"(0) = 0, 0''(O)=-3Q,etc 

We may, of course, insert these values and so obtain the 
expansion desired, but it is customary to write it somewhat 
otherwise, thus : 

, e®4-l X , X 


>•2 />>4; /yi2H 
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141. These £’s, called Bernoulli’s Numbers, liaving been 
introduced into analysis by James Bernoulli (1654-1705) 
in his Ars Conj eel midi, are of ^reat interest and importance. 
They are fractions, apparently lawless in their values, yet 
only apparently. Fifteen were given by Euler, the next 
sixteen by Rothe, the next thirty-one by Adain^^, and 
Glaisher has published the first 250 up to nine decimal 
places, with their (Briggian) logarithms up to ten places 
The first nine Bernoullians are in order 

1 1 1 1 5 691 7 3617 43867 
6’ 30’ 42’ 30’ 66’ 2730’ 6’ 510’ 798 

Now let the student show that, putting x = 2uj, 
uhtw = l + “ . + . , 

and putting u = iv, 

^ cot = 1 - ^ - . . . - - . . 

Also, expand the secant in the vicinity of 0, and writing 

sec ir=l + j^A'i4-|^A\+..- + | E^^ + . . . , 

where the ^’s are Euler h Numbers, show that the first four 
Euler ians are in order: 1, 5, 61, 1385. 


lAi la 


1. Prove logseca; = r -f- 2'- + 16" + 272*^^ + .... 

° |2 |b i8 


lb' 


8 


A 


O ^ 2 , 24 , 24. 17 . 

2. Prove tan x — - .r' 4- 

15. vL 

We have = tan x, = 1 -f etc. 


^•2 rp 1 rt.2 

3. Prove 6*®®“*== 1 +.7;-f 1 

*y Jt S 
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4. Prove = 1 + ./* + 
We have 


3.r^ 8 a'^ 3.r6 

|4 “ |V~ ' 


</) (ic) = 6“^“ *, = </> tios ./ , COS a; — ^*sin ./* - etc. 


r. -. 3 ^' 9 ./-^ 

5. + -+ _ + 

t 

We have 

^ _ gtaii ^ ^.y 2 = cfi” — <f) xf/ -\- cf)\//\ etc 


6 


/tt \ 2^ 5 2^ 

Prove log tan y ^ J + 1 3 ^ 

that log tan (45° 0' 1 5") = 0 00006315 


.t"* + 


and show 


7. Prove sin itj 


= cos .1 


7L Sin X 


?<-(??“ - 2 “) 


(sin .t)2 + 


■} 


1 W-/ w, 7?2(-?/2_22) . 

cos 7i./ ^ 1 - pj(sin .6')*^ + - — (sin .r)^ - 

We put </i(?/) = cos(Msin“^?/) = cos?it/, and apply Art. 139. 
The senes terminate for n even 


Similarly prove that 

sin (7}x) ~ V sin ./• - - -- ^ (sin ^ (sin - , 

r_ 

cos(?ix) = cos ^ (sin *^\sin 

series terminating for n odd 

8. Similarly putting = cos (n cos' ^n) = cos 7tx, deduce ter- 
minating series in cos x, for cos itx and sin nx, for ?/. even 
and for n odd, and by help of these series and the 
series of 7 obtain two expressions each for sin 3^/;, sin bx, 
sin 7a;, sin 9a;, sin 2x^ sm 4a;, sin 6x, sin 8a,, cos 3.a;, cos 5a;, 
cos 7a;, cos 9a;, cos 2a, cos 4a;, cos 6./, cos 8a. 


9. Expand hs a*, hc*.t, hta;, and hs“^a-, hc“^a;, ht 

in rt 1 / /i “ 9 \ 1 .a;^ 1 . 3 a;^ 

10. Prove log(a;H-N/l-ha;2) = a - 2 * "3 + ^ 

„ 1 1111.31 

11. Prove - —= . + - 1 — 7 * ,+... 

Xyjx^-l 2 X* 2.4 
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12 . = .., where r,,= 1 + 7 , + .^+ +- 

1 + .r 1 - i 2 ti n 

2 " 

1 3. Prove 2 (cos r)- = r - c,.# - + - , where . 


14. Prove 4 (cos ./)^ = - A%r- + - . , where Jc,, -- 


2 "' 

15. Prove cosr> hc.> = 1 — , where 

“ 2y/ 

16 Prove (1 +./y= 1 + /- - 4 * ^ - 7 ./*'^ 4 - . 

2 G 4 

17. Prove sin“i ‘ o=2{ci ^ + ) 

I + ,r- \ 3 5 y / 

/ - - 1 2.# 

18 Prove cos"^ -o - — 7 = tt - sin~^ _ 

19. Prove by expanding cosec / that cosec 8 " 76 = 23546, and 
if this angle be the sun’s parallax, then the sun is 
distant 150,000,000 kilometres (iiua) 

20 In the preceding developments ascertain the limits of con- 
vergence 


EVANESCENT OR UNDETERMINED FORMS 

142. Removal of Factors. — It often happens that for a 
certain value of x, as x = a, both numerator and denomin- 
ator of a fraction, become 0, and the fraction loses all 

x/^{xy 

meaning in this form. However, expressions may take 
many forms, yielding the same value on computation, and 
it is in fact generally possible to change the form that 
becomes indeterminate and senseless into some other that 
retains its sense and yields a definite value, even at the 
so-called critical point x = a. When ^(a;) and both 

vanish for x = a, there will generally be present in each, 
explicitly or implicitly, the factor x — a. When this latter 
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can be detected, the simplest needed change of form is 
effected by i*eiiioving it from both ^ and i/r Thus the 

• > ■“ iF () t 

fraction takes the meaningless form ^ for x = a, 

because of the presence in both terms of tlie factor .r — a 
Removing it, supposing ,r 7ioi — a, we get the equivalent 


form 


•/*" “h <i,v -V 


and this takes the definite value ,la for 


i/' “f” (( 

x = a In general, if 

0(.r) = (.r — and 

then takes the und(‘termined form foi x = (f, but 

\fr{x) 0 

always (for x 7}ot = a), and \alue remains 

detimte, namely, even for x = (i If the factor .r — fr 

wer(‘ rrjKUfted in both 0 and i/-, so that 

then we should reject {.v^af from both teinis 

143. Removal by Derivation. — Often, howevei, it will 

be difBcult or impossible to recognize the vanishing factoi 

or to perfoini the division lequiied to reject it In such 

cases we may generally employ derivation successfully 

(b(.r) {X — a)ibA.v) , . , , 

hor we may assume , - =" , , which we know 

= n(}t = a), which = even for x = (( 

xjr^ix) y]jr^{a) 

Now, however, 

(jy'ix) = + (03 - a) \lr\x) = - a) 

Hence, if both and be Jiiiite, we have 

0^) ^ 0i(a) 


and this we know 
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144. Repeated Factors. — If tlie factor (x — a) be repeated 
and present r times in 0 and “i/r, it will require r deriva- 
tions to remove it, and we shall have 


+ {a; - a} j, = | r yj^pc) +{x- a}^, 


where {x — rt}j and {x — ajg vanish with x — a for finite 
derivatives of and ; hence 


'^\a) yjr^iay 


and this we know 


</>(a) 

ir(a) 


146. Illustrations. — Hence, to evaluate such illusory 

forms as we derive both numerator and denominator 

and form the quotient of these derivatives for the critical 
argument- value, as x = a. we continue this process until 
we arrive at a form not illusory for this critical value 
the value of this form for the critical x is the value sought 


Thus 


ET/ \ 0(^) , 0 „ 

= = - . - becomes „ tor x = (). 

^ ^ \lr{x) X — sinx 0 


yf/ix) ~ 1 — cos X 


again takes the form 


0 

0 


for X = 0 , 


yfr {x) ~ sin x 


still takes the form 


0 

0 


for x = 0, 


^'"(x) ~ cos X 


- = 2, for x = 0, 


hence -F(0) = 2. 


Expanding the exponentals and the sine, we find the 
factor X actually present in third degree, wherefore a third 
•derivation was necessary to remove it entirely: 
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^(a;) _ e*- — c " * — 203 
T/r(o;) ~ 03 — sin x 


03* O'-* 

l+o:+ + +1 .+ ... 




•^+2 6 + 14 / 


X 


( .r^x> \ 

■'■“v^“ 6 +!. 5 “r 


I "I" /i 2 -i_'S 

= 1.1^ , /i(for xnot = 0) = 2 for o' = (). 

The method here followed is often very useful 


146. Application of Taylor^s Series. — We may also treat 
the subject by aid of Taylor's tlieorem Developing <j) 
and \lr in tlie vicinity of <( we have 

\jA X ) 

+ ^ • • + , — + 0{*^‘ — <x)} 

xp-(a)+(x—a)\l/-'(a) + ^'' ^-—ir"(a)+ ... + ~\f/-"{a+${x — a)} 


Now if 0(<x) = O and y>>((t) = 0, then x — (t is plainly a 
factor of (f}(x) and of yfrix), or at least of tlie controlling 
terms in the expansions of </> and \fr Reject in;^ it we liave 


Limit 


yfr(x) 


If the successive derivatives of both 0 and yfr vanish 
for x = a up to but not including the tlien we have 


Limit 

c~a 


Mx) ~ VrW{«+ 0(0- - «)} ~ VrW((z)’ 


always provided that any such limit really exists, that 
and \]/<^\x) do not lose their meaning for x^a. 
If they do, then this method of <lerivation fails 
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147. Simplifications.^ — It often happens that we are 
able to recognize in <p or or both, cei-tain factors that 
do not vanish, nor become infinite, for tlie critical value 
x^a If /(^*) be any such factor, we may set it aside 
and introduce it finally into the result with its proper 
critical value f{a) This observation is important, since 
we may thus sometimes greatly simplify and abridge our 

T ^ smj^ — iT cos.r , , is 0 

work ror instance, -j- — takes the form a 

(sin XT u 

for a? = 0 Hence 


Lim ?</=Ijim - 


(sm xY 


- = Lim 

I 


X — cos X -f iT sin X 
8(sin .r)^cos ./• 


= Lim ~ = 
r„o d siir.T 


Here Lim cos .^ = 1, which we insert instead of cos.# 
/_() 

The princijile heroin assumed is the familiar one the 
limit of the product is the product of the limits 


148. The Form There are several other illusory 

00 

forms, all of which may be brought to the fundamental 
form ^ Thus, if 0 ai^d ^ both become oc for = 
the (]Uotient takes the form ^ . But we may write 


€j>{a ) _ latter takes the form 

'yfr{x) 1 0 

Xx) 


Deriving now we get 
yj/{x) 

>V) i>x^) 


Whence, if 


T 


be not 0 but some definite. 
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T ^ T 0 ( ^) 

whence it appears that in case 0 and i/r both become 
00 we may proceed as when they both become 0 


149. Other Illusory Forms. — Another form is — ^(,r) 
wlien 0 and \fr become oo. This may be written 


(fo{x)--\fr(x) = 


1_1 

u r 


v — n 0 
uv ^0’ 


where u and v become 0, as </> and \/a become oo 

The form <f>(x^\fr(x), where </> tends to 0 and tends 

to oc for x=^a maV be written ^ 

10 

The forms <l>(x)^^*\ wliere </> tends to 1 and to oo , or 
0 to 00 and ^ to 0, or both tend to 0^, assume the 
illusory forms I'^joo®, 0®, to evaluate them we pass to 
l<);^<irithms and proceed as before 


160. Illustrations. — 1 For x = 0,n= = 

log tan zx 


00 

00 


But 


Liin 16 = L 


sec . cot X 


2 sec 2x^ cot 2x 


.-=iL 


sin 2x 
sin X 


cos 2x_^ 
cos X 


2 For x=ly becomes oo — oo 

X — ■ 1 log X 

X log ic — a? H- 1 _ 0 

(a?— l)loga? ”"6 


Hence, by deriving, 


1 


~T ^Qg^ + 1 — 1 


Lu = L 


X 


. log 03+1-- 


^+15 

X x^ 


1 

'2 


But 


a 


3 For oj = 00 , u = 2* tan ^ becomes 00 . 0. But for a? = — y, 


U’ 


tan(a,2y) , ^ ^tan(a.22') 0 

= 2v ’ 2y =6’ 


S. A 
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hence 


Lim h 

3 ,= -«0 #=-co 2vlog2 

4 For ^ = 0, u = aj® becomes 0® But 


log it = x log X = — Y 


; = l2^J£ becomes ^ for .r = 0 


Hence L log u = L —y ~ — a; = 0 . 


II =zc^=l 


5 Fora* = QC, it~x^ becomes x® Bat 

loir u becomes ^ for x = x Hence 

^ X X 


X 

Llog'?t = Y = 0 for .r = x, it=ze^=l 


6. Fora? = a, u = (2 — a’/a) becomes 1 But 
log ^2 — ^^ Q 

loir^t'^ becomes ^ for x^a. Hence 

^ , TTX 0 

cot 

2a 


L log u = L 


( 2 -i)x/ 2 a»mg 


• • • • 

Here we set aside sin with its critical value 1 
2a 

Sometimes a slight transformation is more effective than 
derivation, thus : 

a 

7. For x=^0, u = becomes 0® But 

, alogaj a am a ^ ^ 

^ m + ? 2 . 1 oga; n n{m+nlogx) n 
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Often convergent expansions may be used, thus 

1 

8 For = “ = n Deriving, we get 

(Xj o 

1 

Now (l+a')'~' . fi-nd this =e for x = () The { } 

1 +x 

(1 1 J .<• X- 11,.^ 

= U“x-2 + (i-12+ - + j = -2^“-*' = 0. u=-el2 

1 

9 For .'i; = 0, w becomes But 

lofT », I lo^r i lof. (i +:^V ...) = {^n). 

and this vanislies foi .i; = 0, hence ^6 = c®=l 


10 For j‘ = 0, becomes oo — oo . But 

(sin ,vy 


.r^ — (sin ,ry 

. x.- = 

j*'^(sin .r)'^ 


■' n' -|a+l5- ■•) 




'ik^t 


- =r 00 foi* = 0 


Often a derivative presents itself under an illusory form 
and must then be evaluated by one of the foregoing 
methods, thus 

11 In ;i!/ ~ ^2 f/2 + 2ct“a*2 -- 05* == 0, = 

takes the form ^ at the origin (0, 0). But 

^ ^ Go;2-2a2 1 ^ 1 

(0,0) (0,0)0?/- -a- Gy^-^a^ y^ 

whence ( L y^^f = 2, L ?/a; = ± x/2 

(0, 0) (0, 0) 

The graph of this equation is of 4*^ degree and has a 
double point at the origin. Let the student construct 
the curve in the vicinity of the origin and draw the two 
symmetric tangents 
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Note. — It must be carefully observed that in the fore- 
going division of numerator and denominator by the 
common factor x — a it is assumed that x does not equal r/, 
but x=\=a For x = a this division would lose all sense 

The most we can affirm of is that it 

equals ^ for all values of x not equal to a, that is, 

for x=\=a, and that it approaches the value 

limit as x approaches the critical value a indefinitely 


EXERCISES 


1. Show that “q ~2 = ±2 is ^ 

- 3x^ - 4 5 

2 . Prove L for ^ = a, 

N/a + 2x - J3a y ^ 

o -r» T + 7 ah', - 2 ( 1 - 2 (i‘V 2(( ( - rt- ^ ^ 

3. Prove L j— = = - 5a for j = a 

x^ — 2a.r ~ + 2as/2ax - 

4. Prove L— - — -^ = -y— foi i =a. [Put x^a-{-h] 

5. Prove for x=l 

6 . Prove L^j — ^ — = -2 for x=\, 

1 — .r + log ir 

7. Prove for * = 0 . 

Q -D T “ Sin .X 1 „ ^ 

8 . Prove L — = 7 ; for x = 0 


sin *c 

9 . Prove L — g— = ± 00 according as x nears 0 from -h or - side 

10. Prove L -2 for a; = 0. 

sin X - ic 

T sin x - a; cos x 1 „ ^ 

11. Prove L r -. — — = 0 for a; = 0. 

(sin xY 3 
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I’Ji Prove L ^ 2 

log tan 2x 


13. Prove L { cosec .r” - ”y = 0, go for u; = 0 and 7 i=l, 2, 3. 

14. Prove L{j^^^+34 J = i for x=l. 

15 Prove for .. = 0. 

16 Prove L ^ ^^=1 + 1 + 1 + ... = ^ for .=0, 


and L 


J TT 71 


U-' 


\ + 1 ) 


} ^ 9 2ft 


+ 


for 


^ 0 . 


17 L/''log./=0 for .f.= (), 7?>0, but -= oo , Thus it 

apjiears that logi^ increases (negatively) without limit 
as X nears 0, but its infinity is of lower than any finite 
order Examine the same expression fot a;=Gc. 

18. Prove = ! foi /=0. 


1 9 Prove L ./ = 1 or 0 for = 0 according as rt > 0 or < 0. 

_i 

20. IVove L ^ = 1, GO for .t= 0 according as n = 1, 2, 3. 

1 

21. Prove L(1 + .s./*)'' =c* for x^Q, 

1 

22 Prove L = a for = 1. 


23. Prove *! = 1 for = 1 and L - — ^ =logT 

X-] .c + 1 ^ h 


24. Prove L 


hx ^ I „ , 

n 771 r-Tn. = lor == ^ accord- 


mg as m>n, m<cn, and = ^ for x = 0 

25. Prove L { he x - cos x - x^] jx^* ^ for x — 0. 

(«)” 

26. Prove =1, e"«, 0 for w = 0, ana n-l, 2, 3. 

27. For x=~, prove (sinx)^“*=l, (sin xy^“*^^ = 

It 
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28. For x = oo, ^4r-hx=l, vV‘ + f/" - = 0, ^1 + =/='. 

29. Prove that a;^ + =* 0 has a double point at oiigm, 

and find values of there 

30 Similarly for + = 

{y- + ihrY ~ + 2a t - ./*“), and (y^ - a = a - 2(Lry-, 

Am y^= ±ly ±1, ±1, ±l/v/2^/. Interpret geometricalU 


MAXIMA AND MINIMA 

161. Definitions. — When a vary'imj ntaymiiule lacredscs 
up to hut not above a certain value and then decreaset>, 
that value is called a maximum; ivhen a varying magni- 
tude decreases down to hut not helow a certain tHxliie and 
then increases, that value %c called a minimum. 

If the series of values through which the variable 
moves be discontinuous we may saj" that a maxiinuni is 
greater, a iniiiimun is less, than the adjacent values . thus 
in the Binomial expansion of e\T*n powei's, the coefficient 
of the mid-term is tlie maximum But if the series be 
continuous, then the notion of adjacent values is no 
longer exactly definable, and we must substitute the 
notion of values close at will in the series of values, 
saying a maximum is greater, a minimum is less, than 
any value close at will to it m the series of values of 
the variable. Symbolically, /(a) is a maximum of f{j') 
when f{a)>f{a±h), and a minimum when f{a)<f{a±h), 
h being small at will, 

162. Relativity. — We notice that in tlicse notions there 
is no reference to absolute but only to relative size, in 
fact, a maximum may very well be less than a minimum 
Thus a boy may inflate his balloon to a diameter of 12 
inches, then let it shrink to one of 10 inches, then inflate 
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it to 14 inches, then let it shrink to 6 inches ; re-inflate 
it to 0 inches, let it shrink a^ain, and so on In this case 
12, 14, 9 are the maximal diameters, while 10, 6 are the 
minimal , they alternate with each other, and the maximal 
9 is less than the minimal 10 

153. General Analytic Condition. — 1'he analytic problem 

of Maximum-Mmimum is this Given any fuitciioii of 
the (tnjutn.eitf x, as u=f{x), required to fi ml the values of 
X for which u ts it 'inaximnm or a minimum The 
definition of Art 151 yields us readily a # con- 

dition For if we .suppose x inci'easin^, as we may, then 
so lon^ as u increases the derivative u^ is positive, bein^ 
th(‘ limit of the (juotient of two positives A// and A.r, or 
of two negatives — A/y aild — Aj* , but so long as a decreases 
the derivative is negative, being the limit of the 

(quotient of a positive and a negative, Ay and —A.r 01 
— Ay and ^x Hence at that value ol x which yields a 
maximum the derivative must change ^ts sign, with 
increasing x from + to — , while at that value of x 
which yields a minimum the derivative must also 
ehavge its sign, but with incr(‘asing x from — to -f 
This change ol sign of the <lerivative from -|- to — 
foi maximum, from — to + for minimum, is the necessary 
ami sujfficievt condition that a value of x ^ueld maximum 
or minimum of a 

154. Conditions in Detail. — If now u^ be jiniie and 
continuous, it can change its sign only in passing throvgh 
the value 0 , hence the general condition For values of 
X that can yield a maximum or a minimum of u, tin* 
first derivative must vanish. But even for Ujc, finite 
and continuous this condition though necessary is not 
sufficient. For Ux might sink down to the value 0 and 
then rise up from the value 0, and thus vanish, attaining 
the value 0 but not passing through the value 0, not 
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changing its sign. In that case the function u would 
increase more and more slowly, at last stop increasing 
and immediately begi'n again without ever decreasing at 
all. To test whether the derivative actually changes 
sign when it vanishes, we must foriii the second derivative 
u" or ^62/ While Ux is decreasing, sinking down to 0, 
the second derivative is negative , if now Ux passes 
through 0, keeps on dt^creasing, then remains negative , 
hence, if Ux^O and uix is negative, then u is maximum 
for that critical x On the other hand, if Ux sinks down 
to 0, but does not pass through 0, and then rises up from 
0, then U2x must first be negative foi decreasing Ux and 
afterwards positive for increasing Ux . that is, must 
change its sign from — to + But can cliange its 
sign, if it be finite and continuous, only in passing through 
0 By precisely similar i-i^asoniiig, which ]s left for the 
student to repeat, we shew that if Ux^O and ui, be 
positive, then u is a minimum for that critical x , while 
only if U2a: = 0 may Ux increase up to 0 and then decrease 
down from 0 without ever changing its sign by passing 
through 0 Hence, finally, 

uUx^O is the condition of change of sign in Ux, 

that is, of maximum or minimum, Ux being finite 
and continuous. If then 
^2/:<0, u is a maximum for that critical x. if 
^2a:>0, u is a minimun for that critical x, if 
te,2a. = 0, the character of u remains undetermined. 

166 . Continued Vanishing* of Derivatives. — If ^^2^ = 0, 
quite similar reasoning will show that tt3^ = 0 is then the 
necessary condition of maximum or minimum, and that 
u will be maximum, or minimum, or perhaps neither, 
according as tt4x<0, or >0, or =0 In this last case we 
should then repeat with respect to Ur^j, and Uqx the pre- 
ceding arguments with respect to Ux and u^, Usx and u^x- 
I^et Unx be the lowest derivative that does not vanish 
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then if h be even, u will be maximum or minimum 
according as Unx<0 or >0, but if n be odd, then u is 
neither maxiinuni nor ininimmn for the critical x in 
<j[iiestion Throughout this reasoning the derivatives are 
supposed finite and continuous 

156. Use of Taylor’s Theorem. — On the same supposi- 
tion we obtain the same results by examining the behaviour 
of the function in the vicinity of a critical argument- value 
by help of Taylor’s Theorem For we have seen that if 
/(a) be maximum or minimum, then the function-dilference 
f{a±h)—f{a) must 'uoi change sign with h, ^ov It small 
at will Now 

/(« ± h) -/•( «,)= ± hf\a) + p/"(rt) ± ± • • ± ± 

It IS evident that the signs of the odd terms do change 
and that th'^ signs of tlie even terms do not change with 
h , also, when the derivatives are finite and h small at 
will the toi*m actually present with the lowest power of 
h will control the sign of the whole right-hand member 
— by making h small enough we can make that term > the 
sum of all the others Hence if this term be an odd one, 
or what is the same, if the lowest non-vanishing derivative 
be odd, then the left side does change sign with It, that 
is, f{a) is greater than neighbouring values on one side 
of it, but less than neighbouring values on the other side , 
hence f{a) is neither maximum nor minimum. But if this 
term be even, ie,, if the lowest non-vanisliing derivative 
be even, then the left side does not change sign with h, 
ie, either f{a) is > both f{aA-lt) and f(a--h) or f(a) 
is < both f(a + h) and f(a — h), hence f(a) is either 
maximum or minimum If this lowest even derivative 
(non- vanishing) be > 0, then f{a±h) is > f(a), ie, f{a) 
is a minimum; but if this derivative be < 0, then /(a±A) 
is < f(a), i.e , f(a) is maximum. 
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167. Geometric Interpretation, — The geometric mean- 
ing of the condition ^^, = 0 is that the tamjeid to the 
curve /(aj) = t6, at the critical value of x,m parallel to the 
x-axis Such will geiierallj^^ be the case at maximal and 



minimal points, as the figure indicates But the tangent 
when thus parallel to x-axis may cut the curve at tht^ 
point of contact, in which case there may be neither 
inaximuiii nor minimum, as the figure also shows This 
case is that of the vanishing of This second derivati\ e 

of u is tlie first derivative of i e , of the tangent of tlu‘ 
slope of the tangent-line to the ^-axis , as x increases this 
tangent-line rolls clockwise round the curve in the vicinity 
of a maximum, but counter-clockwise in the vicinity of 
a minimum But for zt 2 x = 0 this tangent-line may change 
from rolling clockwise to rolling counter-clockwise Such 
noint where this sense of the rolling? and accordinLdv 
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the second derivative, cliaiiges sign is called a point of 
inflexion. 

158. Rule for Practice. — We have tlien tliis rule lor 
discovering iiiaxinia and niiniina Derive the given function 

as t() Qc , put the first derivative iix = 0 flic roots, 

Xti of tins ecjuation Form the second derivative* 
' substitute in it these roots in place of x , such I’oots as 
make tins second derivati\e Uo, ^ 0 yudd minimal values 
of u, such as make* < 0 yield maximal \ alu(\s of u, hut 
such as make 112, =0 ^nay yi(*ld emly points of inflexion 
ill the grajih n =f(x) To te*st th(*se we then form the* 
higher elerivati ves, and reason concerning the successive* 
pairs as concerning the first pair, anel u<2, 

159. Exceptional Cases* — Thus fai the* (le*rivatives ha\e* 
been supposed finite* anel ceaitinuous, but such is not alwa;^'s 
the case* If the* first eU*iivati\e* be*com(*s x , it may en 
may iiejt change sign 111 jiassing through this value x 
A notable instance of change* e)f sign is seen in the* 
leigarithmic sine, a = log sin ./• Heue we haw 

cos.r 

Ujf; = ~ ~ cot X 

sin X 

For .r = () (and supposed inci easing) Ui leaps from — x to 
+ x, feji* ./ = tt, it leaps from + te) — x, anel so on 

The simple function ?/=log.r behaves similarly, 

But in case of we* have 'i(r= \ This u, becomes 

X for .r = 0, but does not change sign As x a2)proaches 
0 , Ux rises towarels x , as x passe*s through 0 anel goes e:)n 
inci easing, 11 ^ rises to x but does not pass through it 
nor change sign, but sinks back into flnity througli the 

same series of positive values In general, if t 6 = then 

X 

Vjx will or will not change sign for ./* = 0 according as n 
is even or odd, as the student may readily show Hence 
we shoulel also test for maxima and minima by putting 
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Ua; = 00 , and then observing whether or not it changes 
sign on increasing thus beyond limit 

160. Discontinuities. — If the derivatives be not con- 
tinuous but finitely discontinuous, it is plain that Ua- may 
change sign by springing, say, from the value +A to — 2 , 
or from —4 to -+-7 Such cases must in general be treated 
on their own merits by observing at what points or for 
what values of x such discontinuity in takes place, 
and then examining the behaviour of u and Uxy or the 
character of the graph u=f(x), in the immediate neigh- 
bourhood of such points Such cases are illustrated in 
the Exercises See Fig 19 

161. Geometric Problems. — Hitherto the function ii to 
be maximized or minimized has been supposed known, 
given. But in the most interesting problems, geometrical 
and mechanical, this function is not given but is only 
implied in the given conditions of the problem The 
preliminary step will then.be to form this function, after 
which formation the preceding methods are to be applied 
It will very often, in fact generally, happen that this 
function u may be much more readily and elegantly 
expressed through t\oo or more variables, as x and y, or 
X, y, z, than through a single one x. But in that ease 
there will be found omte or more equations of condition 
connecting these variables. If u be expressed through n 
variables, we must discover (n — l) equations of condition 
connecting these n variables. Having found tliese — 1 ) 
equations, we may use them to eliminate — 1 ) of the 
variables, and thus leave u expressed through a single 
variable, as x. If this elimination, however, promise to 
be too tedious or difficult, we may merely suppose it 
performed, treat each of the (n — 1) variables as an un- 
known function of the one leading variable, as x, and 
then form u^ and equate it to 0 as already explained Tliis 

'k! ^T-in 4* o -1 l\non^lMO nt* ( nn 1 \ K1 



MAXIMA AND JIN IMA 


141 


ancl their first derivatives as to x , — in all, 271 — 2 auxiliary 
variables But we have (?i— 1) ecjuations of condition^ 
these derived as to x yield us ('ll — !) other equations of 
condition, or (2ri — 2) such equations in all. With these 
we may now eliminate the (2'7i — 2) auxiliary variables 
and get a single e(iuation in the single variable x As 
derivation is often a simplifying process, it will often be 
easier to eliminate (277 —2) variables after derivation than 
(7^ — 1) before A still more elegant method of elimination 
by help of Undeiermmed Multi pliers will be treated in 
a subsequent section 

162 . Simplifications. — Various reflections will sometimes 
avail to simplify the function to be maximized or niini- 
niized Thus if u be maximum or minimum, so are ii±c, 

cu, and logu, while is minimum or maximum, and 

' 11 / 

some one of these may be easier to deal with than u itself 
Also, geometrical or mechanical considerations will often 
decide at once whether a certain critical value of x makes 
u a maximum, or a minimum, or neither, without in- 
vestigation of higher derivatives Such considerations 
will sometimes indicate unequivocally and very directly 
the maximum or minimum sought where the regulai* 
analytic process would be exceedingly complicated , theiy 
may even disclose the maximum or minimum when the 
analytic method would not at all , 


EXERCISES. 


1. Investigate n=f{x)^ax - x- for maxima and minima. 
?/' = a • 2x, which vanishes for x = 


v!' = - 2, which is negative for x — 
hence u is max. for = and then 


a 

2 ^ 

4 ’ 
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Herewith is solved the problem of finding the maximum 
rectangle of given perimeter. For, let 2a be the peri- 
meter, X one of the sides, then a^x is d, concurrent side 

% 

and ax - is the area. Hence the maximum rectangle 
is a square of side «/2. 


2 Investigate for maxima and minima 

fi' = 2c>/4^/‘^ - x- — ^ this vanishes for / = 0, and 

- r/ 

for ±§r«v/G Also 

„ _ (4<f^ >- x^) (8a^ - -h _ 3 , 2 ) 

( 4 ^/ 2 - 72)4 

For .r= 0, ?/" is -h , hence // is a minimum and =0 Foi 
.f — ±yi\/6, it" IS — , hence u is a maximum and 


A When is maximal or minimal'? 

F =,r"'(log .n+ 1) , this vanishes for log.r= -1, ,i-=\lc 

1 

^/" = ,r*|(log ^-f- 1)2 4 - and this ^ ^ ^ 


Hence F is minimal and 


=C-)' 


There is no maximum. 


4 When is 




maximal or minimal 2 


tl = u (log a - log .c - 1 ) , m' = 0 for log ajx =1, . 1 ^ aje 
a" = ?/(log ajx - 1) - 'itjx , w" = - ujx for x = aje , or 

G a 

u'* = -_(g)<j which is - or + according as is 4 - or ~ . 


Hence u = & is maximal or minimal according as a is 4 - or 


5 w = sin X, u' = cos X, u" = - sin . 1 . Hence 

w' = 0 for a = (272.-f l)7r/2 , 

for fl; = (4?^4- l)7r/2 , 
and m"=: 4-1 for x = (47i4- 3)7r/2. 

These results are evident from the well-known form of 
the curve. Similarly investitrate u = cos x. 
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0 


u = sin .r cos '2x, 

a' = cos X cos 2x - 2 sm c sm 2a: = cos a; {cos .r - 5 sin .r}. 
u' =0 for a: = (2«-± l)7r/2, and for a. = 2;z,7r±sin“^ 



- sin a:(l -■ 6 sin x?) ~ 1 2 sin x cos = sin .r{ 1 8 sin .r - 1 3} 
For a;«a 2?^7^^- 7r/2, sina*= 1, u' is +, 7/= - 1, a minimum 
For i — 2mr - it 12, sin / - — 1, n' is — , 4- 1, a maximum. 


For a = 2mr + sin rr = n' is - , ?/ = ^ v^f), a max 

For a. = 2//7r - sin"^.^^, sin a //"is + , w=-^v/6, a min 


7 Find the dimensions of a cylindrical cup of constant volume 
( * and of miyimal surface 

Let ^=its height, ?/=- radius of base Then 
n — 27ra }/ + Try- and tti (/-^ = < * 

Hence if = 2c y i/ + tti/-, = - 2^ 7 //“ + 27ry, which ■= 0 foi 
Tnr^(\ which -TTuf-, hence*/^?/; ^.6^, the height equals 
the radius of the base Without eliminating a we have 
'll' 27r?/ + 27ra if 4- 2Tnfif , and Try- + 2Tra ?///' = 0 
Whence // = - y/2i, and lor w' — 0, ?/= - y/(a 4- y), hence, 
as before, a* = if 


8 Find the rectangle of maximal area inscrijitible in the 


ellipse ^ + p ^ * 

The sides must be parallel to the axes and bisected by 

X It'll* 

them , hence u = 4 .ry, whence y 4- xij = 0 Also p 4- i = 0 , 


so that , — 




= 0 , 1 = 

V 


- , ^.c., the equi -con jugate diameters 


are diagonals of the rectangle 


9 Find the dimensions of a conical tent of given volume c\ 
and of minimal spread of canvas 

X — altitude, y — radius of base, \Try-x = c^, and iryijx- 4- y- 
or y^(x^’\-y-) is to be minimized Hence 2yy'x + y^ = 0, 
2yy'x^ 4* 2?/a: 4- 4y^y' = 0 , whence x^ -f* 2y2 =r 2x^, x = y\f2 
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Here, as in many problems of geometry and mechanx..s, 
it is unnecessary to consider higher derivatives, for it is 
plain there is a minimum, and equally plain that y = 0 
cannot yield it , hence the other relation must yield it 


10. Show that 


(.r+2)* 
(,r - 3)^ 


is maximum for a; = 3, minimum for x =13 


1 1 Show that sec x 4- cosec x is maximum for x = 7r/4. 

12. Examine — 6/^ + 6/^ — 4 for maximum and minimum 

13. Show that Q^x — b has neither maximum nor 

minimum. 


14 If V = (a; - l)^(ic - 2y(r - 3)%r ~ 4), discuss the curve near 
.r=l, 2, 3, 4. 


15. Show that 20 is a maximum and 19 a minimum of 

40-5 _ 5.^ 4. 20 


16. Prove that is minimum, and its reciprocal 

(f ’\-h - 2^Jah 


maximum 


of 

(.t +a){x-^b) 


17. Prove that c is a minimum of x/log x, 

18. Show that (0, 0) and {aij'ly a\/4) are maxima and minima 

points of + ip — 3a.-r//. 

7*2 Q/fJ 

Here V== . hence for y—0, «// = ./ 2 , whence the 

ax -1/ 

pairs of values. For x — O, y = 0 both ?/ and y' take 
the form 0/0, but the limits are y' = 0, y" = ^a. 


19. Show that (sin :c)2(cos is maximum for tanx-=f, and 

generalize. 

20. Prove that the radius of the circle about the origin and 

^ , X y ^ , ah 

touching - + ‘f=l is / • 

^ a h Ja^h^ 


21. The central equation of a conic is kx^-{-2hxy-\-jy^=- l ; show 
that the radii of the inscribed and circumscribed circles 
are the roots of the quadratic (ar - l)(br - 1) 
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22. Find the cone of maximum volume inscriptible in a given 
sphere 

23 Find the cone of maximum convex surface inscriptible in a 
given sphere. 

24. Find the sphere which, being placed in a given conical cup 
full of water will displace a maximum. 

25 Find the maximum rectangle that can be cut out of a 
given trapezoid. 


26 Find the maximum rectangle that can be cut out of a 
given triangle 

27. Find the maximum rectangle inscriptible in a half-circle 


28 


Out of four given tracts h, (, d construct the maximum 
quadrangle 

Hint Let 0—^ between a and d, </> = _ between h 
and c Then a- + d- ~ 2iul cos 6 = h~ + — 2bc cos and 
we have ad m\ 0 + h( sin </> to maximize Whence 


- 


cos d ad sin 0 


be cos cf) be sin 
TT, the quadrangle is encyclic 


sin </) cos 0 -h sin 0 cos </> = 0, 


29 The general ec^uation of the conic is 

Ic + 2Ju // + / ^ 2/// 2fff -f = 0 , 
show that for 


^ { Fjki+hjF^ - CJ}jCjLi, 

// = { - OjTi± iJF^ - a:T)icJFj 

is a maximum respectively minimum, where the large 
letters are the co-factors of the corresponding small letters 
in the (quadric, 



I h g 

h J f \ 
9 J \ 


30. Show that n/ 3 is a maximum of sin a; . sin y . sin when 


x + y + z=^7r. 


31. Show that 3 and ^ + 7 n/ 7) are maxima, while - 1 and 

|-Y( - 1 - 7 Jl) are minima of cos x + cos 2x + cos 3x, 

S. A. K 
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32 Of all triangles having given base and given perimeter, find 
the one with maximum area. 

33. Of all triangles having a given angle 2a and given area 
find the one of least perimeter 

34 From a point of a given circle draw two chords forming a 
given (peripheral) angle, so that the sum of the chords 
and the intercepted arc may be maxima Ans — The 
diameter through the point must halve the angle at 
the point. 

35. Find the circular sector of fixed area and minimal boundary 

36. Find the maximum quadrangle with given diagonals in- 

scribed in a given circle. 

37 Find maximum or minimum quadrangle with given angles 

and perimeter. Ans — The (|uadrangle must circum- 
scribe a circle. 

38 Find the right circular cylinder of given volume and least 

surface. Ans — It is inscriptible in a cube 

39. Find the cone of given convex surface and maximum volume. 

Ans . — Squares of radius of base, height, and slant height 
are as 1 2:3. 

40. Find the cone of given total surface and maximum volume. 

Ans . — Slant height = 3 (radius of base). 

41 Inscribe in a given cone a cylinder of maximum convex 
surface. Ans . — Height = diameter of base. 

42. Show that in a given sphere the same inscribed cone has 

both maximum volume and maximum convex surface. 
If f{ci) be maximum respectively minimum of /(x), then 
there must be two values /(a + /t) and f{(^-h!), for li 
and h' very small that are cqwil, both less respectively 
greater than f{a). This fact is often useful in solving 
geometric problems. 

43. A ray of light from A strikes a surface S sA, P and is 

refracted to B ; the velocity before refraction is n and 
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after refraction v , find the relation of the angles of 
incidence and refraction, t and when the time is a 
minimum. (Fermat ) 



Let APB and AQI> be two })aths described in the 
same time and close at will to each other. Then 
A P/v 4- 7^/>7 ?>' = / 5/ ij/r 4- Ql>lo' 

Hence PBjv-^ PJk' jn , where QB and QPi are elementary 
arcs of circles about A and B as centres, and the limits 
of their ratios to the corresponding rectilinear elements 
are 1. Hence we have vjv' = lAm PRIPli 
which IS SneJVb Law of Refraction 

Sometimes purely geometric considerations readily 
yield results only with difficulty to be reached by 
analysis 

Find a point the sum of whose distances from three fixed 
points A^ By C is a minimum Sup])osc the sum of the 
distances from A and B to be what you will, as s, 
then the point P is somewhere on an ellipse of axis 
major .s about A and B as foci, and the distance d from 
C will be least for the jicint on the normal to this 
ellipse from C , and this normal CP bisects the angle APB. 
Similarly, AP and BP must bisect BPC and CPA , 
hence AP, BPy CP trisect the round angle at P 

This celebrated problem, proposed by Feimat to Torri- 
celli, was solved by him in three ways and commun*- 
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cated to Viviani, who also solved it non msi iteiahs 
Let the student show that P is found 
by constructing through By C an equilateral triangle 
and drawing normals to the sides through A, B, C 

Still otherwise, mechanically, thus Suppose a con- 
tinuous homogeneous elastic band to pass round smooth 
pegs at Ay By C, F, then the three tensions from P 
to Ay By C will be equal, and hence the three angles 
at P will be equal, and the total length PA -i- PB + PC 
will be minimum in equilibrium. 

45 Show that DEF is a triangle of minimum perimeter in- 
scribed in ABC when Al), BE, OF are altitudes of the 
triangle ABC 

46. Find the radius of the circle where the segment of an 

arc of given length s is a maximum Ant > — 

This problem is solved geometrically in Pappus’ Collet tions 

47, Find the point on the centre line between two spheres 

whence the greatest amount of sphere-surface may be 
seen. Ans , — The centre-tract is divided in the ratio 

\ A 

7 - 7 

48 Find the greatest ellipse and parabolic arc that may be 
cut from a given cone. 



CHAPTER IV. 


GEOMETRICAL INTERPRETATION OF HIGHER 
DERIVATIVES 

163. Order of Contact. — Let y=f(a‘) and — be 
equations of two curves referred to the same rectangular 
axi\s, and let us, if possible, develop both / and </> m the 
neighbourhood of ',r = a Then 

y = =/(«) + («■ - «')/(«)+ - ^ /"(« ) + 

f’''H(i+0(x-a)} 

+ {a+d{x — a)} 

When convenient we may put x = a + h, x — a = h 
2 / ->?=/(■«) 

=f(a)-<f>(a)+{x-a){fXa)-^'(a )] + • • • • 

This expression y — tj is the distance apart of the two 
curves measured on a common ordinate corresponding to 
the common abscissa x . the curves are far apart or close 
together according as 3 / — ?; is large or small Tf the curves 
meet for x = a, then let b be the common value of y and jy , 
the curves have then contact of zeroth order at the point 
(a, 6 ), and the term f(cc)--(f>(a) falls away. Let us consider 
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the relations of the curves near this common point For 
x^a (or h) small at will, the first term of the difference 
y — rj, namely (x — a){f{a)~-<j>{a)], may be made to control 
the sign of the whole difference, for the sum of all the 
other terms may be made smaller than this first term, the 
derivatives of course supposed finite. Also, for the same 
value of 03 — a the difference — >/ will be smaller or 
greater according as more or less of tlie corresponding 
derivatives fXa) and <pXa), /"(a) and are ecjual 



Fig. 21. 


Hence the curves lie close together near (a, b) or part 
abruptly according as more or less of the successive 
corresponding derivatives are equal in pairs Hence, if 
only /(a) = 0(a), we say there is contact of zeroth order, 
that is, the curves merely intersect at (a, b ) , if, besides, 
f\a) — 0'(^^)» they have contact of Jirst order , if, besides, 
f"(a)==^<f>"{a)y they have contact of second order, and so 
on. If, finally, /^"*Xa) = a), while the higher derivatives 

are unequal, they are said to have contact of order 

164. Tangency of Curves. — The equation of the tangent 
to y=f(x) at (a, 6) is 

y = b+{x — a)f(a) =/(a) a)f\a), 
and of the tangent to ri = <f>(x) at (a, h) it is 

n = h+ix—a)<l>'(a)=(t>(a)+{x—a)<j>{a). 
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all higher derivatives of / and vanishing. If now 
f\d)=^ 'i e , if the curves have contact of first order 

then these tangents are the same line , and, conversely, 
if these tangents be the same line, then the curves have 
contact of first order, for then /'(a) = 0'(^) Such then is 
the meaning of contact of first order. Two curves having 
such contact, i e , having a common tangent, are said to 
touch each othei, or be tangent to each other 

165. Concavity and Convexity. -Let us consider more 
carefully the relation of the curve 

y =f{^) =f{ff ) + - a)f(a)+^ /"(a) + • • • , 

and its tangent, f (.r — At any point the 

diftercnce of ordinates or the vertical distance between 
curve and tangent is 

The lowest term in this power-series, i e , the term con- 
taining the lowest derivative that does not vanish, controls 
the sign of the series, for j'^-a small at will, if this 
derivative be even, then the power of x— -a is even and 
does not change sign with x — a, te, the tangent does 
not cut the curve at (a, b) but lies on the same side of 
the curve both for x<a and for x>a. If this lowest even 
non-vanishing derivative be +, then the y of the curve 
is greater than the y of the tangent, which lies below the 
curve , the curve is then named convex towards tlie 
ic-axis. If, however, this same derivative be — , then 
the y of the curve is less than the y of the tangent, 
which lies above the curve , the curve is then named 
concave towards the cc-axis. But if the lowest non- 
vanishing derivative be odd, then the power of jr — a is 
odd, the term changes sign with x — a; i,e , the y of the 
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curve is greater on one side of (a, h) than the y of the 
tangent, but is less on the other side : i e , the tangent 
cuts the curve at (a, h), and the curve itself is convex on 
one side of (a, h) but concave on the other side, towards 
the iT-axis Hence the curve is said to change the direction 
of its curvature at (a, 6), which is called a point of in- 
flexion for the curve (fig 21). 

166. Curvature. — But we have not yet said what we 
mean by the curvature of a curve, and we must define 
this concept accurately before we can use it intelligently. 
Suppose, then, that P and Q are two points on a curve, 
let the tangents at these points meet at T and the normals 
at N, Denote the irner angle of the normals, which 
equals the outer angle of the tangents, and is called the 
angle of contingence, by i/, and denote the arc-length PQ 
by s Then v is the angle through which the tangent (or 
normal) has turned as the point of contact has travelled 
from P to Q If for a fixed arc-length s this angle be 



Fig. 22. 


small, then the curve is flat, does not bend rapidly , but 
if this angle be large, then the curve is sharp, it bends 

rapidly Hence we name the quotient of the angle 

s 

through which the tangent turns by the path over which 
the point travels, the average curvature of the arc s , — the 
angle v itself being called the total curvature of the arc. 
Tf now we let the point Q approach the point P, both v and 
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8 become infinitesimals, Ai/ and A^f, and the limit of the 
average curvature ^ is called the instantaneous curvature, 
or simply the curvature at the point P. We may denote 
it by K and write k = 

ds 


167. The problem now presents itself, to express k 
through the ordinaiy (^artesian x and y of the point P 
If T and T-' be the slopes of the tangent to the r-axis, it 
is plain that v — t—t, hence Ai^ = At and 

_dT dT J(tan T-) d,v 
^ d.s d (tan T-) djc ds 


JNow tan'r= , , hence 

dx (lx dx^ 


also 


dT 
d tan 


: (cos t)“ = 1 


hence 




/I'+cm-O’ 


168. Uniform Curvature. — From the eiiuation of a 
straight line, = + we have y' = s, y" = 0 lienee /c = 0, 

the caruattvre of a straight line ts zero From the equation 
of a circle, = we have 


,/ = - + ?/" = _ T" 

./ y’ J yl yi .y% ' 

hence /c = - , the curvature of a circle is constant and 


equals the reciprocal of the radius. 

Can we convert this proposition simply ? i,e , are all 
curves with constant curvature circles ? To answer this 
question we must find all curves with constant curvature ; 
to do this we must pass back from the differential equation 
y' 1 

^ r = -, which declares the curvature to be a constant 

(1 + 2/'T ® 
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1/c, to some equivalent and equally general relation be- 
tween the finite^ coordinates, x and y, which will be the 
equation of all Curves of constant curvature 1/c , i c., we 
must integrate the differential equation. To do this we 
multiply both members by y' and get 


Now we inognlzf the right member as the derivative of 
y/c, and the left as the derivative of — ( 1 + . hence 

these two expressions can differ at mc,st by a constaiif 
only, which we may write conveniently hjc . hence 




, >^/c^--(?/ — 6)2 dx (V — 6) 

— 2/-V- ’ 


Here we recognize the left memlxir as the derivative of 
X as to y, and the right as the derivative of — — (y — 6)‘- 

as to 1 /; hence these expressions can (liff*er at most only 
by a constant, say a , hence 

cc — a = — -s/c^ — (y — 6)2, or (./; — a)^-\-{y — bf = c~ 

But this is the general equation of a circle of radius c 
about the point {a, 6) as centre ; hence <dl curves of 
constant curvature are circles Accordingly, the straight 
line is conceived as a circle of infinite radius, of cur- 
vature 0.* 


169. Standard of Curvature.— The circle having this 
peculiar property, that its curvature at all of its points 
is the same, namely, the reciprocal of its radius, we adopt 
the circle q-s the standard of reference in all matters of 


*The straight line is the limit of a circle whose radius increases 
V'lthout limit. 
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curvature. The circle having the same curvature as a 
given curve at a given point is called tl^e circle of cur- 
vahire, and its radius the radius of curvature of that 
curve at that point. 

Now draw the tangent T to the curve y=f(x) at the 
point l\a, h) The right line through P normal to the 
tangent is named the normal to the curve at that point. 
Draw it All circles through P with centres on this 
normal will have a common tangent at P, namely, the 
tangent to tlie curve at P, and hence are said to be 
tangent to the at P These circles will have radii 

ranging fi*oni 0 to oc , curvatures ranging frbni oo to 0 . 
they degenerate toward a mere point in the one direction. 



towards a right line in the other. Some, as C', will 
manifestly bend away from the common tangent more 
rapidly than the curve does, others, as C'\ less rapidly , 
between these will lie one that bends away just as rapidly 
as the curve does This is the circle of curvature in 
position and is called the oscillatory circle, and its centre 
K is called the centre of curvature of the curve for 
the point P This osculafory circle has the same first 
and second derivatives as the curve at this point, no 
other of the circles through P has the same second 
derivative, though all have the same first derivative, for 
no other has the same curvature, hence this osculatory 
circle nestles up to the curve at the point P closer than 
any other circle can , hence the name osculatory 
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170. Centre of Curvature. — For each point P of the 
curve C there is a corresponding centre of curvature K ; 
and we now naturally ask what relation connects the 
coordinates {x, y) of P with the coordinates {u,v) of 
How shall we find the lattei , knowing the former ^ 
Calling the radius of curvature p, we have from the 
figure at once 

ii = x — p sin X, ^' = 2/ + p cos X, 
or = sin X, = — pcosx, 



according as p is laid off towards K or K\ There seems 
to inhere in p a certain ambiguity of sign as is plain 
from any of its expressions, as p = (lsld\/r. Here the sign 
of p depends upon our choice in reckoning the angle 
and the arc Again p=:(\-\-y'^y ly'\ Here the sign 

depends on our choice of sign for the radical \/\-\-y'^. 
We choose to make p always + and to lay it off toward 
the concave side of the curve , so that for y" positive we 
take but for y" negative we take — + 

With this understanding we may write always 


p^in X, v — y’^p cos x 

Then on putting 

Vl 


sin x = 
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we get 


u 




y 


y 


formulae of uuiveraal applicability 


171. Evolute.— If now we combine these two e(]uations 
with tlie equation of the curve C we may eliminate x 
and y, obtaining an e(iuation between n, v, and constants 
This equation hclding for tlie coordinates of the centre 
of curvature K for every point of the curve C is the 
equation of the locn^^ of this centre of curvaittre K This 
locus is named Evolute of the curve G Denote it by E. 
Witli respect to its (‘volute, the curve itself C may be 
called Involute. 


172. Relation to Involute. — The propriety of these 
names may thus be evidenced l(‘t us deri> e v as to u, 
regarding each as a function of x 




Hence 


■ "Z 


]! 


Vu = 


<Jv 
<h' jdu 

(i 


X • f/ - ^ ax 






V 

1 


But 7/j. and h\, ar(‘ the tangents of the angles which the 
two tangents at P and K make with rr-axis , hence these 
tangents are normal to each other, ? e , the normal to the 
Involute 'te tangent to the Evolute 

Now let us derive botli p and the arc s' of the evolute 
with respect to x We have 




JL.(^ 

dx^N\dfe) 






dx 


Hence 


dp __ dn 
dx dx 


, hence p = s'+c 


Accordingly, if a cord be kept stretched while it is 
unwound from the evolute, regarded as a groove, thq 
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free end of the cord will trace an involute In fact, 
every point of the cord, as it leaves the groove be^i^ins 
to trace an involute, and every point of any lengtli of 
the cord kept stretched beyond the groove also traces an 
involute This is geometricall3^ evident, and also analyti- 
cally from the indefiniteness of c in yo = .s‘' + c Hence to 
any involute there corresponds one perfectly definite 



evolute, but to any evolute there corresponds an infinity 
of parallel (ecjuidistant) involutes, precisely as a function 
has one and only one perfectly definite derivative, while 
a derivative has an infinity of integral functions differing 
among thepiselves by constants. 

In the derivatives dpjdx and dsjdx we chose 
with the same sign which yielded p = s' + c, and corre- 
sponded to an unwinding of the cord from the evolute ; 
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but we might have taken (1+2/^^)^ with opposite sign, 
ivhich would have yielded p=— 6' + c, and would have 
corresponded to a \vincli'riy of the cord upon the evolute, 
— the involutes are unaltered 

Exercise. — Obtain the foregoing two properties by deriving 
H — — p Sin T and v~y + p cos t as to s 


173 Hence, too, it appears that the centre of curvature 
Ls the limit of the intersection of two normals, or is the 
intersection of two consecutive normals, and may be so 

defined 

The angle of contingence in the involute evidently 
bcjuals the coi responding angle of contingence in the 

i-ohito, or Ax = At Also A.s' = Ap, P = 

p = hence p 't e , the radius of cur\ ature of the 

^ dr ^ dr* 

uvoliite IS the second derivativt^ of the arc-length as to 
the angle of slope in the involute 

If A be the area lietwi'en involute, evolute, and any 
two p’s, then we havx‘ appioxiinately 
2AA — pAs = p^ . At, 


and accurately, 


HA 


Z =n 2—: 
(As* d^ 


5 = 


whence A may be found by integration 

Any chord of the osculating circle drawn through the 
point of contact is called a chord of curvature , — every 
direction has such a chord 

It is now manifest that the erohife is the envelope of the 
normals to the involute, and in fact it may be so defined. 


174 Let us now resume the general consideration of 

the higher contact of curves. As before 

2/ = /(«:) = /(«)+ /*/(«)+|/'(«)+^/"(«)+ - , 


rj = (]>{x) = 0(a) + hcf>{a) + p0"(a) + + • • • 
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We have seen that = means that the curves 
meet ior x — a, the additional equality = means 
they have the same direction, a common tangent, contact 
of first order, the still a<lditional e(|uality = 

means they have tlie same curvature, radius of curvature, 
centre of curvature, and have contact of second order, — 
since all of these depend only on first and second de- 
rivatives 

If now one of the curves, as ?/ = f(x), be given completely, 
but the other, = be given only as to its species, as 
circle, ellipse, cycloid, or the like, with arbitrary para- 
meters in its equation, we may raise tlie question, wliat 
curve of this species has closest contact with the given 
curve, what is the highest order of contact possible fur 
a curve of this species, with the given curve (jit tlie 
given point) The answer will depend on how' many 
derivatives of the curve in (question we can ecpiate to 
corresponding derivatives of the given cui v e and this 
in turn will depend on how many disposable constants 
there are in the equation of the curve in question If 
there be (n-fl) such arbitraries, then we may impose 
(ti-I-I) conditions, 

/(«) = ^(«). /' («) = • 
i e , we can bring about contact of 7 ?^^^ order Thus, the 
equation of the straight line, = contains but two 

parameters, s and h , hence contact of first order, mere 
tangency, is in general the closest possible between it 
and a curve But the general equation of the circle, 
x^ + y^ + 2gx + 2fy + c = 0, has three arbitraries, g, f, c, 
hence contact of second order, osculation, is in general 
the closest possible between a circle and a curve. On the 
other hand the general equation of the parabola, 

(y + 8xy + 2gx + 2fy + e=^ 0, 

has four disposables ; hence a parabola may be found 
having contact of third order with the given curve The 
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conic in general, kx- -\- 2 hxy + ^ has five 

parameters, — so that a conic may be found having contact 
of fourth order 

176. Curves of Closest Contact. — We may regard the 
matter from still another point of view. We may, in 
general, imposVi upon a curve as many distinct conditions 
as there are parameters in its general equation , then 
solving the equations of condition we find such values 
for the parameters as satisfy the conditions The simplest 
form of these (n) conditions is that the curve goes through 
(1?) given points Tlius we may require of a straight line 
that it pass tlirough two (and only two) points of the 
curve Let these points apju’oach t(/ coincidence ; we get^ 
111 general, a tangent at the point of union of the points 
Similarly, we may make a circle pass through three given 
points ol the curve, but no more , as all these approach 
to coincidence , the circle becomes tangent to the curve,. 



Fig. 2(> 


and since it can have, in general, no more than three 
points in common with the curve, its contact must be 
the closest possible, must be of second order, — it osculates 
the curve. We may, in fact, define the osculating circle 
as one through three consecutive points of the curve. 
Quite similarly the osculating parabola goes through four, 
the osculatory conic through five, consecutive points of 
the curve, ie,, the osculatory conic is the limit in size, 

S. A. L 
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shape, and position, to wliieh the conic through five 
points of the curve tends as these five points approacli 
each other, become consecutive 

176, Exceptional Points. — But while we cannot recpiire 
a straight line to pass through three given points of a 
curve, it may yet happen that the straight line through 
two prescribed points of the curve passes through a neigli- 
bouring third point and that these three points tend 
simultaneously to coincidence Thus, when P is held 



fast and the secant turns about it, the points of inter- 
section Q and Q m opposite sides of P tend to fall 
together on P. when they do so the secant becomes a 
tangent through three consecutive points of the curve, — 
it has contact of second order Hence second derivative 
for the curve equals second derivative for the tangent , 
this latter is 0, hence the former is 0, as we have alrea<ly 
seen. Such a point P is called a point of Inflexion or of 
contrary flexure. The secant may even go through four 
points that tend to fall together on some one point as 
the secant turns about that point At such a point of 
undulation the tangent has contact of third order with 
the curve, and hence lioth 2nd and 8rd derivatives of the 
curve must vanish, while the tangent does not cross the 
curve Of course still higher deg’-ees of contact are 
possible for the tangent. 

177. Maximal and Minimal Curvature. — Similarly, 
though we cannot require a circle to go through more 
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than three ^j^iveii points of the curve, yet the circle 
througli these three (Fig. 28) may go through a fourth 
neiglibouring point of the curve, and all four may tend 
to fall together on the same point P. At P then the 
osculatory circle goes through four consecutive points, 
has its first three derivatives the same as the curves, 
has contact ’of third order In general, as the osculatory 
circle agrees wath the curve in 1st and 2nd, but not 



in 3rd and higher derivatives, the differences of the y’s 
(of curve and circle) must change sign with It The circle 
must evbi the cwrve — on the one side of P, where the 
curve bends less, it lies between circle and tangent, on 
tlui other side of P, when the circle bends less it lies 
between curve and tangent But when four points fall 
together in P, the curve and circle agree in 3rd derivatives, 
but not in 4tli and higher, the difference of the 2 /’s, y — 
does not depend on the sign of h, the circle lies wholly 
within or wholly without the curve, near the point P, 
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and we have in P a point of inaxinial or ininimal curva- 
ture Such are the vertices of conics 

178. Another Conception of the Osculatory Circle. — 

Of the three points through whicli the oscillatory circle 
must pass we may at once let two fall together in P — 
then the circle becomes tangent to the curve- -and let the 
third point Q approach P, then the tangent circle turns 
into the osculatory circle This change is efiected hy 
letting the centre slip along the normal drawn througli 
P. If the curve be symmetric as to the normal in the 
immediate neighbourhood oi P, as in case of maximal m 
minimal curvature, then to Q must correspond P, and 
these two points of intersection of curve and circle faP 
together on P, making four consecutive points, and theie- 
with contact of third order 

179. Application to the Conic.— This conception of the 
osculatory circle yields a neat construction of it for any 
point of a conic Let the circle tangent at P cut the 
curve again in Q and Q\ and let QC/ cut the tangent at 



P in T. Then by the power-property of the circle 
TP^^TQ . TQ\ and by the corresponding property of conics 
TP^jTQ , TQ' Hence the half-diameters OA and 
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OB parallel to TP and TQ are equal, hence they are 
isoclinal to the axis of the conic , hence their parallels 
TP and TQ are isodiTral to the axis, for every 'position 
of Q . hence the limit of TQ, namely, the chord of 
curvature PI is also isoclinal to the axis with TP. 
Hence, to construct the circle oscillatory at P, draw 
throu^li P a chord of the conic isoclinal with the 
tangent at P to the axis of the conic , the mid-normal of 
tin's chord meets the normal to the conic in the centre 
of curvatur(‘ Also, for any chord of curvature of any 
cur\ e, 

PI = 1.1111 TQ = Lim TP"!TQ, 

180. Illustrations. — 1 Find radius of curvature an<l 
e\olute of the Apolloniad parabola, //^ = 4(/.r 

v' = 2 ( 7 /?/ = qjx, y" = - q\xy = - 

* c • 

^2(x + q)fs/q=^~, , r bein^ focal radius. 
if 'sjq 

For the origin r = q, hence p — 2q 

For .r = Qc, p=3c, the curve tends to become straight. 
To hnd the evolute we form the expressions for u and v, 
cooxxlinates of a point on it, and then eliminate x and y 
from the?se expressions by help of the equation of the 
parabola u = x — y\l+y'^)ly'\ ^ ' = ^ + ( 1 + Whence 

o . a — 2q XU > . , 

'ii=^^x + 2q, x=- *3 ^ , t; = — qv^ = 

6 q 

Hence, by equating values of .d, 

= — 2<7)^ 

the semi-cubical parabola. 

The focus of the Apollonian parabola lies midway 
between the vertices of the two parabolas; the length of 
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an arc of the semi-cubical is 







It is plain that to rectify e volutes is easy, and this 
semi-cubical parabola was in fact the first curve rectified 
algebraically (Neil, 1657.) 

ciy“ '\F 

2. Find curvature and evolute of the ellipse, 

y'= y"= -^3 

^ = . At the ends of the axes Pi = ^, = 
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Remembering that , we get 

u = (6(2 - h^),r^la\ r = ~ {a? - W) y^lb\ 
whence (auY^ +{bv)i = (a^ — an asteroid 



Fig. 31 


3 Find the curvature and evolute of the hyperholo 


4 Find the curvature and evolute of the cycloid^ 


CK = a0 — a sin Q, y = a — a cos Q 



Fig 32. 


Hence p = 4a; sin 0/2, which is seen to be double the 
intercept -of the normal between curve and aj-axis. 

For the vertex, /o = 4a 
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In finding the evolute put 
^ = 10; then 

u. = 2a(^ — sin 0 cos ^>)+ 4a sin 0 cos 0 = a(0 + sin 0), 
= 2a(sin — 4a (sin ^)-= — (t(l — cos 0) 

But these are tlie equations of a cycloid referred to 
the tangent at its vertex and its axis as coordinate axes 
Hence, the evolute of a cycloid is an e(|ual cycloid with 
its vertices at the cusps of tlie involute. Suppose the 
whole figure inverted, the point P to be weiglited, the 
cycloidal arcs to be rigid grooves, then we sliould liave 
a cycloidal pendulum, whose properties we shall hereafter 
study 

5 Find the radius of curvature at the origin and at 
(1, 3) for the curve 3/ = .r + 3*^*“ — Ans 4714..., 00 

6 To find the curvatur * at the origin we nia}^ assume 
(by Stirling’s formula) 3/ = y'*r4. .r“+ ..., put this de- 
velopment for y in the equation of the curve, and thenct 
equating coefficients to 0 obtain the values of y' and y\ 
and thence of the curvature 

Thus in l.r + my + ]xX^+2hxy+jy“’k“-->=^0, 
we obtain il + my')x + {lc+2hy' 

whence l + my' ^0, 3 /'= — and k+2hy' +jy'^+\7t%y" = 0, 

'iTL 

whence finding y and y" and substituting in p, we obtain 

^ ^ — 'IkLrti +jP 

7. Find the curvature at the origin of 

3/^ — 8x3/ + + 4 ?/^ = 0. 

Ana. The radii of curvature are §^5 and —^2, the 
two branches curve oppositely 
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8. If we take a tangent and normal at any point of 
a curv'c as X- and F-axes, then the ec^uation of any 
circle tangent to the curve at the origin is xA = 2ry — y- , 

for tlie oscillatory circle, therefore, 1p--y = For y 

small at will, the x and y of the curve approach a ratio 
of ecpiahty with the x and y of this osculatory circle, 
hence , 

-> ^2 

Lini( 2 ^- 2 /) = Lii(r^^, or 

y‘‘ 


So, if the F-axis be th(‘ tangent, p = Lim ^ 


*lx 


Apply this Method of Newton to show that the radii 
<;f eulvatuie of the conics at the vertices are th(‘ half- 

Ir 

parameters, using the i-elation //^= - x± 

1 1 a a- 


9 Determine the jiarabola, w it h axis parallel to A^-axis, 
that touches (t-x=^y^ most closely at (r/, a). 

A 8 ( 2// ~ a y = a {x — 4(0 

10. Prove that the circle .r“ + 7 /- — ().r — G?/-f-10 = 0 and 
the parabola x^~\-y^~^ haxc* contact of third order at 
( 1 , 1 ) 

11 Two curves with common tangent at a point may 
have contact there of fractional order. Describe about 
the point a circle of radius v small at will, let s be the 
arc of this circle intercepted between the curves, form 

the ratio and develop it m rising powers of r, thus: 

sjr = aF + + . . . + — 

Then the lowest exponent i of r in this power-series 
tells the order of contact of the curves. 

Thus the cycloid a:; = 2(0-sin 0), y = 2(l-cos0) and the 
semi-cubical parabola = have contact of order 5/2 
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VARIOUS PROBLEMS OF INTEGRATION 

181 We were conducted to the notion of integral and 
the process of integi'ation by the problem of Quadrature. 
But there are many othei pioblems for which the same 
process furnishes a ready solution, the simplest of which 
may be here grouped tog(‘thei 

In case of lectangular (Jaitesian coordinates we have 
already found the expression for an area bounded by the 
A'^-axis, the graph of ;y = f(.r) and end-ordinates to be 

A = Jjy<Z.r = 

between proper extremes 

In case of other boundaries we cut the area into strips 
parallel to either axis, as F-axis, express the varying 



length I of the st^p as a function of Xy say <{>{x)y and 
integrate as to ir, hence 

between proper extremes. 
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In case of polar coordinates we have 


\ r^Ae <AA< + Ar)^Ad, 


lr^< 


AA 

AO 


<l(r+Ar)2 . 


whence 

whence 



Ku.. 34 


,JA 

<10 






between proper extremes 

Tlius, to liiid area between first and second spires of 
the spiral of Archimedes r = a6, we have 





()4 

3 


TT 


3 


Herein, however, we have reckoned the area of tlie first 
spire twice, once in the integration from 0 to 27r, and 
again in the integration from 27r to 47r Calling it Aj 
we have 




r 2(/0 = 


a2 8 




Hence the area sought 


= Sa^TT^ = TT . 27r(t , 4f7r(i = in'i 'i g 


= area of ellipse whose half-axes are the initial and final 
radii. 


Exercise, — Find the area between and (71+ 1)^** spires. 
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182. Rectification is finding the length of a curve We 
have found for plane curves, calling this length s, 

= -w/i + ifx\ j ^ = vr+ .V , 

. (Ih (Is (lx / — jtt — 

whence = + 


Hence 


j = |x/l+2/^- cZeC = |x/l + ^V = + 


dt. 


Here i is any third in<lepen<lent variable on which x and y 
depend separately, and of coui-se jiropei* extieines must 
be inserted 

Thrs, to i-eetify the cycloid, we have 
.r- — sind), y = r/(l — cos d), ./*(? = —cos d), ye — aHinOy 

6 = aj /v/2 — 2 cos 6dd = 4a J sin ^<7 ^ = 4a (1 + 1 ) = 8(/ 

0 0 
In case of polar curves we liavt 

se'= \/t 0 ^ A- 1 '*) St=^ \/ + 

F eiice 


* = |vT+P(^/' dr = ^^r0~+ t~.dd = ^s/ /•/“ + '> W 


dt. 


where t is as above, and proper extremes are to be inserted. 
As aids to the memory these symbolisms, sugg(‘si(M] liy 
the figures, are very useful 

ds' = cZ.r2 + dy-, ds- — dr^ + {rdQ)^ 

Exercise. — Rectify the parabola and the spiral of Archimedes 


183. Cubature is finding the volume . of a solid The 
general problem cannot be discussed here, but only a 
special case of great importance, namely: When the area 
of a plane section of the solid is a known function of 
the distance of that section from a fixed parallel plane, 
say the KZ'-plane, normal to X, We suppose the solid 
cut into thin slices by planes normal to X and ^x apart. 
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Then, if S{x^ be the area of such a section, we see at once, 
precisely as in quadrature, that for the volume we have 

V == 

between proper extremes. If /S^(.r) be a known and inte- 
^rable function of .r, we can then obtain V 

A case of equal simplicity and importance is tliat of 
Solids of Revolution, generated by turning an area 
bounded by the axis of revolution (which we take for 
X-axis), the ^raph of ?y = f(.r), and two end-ordinates as 
//j and corresponding to aii<l If the area is 

turned completely round, then manifestly the sections are 
circles whose radii are the y’s, and >S(x) = 7 r.^‘^ 

Hence V= 7 r^yhh\ with jiroper extremes. 

If the area be turned not through the round angle 2x 
but through 2a, we put a for tt in the formula 



If the generating area lie not on but without the axis 
of revolution, then the volume generated will be a ring, 
and the section S{x) will not be a circle but the band 
between two concentric circles, and for in the pre- 
ceding formula, we must put y^ — y^^ 

Thus, to find the volume of the ellipsoid = \ 

^ 

we reflect that for any special value of x the section is 
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the ellipse 


irbcia^ — x^^ 


a- 


/jy2 /y2 / 72 __/y »2 

'4+-,,= of which the area S{p(i) is 

ir rr 

Integrating this between the extremes x==-a 


ami .r = a we get 1^= ^j7ra5c= ", circiiinscribing cylinder 
For the paraboloid rf revolution we have = , 

integrating which between ./• = 0 and x = a (for which let 
t/ = h), the student will find V = = J volume of 

circumscribing 

To tiiid the volume of a circular ring generated by 
ix^volving a circle of radius r about an axis distant h 
from its centre, kike the axis of revolution for JT-axis, 
and the perj^endicular through the centre for F-axis , 
then the e( [nation /)f the circle is ^[.*^ + ( 2 / — ?>)2 = 7*2 
For any sjiecial value oi x the two values of 1 / are 

yiz=zh + — .T-, 2y« — . 


hence 


ur-yv 


V 


= 47r/>| Vr 


-xklx~2irh ttH. 


Exercises. — 1. Find the volume of a sphere. 

A - V/2 -2 

2 Consider the ellipsoid + circumscribing 

• 7/2 

cylinder about the -:;-axis, the single hyperboloid — 

.7“ "2 

and the asymptotic cone ^ ~ * ~ ^ ^ integrate each from 
-c to +( and compare the volumes. Ans As 1 2 3.4 
3. Find the volume of an elhjfhr ring 


184. Quadrature of Revolutes {Surfaces of Revolution), 
— Such a surface is traced by the graph of y^i{x) 
turned about the Jf-axis (Fig. 35) In this revolution 
any element of the curve, as A^s, and its chord Ac will 
each trace out a narrow ribbon, and as the limit of 

^=1, we may find the sum of the ribbons traced by 
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all the Ass, that is, the whole surface swept out by any 
length s of the curve 2/ = f(^c), by taking the limit of the 
sum, that is, the integral, of the ribbons traced by tlie 
various Ac’s , such a ribbon traced by Ac is the convex 
surface of the frustum of a rii»ht circular cone, wliicli 
may be treated as a trapezoid of altitude Ac, its bases 

being 27ry and 27 r(y-fA/y), the area is 27 r^^ + ^^'^^^Ac , 

and we have finally for the surface swept out 

S = 2ir^y ds = 27r^y \/ 1 + d/y 

= 27r|f(ir)x/ 1 + }fx ' . dx = + i/r di, 


eacli integral taken between proper extremes 

Thus, to find the surface of the paraholonl, traced by 

y^^Aq^K, x„^yl2q, 

S = 2Tr j^/ V 1 '+y,r(-h/ = 2q\'^ 47-+!/^ .^y<hj== + y-)i 

For the extremes 0 and h this is 

To find the surface of a vydoidal spindle, generated 
by turning an arch of the cycloid about its base, we have 

ic = a(0 — sin0), 2/ = a(l — cos0), = — cos6), ye — anmO, 

Hence, on substituting and putting = we get 

S = 27rj* y^J xe^-^ye^d6 = ICTra-J sin (f^dcj) 

0 0 

= IGTra^J (1 — cos ^ )d cos 0 = ^ 


Exercises. — 1. Find the volume and the surface generated by 
revolving a wave-length of the sinusoid y — sin x about X, 

2. If the catenary yja — he .r/a be turned about X, prove that 
V = S=Tr {ax -I- by). 



VAIUOU/^ PROBLEMS OF INTEGRATION 


177 


186. Averages. — It is often very important to know 
what is tlie arithmetic mean or average of a number of 
values of a variable, which is defined as the sum of the 
values divided by the number of the values Thus, if 
the vertices of a trian^^le be 2/i)> (^ 2 > 
average x and y are and may be written • 

_ _ -Kr , ^ - _ ?/! + ?/*> + 7/3 

3 ■ ’ 3 

« 

This point (Xy y) is then the average or mean point of the 
three vertices. 

Wiieii tlie numher of values n is very large w(' use 
the sign of sumniatioM, thus * 

w./‘ - Z ?/ 

./ = /y = - • 

n n 

Thus far all points have entered our reckoning alike, 
but it often happens that all the points have not tlie 
same valence or signiticancv^ f(u* our reckoning If we 
ask for the mean point (or centre) of population in any 
region, we sum the distances of the inhabitants from 
(say) a fixed north and south line and likewise from 

a fixed east and west line dividing each sum by 

the number of iiiiiabitants we get the average distance 
north (or south), and the average distance east (or west), 
and all the inhabitants enter the reckoning alike The 
point whose coordinates are these distances, which is 
thus at the average distance from the two axes or base- 
lines, may be called the etui re of p><g>^d(if lov But if 

we would determine the centre of wealth of the same 

region, manifestly the inhabitants would not all enter 
tjie reckoning alike We should then consider each person 
resolv^ed into as many units as he possesses dollars, and 
then proceed precisely as before, summing the distances 
of the units and dividing by the sum of the units This, 
however, would be exactly the same as to multiply the 

distance of each inhabitant by the number of his dollars, 
S A. M 
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sum the products, and divide by the sum of the multipliers 
Calling such multipliers m^, mg, ... we have for the 
averages, 

- 2m ^ _ Zmi/ 

We should proceed quite similarly in finding the average 
or mean point or centre of any other magnitude distributed 
over any plane region The multipliers, the merely 
show the relative valence^ significance or weiglit, with 
which the various points in the region enter into our 
reckoning We may call them the 'irciqliU or the mass- 
nwmherSy where neither weight nor mass connotes any- 
thing physical, but may indeed refer to intelligence, 
ignorance, virtue, vice, or the like It is not necessary 
that we know how to measure these but only what is 
the law of their relative distribution In case, and oiilj^ 
in case, of even or uniform distribution we may set 
each ?ii = l 

If now the mass or agent uniUir consideration, whatever 
it be, is sprea<l out continuously over the region in 
question, then we must suppose the region cut up into 
elementary regions, each of which has an elementary 
mass Am. By multiplying each Am by the greatest 
corresponding x and summing, we should get a sum 
'ExgAm, too great , by multiplying by the smallest cor- 
responding X and summing we get a sum 'Ex^Am, too 
small , the common limit of these two sums for th(‘ 
elementary regions, and therefore the elementaiy masses, 

taken small at will, is plainly the correct value, ^xdni 
In like manner 2m becomes JeZm, and the integration is 

to be extended over the whole region in (piostion. The 

quotient r 

1,/cZm 
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is then the average x of the mass in question. So 


2 / = 



If the mass be distributed along a line, as in case oi 
an electric current, the determination of one average ordin 
ate as x may sufSce But if it be distributed through a 
solid, as in case of a body c]iarge<l with weiglit, heat, oi 
magnetism, tlie similar determination of an average ,3, 


will be necessary. 




d'Hi 

dm 


186. The mass-centre definite. — At this iioint a very 
important (piestion arises Is this average or nu^an point 
{x, Tj, 5) a definite point, the same for all coordinate 
systems, or does it vary with the axes chosen ^ If it 
<loes so vary, it plainly has no scientific value To answei 
tliis question, we take two systems of axes, XYZ and 
LTVW , tlien by well-known formulae of transformation 
the origin remaining unchanged, we have 

It = + ityfj 4- V = + h^z , w = c^x + (\^y -f- CgG, 

where the constants, a’s, 6\s, c’s need not be furthei 
<lefined ATidi i pl\ ing by we get, for any element, 


jiAni = cqx' Am -f a^j/A7n + d.^zAm, 
and so foi v and w Summing, taking the limit of the 

1 , and dividing by ^dm~M, we get 


sum. 


larZm ^ \ydm L 


dm 

M~' 


By definition of u, x, y, z, we have then 
u = + a^y + ; 
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and 80, too, v = + tgi, 

W = CyX + + v^z. 

Hence (iZ, v, w) is the same point as {x, If, 5) Similarly, let 
the student show that the mean point is not affected by 
a mere cliange of origin. Hence, this point is the same 
for all coordinate systems, it depends solely on tlie dis- 
tribution of the agent over the region in question It is 
appropriately named mass-centre or ce^itroid of the mass- 
system 

187. First Moment. — Tlie product mx of a mass m by 
its distance x from the l""-axis (or FZ-plane) is called the 
{first) moment of tliat mass with respi^ct to that axis or 
plane Manifestly, the mass-system would balance itself 
about any right line through the mass-centre, which is 
thus seen to be nearly (though not quite) the same as 
the centre of gravity With respect to any such right 
line, taken (say) as .T-axis, we have y = 0, lienee 



= the moment of the whole system about ^’-axis 

188. Higher Moments. — If we multiply the mass m not 
by its distance but by its squared distance r^ from any 
axis, we obtain a product of great significance in 

mechanics, commonly but ineptly called (after Euler) the 
momen t of inertia of the mass as to the axis , better 
named the second (or quadratic) moment of mass, jier- 
haps best of all the inertance (so named by Prof. Brown 
Ayres) of the mass with respect to the axis We might, 
of course, form 4^^, ..., n^^ moments by multiplying 
m by 7*^, r^, . , 7*^, but these products are not of any such 

importance 

If there be a system of discrete masses m^, m^, etc , the 
inertance of the system is the sum ^mr^ of the products 
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etc. But if the mass be distributed con- 
tinuously, then manifestly the inertance of the system 

is the integral the integration to be extended ovei 

the whole region affected by the agent in question 

189. Radius of Gyration. — If now w'e take the €ivevag( 
for the whole system by dividing the whole inertance 

by the whole mass, we shall obtain a very important new 
notion, namely, the (sipiared) radius of gyration of the 
mass with respect to the axis 

Denoting this radius by /», we have 

rhbn I JeZm, Z - 

whence it ajipears that the inertance of the wdiole system 
is the same as if the whole mass were concentrateel at 
the end of the radius of gyration, just as the wdiole 
moment of the system is ohe same as if the wdiole masfi 
w?^ere collected at the mass-centre, but wdth this difference ‘ 
th(‘ ^aass-emfve is fixed and dc^finite for any given system 
wuthout any regard to axes, wdiereas the vatlius of gif iHvtion 
is definite for each axis, but varies from axis to axis 

190. Parallel Axes. — An axis through the mass-centre 
may be called a principal axis, an<l the radius of gyration 

to it a principal radius of gyration. If now we can 


ybii =/t‘W = jHe 





Fia. 36. 


find such a principal radius of gyration, w’c can easily find 
the radius with respect to any parallel axis. For let A 
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be any axis through the mass-centre C, A' any parallel 
axis distant h, h and h' the radii of gyration as to A 
and A'. Taking A for X-axis, any perpendicular between 
A and A' for F-axis, and the perpendicular to these two 
ter Z-axis, we have for any elementary mass m, 

Inertance as to A Inertance as to A' = m(V^ , 

± 2hy , 

hence for the system 

± 27/ J?/ 

The last term is 0, since O is the mass-centre Hence 
Mk'^ = Mk^ + Mh\ or + 

Hence, to find the (squared) radius of gyration as to 
any find it for the lyarallel lyrinciiiol axis and add 
the squared distance between the axes. 


191. Normal Axes. — When the region is plane, the 
inertance about any axis OZ normal to it equals the sum 
of the inertances about any two rectangular axes OX, OY 
through 0 in the plane. For if m be any mass at any 
point P distant y, x, r from OX, OY, OZ, then 


mx^ A- my^ = mr^ 


hence, on summing, 

^x^dm + jy^dm = ^rhlm. 

Hence too, on dividing by M or Jrfm, and calling the 

radii k^y ky, k^, kf‘ = kg^ + k^. 

These theorems, of 190 and 191, are very useful 


192. Density. — The quotient of the mass in any region, 
divided by the region itself (j,e,, strictly, the quotient of 
the metric numbers), is called the average density of the 
mass in that region. The limit of this average density 
in the immediate vicinity of any point P may be called 
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the density, 8, at that point Hence in integration over 
a line, surface, or solid, we may supplace drth by 8 . ds, 
8 dS, 8 dV Only in case the distribution of mass is 
uniform may we put <5 = 1 throughout. Otherwise, we 
must know 8 as some function of r, in order to integrate. 

193. Theorems of Pappus (Guldin).— Tlie integrals for 
volume and surface of revolution, jrjy^dx (or, more 

generally, '^ir^yds admit of very re- 

markable interpretation Writing ^ttJ^ yd,x, we may 

^1 



dx 

Fig 37 


regard ydx as the area of an elementary strip and ^ 
the distance of the mass-centre of that strip from the 
u;-axis, hence ^ ydx is the moment of that strip as to 

the ic-axis; hence ydx is the moment of the whole 

area in question as to the cc-axis . but this moment is y * A, 
A being the area , hence 

V = ir^y^dx = 2iry . A 

Now ^iry is the path of the mass-centre turned about 
the flj-axis , hence. The volume generated in revolving a 
plane area about an axis outside of the area, but in 
the plane, equals the product of the area by the path of 
its mass centre. 
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194 Similarly, yds is the moment of the line-element 
ds with respect to the rr-axis, and the moment of 

the whole line as to the ic-axis . hence 




8 


= ^.TT^jds — ^irjj s , 


ie tJte surface of revolution equals in area, the rectangle 
(or product) of the revolving arc and. the 'p^dh of its 
mass-centre 

These two beautiful theorems are usually ascribed to 
Guldinus (1577-1()43), who seems to ha\e (bscovered 
them about 1()20, though he did not ])rovt^ them rigorously 
But they were known (at least the first) much earlier 
to Pappus {circa 340 ad), who ^ives it in his Alaihe- 
matical Collections^ and who perhaps was tlu* fiist to 
prove it By their help we may find any one of the 
three magnitudes* J, F, Tj, or S, s, Tp when the other 
two are known 


195. Choice of Elements. — In obtaining aieas, volumes, 
moments, by simple integration it is important to make 
judicious choice of the element, which appears under the 

J as dA, dV, etc., so that the argument of integration 

shall have the same value throughout the elenuuit Thus, 
in finding the moment of an area as to the F-axis we 
choose as element a narrow strip parallel to the //-axis, 
for the whole of which x has the same value , but in 
finding the quadratic moment of an area about an axis 
normal to it we should choose as clement a narrow 
circular ring with centre on the axis, because throughout 
such a ring the argument of integration r would have 
the same value. In dealing with such problems mathe- 
matics shows itself to be “ etherealized common sense ’’ 


196. Symmetry. — Determinations of mass-centre are 
often much facilitated by simple geometric considera- 
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tions, especially of '# '/ Tims, from the definitions, 

it ii^ clear that the mass-centre of a system is the mass- 
centre of the mass- centres of all the distinct parts of 
that system. If all these part-mass-centres lie in a plane 
or on a ri^ht line, then the mass-centre of the whole* 
lies in this plane or on this right line. In case of 
itiiiform distribution, if there be a plane of m* f i 
then the mass-ceAtre of each pair of symmetric points 
lies in tliis plane, hence the mass-centie of the system 
lies in this plane of symmetry If there be two such 
planes, it must lie ■ in each, i e , in their intersection, the 
axiti of HI* I , if .there be tliree, it must ‘lie in each, 
i e, at their intersection, the centic of m m* t • n Gener- 
ally, if there be an axis of syinmetry, it must contain 
the mass-centre of each ])air of symmetric points, and 
hence of tlie whole system, and similarly, if tliere be a 
centre of symmetry , 

197. Illustrations. — 1 Find the mass-centre of a tract 
i)A=a when the density varies as the power of the 
distance from 0 Here S = cx'\ (lm = S dx — < x^‘dx, 



0 


7?-f 1 

n + 2 


a 



This is a result of high generality and great importance 
For 7^ = 0, ie., for uniform distribution, 5i = a/2, the 
mass-centre is the mid-point of the tract If OA be the 
median of a plane triangle, it will contain the mass-centre 
of any infinitesimal strip parallel to the base , the length 
of such a strip varies as the distance from the vertex 0 , 
hence the density along OA varies as the distance from 
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0, hence x=%OA ^ i,e , the mass-centre of a plane 
triangular area is on (each) median, two-thirds of the 
distance from the vertex — a point independently known 
to be the intersection of the medians 

If 0 be the vertex, and the mass-centre of the base, 
of a cone or pyramid, then the mass-centre of every 
section parallel to the base lies on OA , the mass of 
every such sectibn (or infinitesimal slice), and hence of 
every such mass-centre, varies as the squared distance 
from O, hence in this case n = 2 and jc=20A, ie, the 
mass-centre of the cone or pyramid lies on tlie median 
tract (from vertex to mass-centre of base) three-fV^urths 
of the distance from the vertex 

Manifestly, similar reasoning might be applied to higher 
extents, of 4, 5, ... n-dimensions, corresponding to tract, 
triangle, pyramid. 

2. Find the mass-centre cf a uniform circular arc of 
angle 2a. For cc-axis take OA conjugate to the chord 
BC The mass-centre lies on this axis (why 



C 


Fig. 38. 

Here, because of symmetry, it suffices to extend the 
integration over the half-arc from 0 = 0 to 0=a 
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3. To find the mass-centre of a uniform circular sector 
of angle 2a, we note that the centroid of every elementary 
circular strip will be on the axis of symmetry, which 
will thus be laden with mass from 0 out to G pro- 
portionally to the distance from O ; hence 


11= OG' 


sin a 
a 


4. Find y for an arch of the cycloid 

cc = a(d — sin 0), ?/ = a(l— cosd) 

We know the length is 8a, hence we have 

Say = Jy (l — cos 0)s/ 2 — 2 cos QdO 

0 • 

= 8a^ j (sin ^ \ — 8a2f cos ^ cos \ = 8a^g , 

0 

- 4 

y=: 

The mass-centre is on the axis, one-third of the distance 
from vertex. 


5 Find the radius of gyration, of a uniform linear rod, 
of length a, as to an axis normal to it, through one end. 
Putting ^=1, we have 


dm = djc, 


r 


dx 


dx 

O A 

For the same rod, as to an axis through the mid-point. 



188 


INFINITESIMAL ANALYSIS, 


6. Find for a uniform circular plate, of radius a, as 
to an axis normal to it, through its centre 
Putting ^ = 1, we have 

ptt 

2'7rl r'^,rdr 

(ha = 2 TT rdr^ — = ^ (tP-, 

27rJ rdr 
0 



Fig 39 

The like holds for a right circular cylinder as to its axis 
7. For tlie same plate, as to a diameter, k- =\(P (Art 101) 
8 For a right circular cylinder, as to an element as axis. 


9. For a rectangle (a?>), as to h as axis, as to 

an axis normal to it through its centre, = (^2 + 62 ^ 

10. For a linear rod, OA, of mass varying as the 
power of the distance from 0, as to a normal axis 
through 0, 

I c(P cx^^dx 

•! m _L 1 


*2= 


J (ix^\lx 


Hence for a uniform isosceles triangle as to a parallel 
through its vertex to its base 6, li being the altitude. 
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11. Prove that the mass-centre of a parabolic half- 
segment VAP {V the vertex, A on the axis, P on the 
curve) is (iVA, ^AP). 

12 Find mass-centre of a parabolic arc VP, using as 
equations of parabola x = y = 

18 Find for half-segment VAP (Ex 11) as to VA, 
as to AP, as to VB (parallel to AP), as to PB (parallel 
to VA), and as to normals to VAP tlirough V, A, P and B. 

14 Find Jcr for parabolic arc VP as to VA, and AP, 

15 Find centroid of elliptic quadrant OAB 

16 rind //^ for elliptic quadrant OAB as to OA, OB, 
and the axis thixaigh 0 normal to OA and OB 

17. Find the area of a ]laraboloid of i evolution about 
the axis of the parabola A7ii< \ 7 r{{x + q)\/ + — 

Find also tlie centioid of this surface 

18 Find the volume of the foregoing paraboloid {2irqx^), 
and the abscissa of its centroid 

19. Find for the paraboloid surface as to VA, AP, 
VB, and their common pei pendicular. 

20 Find /'“ for the paiaboloidal volume as to the same 
ax(‘s 

21 F'ind the volumes of the revolutes of the elliptic 

quadrant OAB about OA and about OB Ans f^Tra-b, 

22 Find the areas of the revolutes of the elliptic 
quadrant OAB about OA and OB 

A 7rah (^\/ 1 — -h ^ Hin ' , '7r(^d^ + log J ^ 

23 Find the centroids of the surfaces and volumes of 
the foregoing ellipsoids 

24. Find for the foregoing ellipsoidal surfaces and 
volumes as to OA, OB, and the normal to both 
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25. The equation of the hyperbola referi'ed to its asymp- 
totes is 4ixy~d^ + lj^ = Ac^^ find the area and centroid of 
a segment bounded by the curve, the ir-axis, and two 
ordinates Also the volume generated by rotating this 
hyperbolic segment about the .r-axis , also tlie centroid 
of this volume , also the area of the surface traced by 
the revolving arc, and its centroid • also Ic- for both surface 
and volume and segment itself as to the .r-axis . notice 
the result for x infinite. 


26 Show that the centroid of the area between the 
rts^oid = ?/“(2r--.r), and its asvinpt()tt‘ x~2r is (';r, 0) , 
the volume of the revolute about ^he asymptote is 27 rV^, 

and the centroid of die half- volume is ^2/*, ^ , find also 

for this volume as to the aM miii* »i ■ 


27 The equation of the logarithmic curve is y=:alog- , 
find the volume of the revolute^bout A'-axis of the curve 


below the A^-axis {27ra'% its centroid 



, and its 




as to A’^-axis (Gcrr), also the volume of the revolute of the 
same curve about F-axis is {\Trd% its centroid (0, —a/2), 
and its kr as to F-axis 


28 Find centroid of an arch of the cycloid {ira, ^ya), 
the volume of its re volute about its base and its 

surface ^ also the centroid of the half-volume 

half-surface (ffa, ()), also 

the volume swept out by area bounded by half -arch, 
tangent at vertex, and F-axis turned about F-kxis is 
(7ra^(i7r^~8/3)), and its surface the centroid of 

the volume (o, surface (0, ffa), 

find also 1c^ for these surfaces and volumes as to A"-axis 
and F-axis. 
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29 Find the whole length (16a) of the cardioid 
x = 2a cos 0 — a cos 20, y^2a sin 0 — a sin 20, 

the centroid of half -periphery {—la, ^a), the volume of 
the re volute about ^-axis {^f ira^), the centroid of this 
volume {--la, 0), and I* is to A’^-axis 


30 Find the area {iKiror) of the asteroid + ?/“» = a", 
its length (6a), th6 centroid of a quadrant 315^)' 


and of the arc (4a, la), the volume of the revoluto of this 
arc about the A"-axis and its surface (^Tra*^), 

also as to A'-axis 



CHAPTER VI. 


FUNCTIONS OF TWO OR MORE INDEPENDENT 
VARIABLES PARTIAL DERIVATIVES 

198. Doable Dependence.— Thus far wc have considered 
only functions of a single argument, as 

F(x,y) = 0, ?/ = %), ^>(r, 0) = (), T = (l>{e) 

Any such functional relation is, in general, depicted geo- 
metrically by a curve in the plane of (.r, y) or (r, 0), so 
that our calculus has thus far, in a sense, been linear 

But often we meet with magnitudes that depend not 
on one argument only but on two or more arguments, 
which are themselves quite independent of each other 
Thus, the area of a rectangle depends on its two dimensions, 
base and altitude, and these may be wholly unconnected 
with each other, so far as size is concerned The volume 
of a certain mass of gas depends both on the pressure 
and on its absolute temperature , the velocity of undulation 
depends both on the density and on the elasticity of the 
medium , the logarithm depends both on the number and 
on the base of the system So, too, the volume of a 
cuboid depends on its three dimensions, length, breadth, 
thickness, all of which may be entirely independent of 
each other Such a functional dependence of one mag- 
nitude on two others independent of each other may be 
expressed in symbols thus * 

Y{x,y,z) = 0, z = i(x,ij), <!> , r) = 0, r = i/r(0, ^). 

192 
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199. The geometric depiction of such a relation is in 
general a surface. Wo may, in fact, assign any pair of 
arbitrary values to x and ?/, that is, we may choose any 
point (Xy //) in the plane of XY, To this choice corresponds 
one (there may be several but we are concerned with 
only one) value of the fttnction z. From the point (.r, y) 
we measure up (or down) this value of 0 , and so come to 
a point {x, z) , and this we may do for every point 
{X, y) in the XF-plane Imagine, then, a very fine 
needle c; long, erected at every such point, the ends of 
these nceilles (or o-ordi nates) will form a surface, 

o) = 0 

Conversely, suppose any point of this surface projr(<i*d 
parallel to the ^-axis on th(‘ X F-planc , to this point there 
corresponds a certain c (the pioj(‘ctoi) and a certain pair 
of values, x and y, tlie coordinates of the projection, and 
th(^se three value*s satisfy the equation F(x, y , z) = 0 
Similarly we may reason about (f>, r) = 0, 0 and 

— the former corresponding to longitude, the latter to 
latitude — doteriiiine a direction out from O, and to any 
such direction or right line corresponds a value' of ?•, 
which, being laid off, brings us to a point of the surface 

r) = 0 

200. Parallel Sections. — If in 

F{x,y,c) = i) or z = ^(x,y) 
we put y = h (a constant), the result 

F(x,b, z) = 0 or z = i(x,b) 

will be the equation of a curve in the plane of ZX, or, 
what is the same, in the plane parallel to ZX, and distant 
b along the F-axis. Plainly such a curve is changed in 
position only by simply pushing the plane of ZX along 
the F-axis. The equation y = b is the equation of a plane 
parallel to ZX and distant b from it, and this curve 
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z = iix, b)y which results from combining 2/ = ^ with 0 = f (a?, y}, 
is the intersection of this plane with our surface, z = i(x, y). 
Similarly, 2 ; = f(a, y) or F(a., y, 0 ) = O is the intersection 
of our surface with a plane x^a, parallel to YZ, If 
through every point of this curve •of intersection there be 
drawn a parallel to X, we shall obtidn a cylindric surface 
(or cylinder) whose equation is 

o = f(a, y) or F(a, y, z)^0 

In this ec^uation x does not appear, as plainly it should not, 
since the relation between y and z is the same for all 
sections parallel to YZ Similarly 

c = f(.r, h) or F(j”, h , z) — 0 

is the equation of a cylinder parallel to cutting the 
surface z = y) or F(ir, y. c) = 0 in a plane parallel 
to ZX 

201. Tangency. — Consider now two j)Ianos parallel to 
YZ and two parallel to ZX Let the first pair cut the 
surface z = i{Xy y) along two curves 

= f (a, 2 /) and c = f (a 4* Ax, y), 
and the second pair along the two curves 
s z= t{Xy h) and 2 : = f 6 + Ay). 

They cut out in the plane of XY a small rectangle with 
sides Ax and A?/, and they cut out in the surface a small 
<£uadrilateral AEGD, whose laojection on XY is the 
rectangle of Ax and Ay These four points determine four 
planes, BCD, AGDy ABDy ABG. The first pair meet on 
the diagonal chord GD, the second pair on AB, These 
chords AB and CD do not in general meet, but if as Ax 
and Ay tend toward zero, these four secant planes all tend 
to fall together in one and the same position, no matter 
how the ratio Ay! Ax varies, then we say, this limiting 
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position of the secant-planes* is the tangent-position, and 
the plane in that position is tangent to the surface y) 

at the point (a, h, e) — c being the value of 0 corresponding 
to 03 = a, y^h , we may furthermore say the surface is 
elementally plane in the immediate vicinity of {a, h, c) 
Just as a curve may have sharp points or other singularities 



where it is not elementally straight^ and the notion of 
tangent-]in(‘ loses its definiteness or uniqu(;ness, so a surface 
may liave sharp points or other singularities where it is 
not elementally plane, and the notion of tangent-plane 
loses its <lefiniteness or uniqueness — for instance, the 
vertex of a cone But we have no present concern with 
sucli singularities 

202. Partial Derivatives. — Suppose then a plane T, tan- 
gent to z — y) at {a, />, c) The plane iv = a cuts the 

surface along the curve z~i{a, //), and also cuts T in a 
straight line which is manifestly the tangent to z — i{a, y) 
The equation of this tangent, in its own plane, is 


*Or simply of the one plane AB(\ which is enough to considei, as 
B and C move up to the fixed A in any manner whatever 
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z---c-=^Zy{y — b)y where in Zy we must put h and c for y 
and 0 This Zy is merely the derivative of c as to y, the 
limit of the difference-quotient AyZ/Ay, when x is constant, 
namely a, and y varies , hence it is called Partial Deriva- 


3 ^^ 

tive of z as to y, and is convenieidly written ^ (Jacobi) 

Similarly, the plane y = h cuts T in a .^trai^ht line 
tang*ent to c = f(x, 6), and the equation of this tangent 
in its 010)1 plane is z — G = Zx{x — a), where in we must 


3 '*' 

put a and c for x and c Here or ^ is the partial 

derivative of z as to a\ the limit of the diffen^iice-(]uotient 
Ax'^lAx when y is constant, nam^^ly b, and x I'rries 
Observe that and AyZ may be (piite different 


203. Equations of Tangent Plane. — If now we ask. 
What IS the equation of this plane, 2\ tannent at (a, h, c)^ 
if there be any such tangent-jilane, the answer is 
z-c=^Zx{x-a) + Zy{y-b) 

For this is tlie ecpiation of some plane, bein^ lineai in 
X, y, z, it meets the plane x = a in the right lie* 
z — e = Zy{y—b), and the plane y=^b in the right line 
z--c — Zx{x — a) , but T goes through these same two lines 
hence this plane is T, since only one plane can go througli 
both the lines 

The normal form of the equation of a plane is 
X cos a + 2/ cos ^-\-z cos y — = 0, 

where a, j3, y are the angles made with the axes A", Y, Z 
by the perpendicular p from the origin 0 on the plane , 
the cosines of a, ^8, y are the direction- cosines of j) 
Comparing this e(}uation with the one above, from which 
it can differ only by a factor m, we ^ee that 

Zx = rri cos a, Zy = m cos /3, — 1 = m cos y , 

+ 1 = m2(cos a + cos 0^ + cos y^) = , 

— + + (to%^ — Zyl\/ , cosy=— 1/V 
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204. The Equations of the Normal, Ny to tlie surface 
o = f(.r, y) at tlie point {a, h, c) are 

x-’d —h ^ — c 
cos a cos cos y c,, 1 

For if (.r, y, c) be any })oint on this normal, then x — ciy 
— c — 6' are tlu* ])» ()l(‘(•tioll'^ on X, V, Z of the tract of 
this normal from (ct, 6, c) to (./•, //, s) and each of these 
]n ()]i‘ctions, divi(l(‘(l by the pi'ojxu* direction-cosine, must 
yield the tract itself, hence the first tri 2 )le equality, and 
dividing by 9a we the S(‘C()nd 

Any ])lane throu^li this normal cuts the sui face in a 
'normal section 

205. Simultaneous Changes in x and // — IT ./ varies 
and y remains constant, as // = ?>, then we have for A^c, 
tlK‘ changi* in c alon^ the suifac<‘, j)ar<dlcl to ZX, 

A^: =f(./ +A.r, y) — i(x, y) 

Snnilaily for tli(‘ change in parallel to YZy 

A„c=l(.r, y-f Ay)-~fbr, y) 

If now both X and y change w(‘ shall have for th(i total 
resulting change in c, 

Ac = f (./• H- Ax-, y At Ay) — f (x, y) 

The (|uestion naturally arises Have the (juotients AojAx, 
Ac/ Ay any definite limits as Ax, Ay tend to zero, no 
matter liow, provided only that y^ remains finite, and 
c^, c,/ definite in the immediate vicinity of (x, y, z) ^ 
(Fig 40) 

We form the identity 

f(x-|-A x, y -f Ay)-~f(x, y) ^ f(x + Ax , y + Ay) — f (x, y + A'^ 
Ax Ax 


f("^. + y) Ay 

Ay Ax 
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The first quotient on the right becomes ^ 

for Aj/ vanishing first, and this becomes Za^ for Acc 
vanishing; but for Aa? vanishing first it becomes at once 


0ffa y + A?/) 


(- + A^s)a;, 


and this will become 


3f (a;,j/) _ 

"' 3 ^ 

for A^/ ^ . n I i d . i 1 1 1 : , miot alivays but only when ( c + A „ z\ 
is itself a continuous function of y So it appears that 
the order of vanishing of Aa? and A// is not wholly axid 
always a matter of indifFerence More generally, when 
will the first term on the right pass over into the same 
limiting value z^, no n latter how Ax and Ay approach 0, 
successively or simultaneously The second term gives 
us no concern, but always passes over into z,j . y^ The 
answer is that the difference-quotient 'must he a uniformly 
continuous function both of Ax and of y, that is, we 
must be able to find two independent ranges of value 
for Ax and Ay in the vicinity of {x, y), such that within 
them, within the small rectangle of Ax and Ay, the 
diflference-cjuotient shall not vary so much as <t — a pre- 
viously assigned magnitude small at will , symbolically, 
we must have 


ffa-f Ay, y + Ay) — i{x, y-\-Ay) 
Ax 


i(x + 0Ax, y + i/Ay)--f(y, y-^-HAy) 
6Ax 


< <T, 


where Q ,and H are proper fractions ranging from 0 to 1 
inclusive, and the [ ] is to be taken absolutely, regardless 
of sign. 
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206 When this necessary and suffi^cient condition is 
satisfied we may pass to the limit and get 

dz^'di dy 

dx^?)or.?yy dx^ 

or symmetrically, 

Such is the Theorem of Total Differential. The last 
equation declares that the (so-called) Total Differential 
of 2 ; is the sum of the (so-called) Partial Differentials 
of 0 (or of f, which is the same) with respect to the 
indenendent arguments x and y Both thj symbolism 
and the expression in words are convenie'nt, but they have 
in themselves no meaning, or at least no magnitudinal 
import, apart from the first e(j nation, which has a definite 
magnitudinal meaning, namely The total derivative of 
z as to X equals the siirn of partial derivatives of z {or f ) 
as to Xy and of z as to y^ this latter onultiqylied hy the 
derivative of y as to rr, whatever it may he 


207. Limitations of the Theorem.— Observe carefully 
that the theorem of total differential holds only when 
the surface 3 = f(./;, y) is elementally jdane at (x, y) , that 
is, only when the secant-plane ABC through 

{XyyyZ)y {X A l^^X y IJ y Z ^^Z) , {X y P A Mj y Z A l^yZ) y 

tips only infinitesimally, this way and that, as Aa? and 
Ay vary independently, but settles down to one and the 
same tangent-position, no matter how B and G close down 
on -d, no matter how Jlx and Ay approach 0 This will 
nfiot be the case at such a point as the vertex of a cone 
Thus, in case of the cone 


= + 2:^; = 


X 

— r, 2:, 


y 


s/x^A-y^' ^ s/x^ + y"^ 


and these values are perfectly definite except at the verteXy 
the origin (0, 0, 0), where they lose all determinateness 
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So, too, the tangent-plane is definite for every point of 
the surface except tha^.' vertex, where tlie secant-plane 
through the vertex and two neighbouring points does not 
settle down to one and the same position, but rolls I'ouiid 
the vertex as the two neighbouring points circle round 
closer and closer to the vertex 

207*. Tortuous Curves. — Closely connected with the sul)3ect 
of curved surfaces is that of curves in spaces, sometimes called 
curries of double cur mime, but better^ w)ndnuj, twisted, or tortuous 
curves. They are such as do not he in any part in a plane 
Any such curve may be regarded as the intersection of two 
surfaces, and hence is determined by their two equations 

= F././, i/, z) = o 

Or each ot its three variable coordinates may be regarded as 
function of a third independent magnitude t, so that its three 
equations would be 

From these, by elimination of f, the two, F^ = 0 and F^ = 0, 
would flow 

The tangent is defined as for plane curves If it be sloped 
a, fS, y to :i, If, z, then plainly, 

= cos a, = cos ft, ^ cos y , 
also -h ijf + ‘V where s = arc -length 

Hence, if u, v, w be coordinates of the tangent at the point 
(x, y, z), then the tangent is 

71 — .1 _^v — y %i' — z 
~ Vt ~ 

The plane through (x, y, z) normal to the tangent is called 
the Normal Plane ; hence it is 

{u - x)x, + {v-y)y,-¥ {to -z)z,=^0 

The Equation of any plane through (a;, y, z) is 
A(u- x) -\-E(v - If) + C{w = 0. 


( 1 ) 
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If this plane goes through the neighbour point 

(.r + Arr, y + Ay, ^‘4- A^), 

then A{n - X - B{v - y - A?/) + C{w -z - A^) = 0, 
whence A A.r + 7> Ay 4- CA : = 0 . ( 2 ) 

If besides it go through th^ point neighbour to this latter, tha'* 
IS, through 

4- A/ + A“ / , // + Ay -f- A-//, : -}- A,c + A-:), 

where A^o; means A (A/), a diflcrence of a difference, then 

- A r - A- / ) 4- — // A// - A-//) 4- 6^(«’ - - Ar - A-:) = 0, 

Avhence ^^A-/ 4- />A-y 4- C'A-: 0 (3) 

If now we divide (2) and (3) by A/ and A/“, .«nd take the 
limits for A/ vanishing, v^e get 

. / ( // - r) 4 - i> ( - V) + - :) = 0, .‘/.I ^ 4- y> //, 4- 6':^ =- 0 , 

't jf 4 - 0 , 

whence on eliminating ./, i>, C we obtnin 




as ecpiation of the plane through tin re consecutive points of the 
curve As we can re([uiic no more of a plane than to go 
through three points, it follo\is that this plane lies as close to 
the cui ve as possible, it has the highest order of contact 
possible for a plane with the curve at (r/, y, :), hence it is 
called the oscillatory plane. 

The normal to this plane is called Binormal to the curve, 
since it IS normal to fno curve-elements neighbouring to {x, y, :) 
Its ecj nation is 

Its direction-cosines are 


cos \ — A j J), cos fx = BjU, cos v = CjD, 1)=^ J A- + B- 4- 6'^. 

It IS often very expedient to choose the arc-length .s as the 
independent variable ^ Then denoting by At the angle (called 
contingent) between two neighbouring tangents we have 


cIt 

(Is 


- fzy 4- (^V' ~ 4- «/' - xyy] 


where ' and " denote derivation as to s. 
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Now since + and x'x" + yy" H- z'z' = 0, 


or 


D = J{ .«"2 + y"^- + - (.rV + y'f + .rV')^ } = sj/’'^ + y"'^ + 

D — s / (cos a)/ + (cos /K)/ + (cos y)/. 


This magnitude i>, the limit of the ratio of the change in 
angle to the change in arc, is called, consistently with Art. 
166, the first curvature of the curve, or the curvature in 


the osculatory plane. 


Its reciprocal. 


ds 

5/ 


is called ladius of 


jiist curvature, and is denoted by p — Sr» 

All right lines in the normal plane are normal to the curve 
at (x, y, z ) , but the intersection of the oscillatory plane with 
the normal plane is named Principal Normal. Its dire^tion- 
cosines are readily seen to be 


cos A = (cos a)^ = px"', cos iif = (cos = p//', COS (cos y),- — pc" 

The Centre of Curvature is on this p n , distant p from 
{x, y, c) , hence its coordinates are 


^ = .r + pV', 7; = + p-//', , 


as we obtain by projecting p on the axes. 

As the point P(x, y, r) passes through along the cur^e, 
not only does the tangent line turn through the contingent 
angle At, but the osculatory plane also turns through the 
angle A 2' called angle of torsion 

Ar 

The ratio is the amaqe tor.sion of the curve in the 


vicinity of P(x, y, rJ) and its limit is the instantaneous 
torsion at the point P, called also ^ero'tid cmvature. Its 
ds 

reciprocal called radius of torsion, or of second curva- 

ture. The value of the torsion is 


dT_ 
ds ~ 


n/ { ( cos X)/ + (cos /t),* + (cos v)/ } 


for the angle, between the two osculatory planes equals the 
angle betiveen their binormals, and we have just found such 

an expression for ^ , we have only to write A,, /x, v for a, /3, y. 
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This expression for the torsion or twist of the curve assumes 
a remarkably elegant form. We have cos A = AjD, 

hence (cos A)/ = {A' D - 

and so for the other cosines. Adding the three, and remember- 
ing A^ + B- + C^ = D-y and hence 

2(AA'lJiy + BB'DD' + CC'Dl)') = 2D^iy^ 


we obtain ( ^ 


Now 



and 






(Art 224), 


as is seen at once on actually deriving as to s. 

Now consider A'^ \ il is y z' y ''' Form 
the sum A’- -f- Z>'- 4- 6' ' 2 , and remember jr + ?/- + = 1, there 

results . 

y "2 ,;-2 ^ ^ .' 2.'-2 

- 2 ( ^ y/ccrir + y^'y'"' + z\r'z"/" \ 

which -= y'- + ~ (.cV" 4 - ////" 4- 

Now consider the determinant 



y' 

y" 

y’ 


I 

1 


Square it, remembering 

y>2 ^ :'2 _ yy' 4. yy + -y." 0, 4- y"- 4- 

and 4- y'y " + = DU , 


hence = 


Hence 


1 0 xx'” + yy"’ + z'z'' 

0 rr- DD' 

yy- 4 - yy " 4 - DU 4 - y'"‘^ 4- 

= i)2{x'"2 + 4. .-'2 „ (^yy- 4. y',j- 4_ yy-yi ^ jr>'2 1 


{T.f- 


X)4’ 


or 




and A, B, C are seen to be derivatives of A as to x"\ y”\ 
When, and only when, A = 0, the curve is jHane 
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The square root of the sum of the squared curvatures is 
named total curvature, and its reciprocal is named radius of 
total curvature of the curve, that is, 


K= 





1 


The sphere that passes through //, .) and thioiigh ihee 

adjacent points of the curve has manifestly the closest possible 
contact with the curve — since the general ecjuation of the 
sphere .r — ir + y - Ir + i — <^ = contains only foiu arbitraries— 
and is accordingly the osculatory sphere for the cuive at that 
point As the centre of the osculatory circle is the intei- 
section oi two cons(‘cutive normals, so the centre ot the 
osculatory sphere is the intersection of three consecutive 
noi mal planes 


Its distance from the osculato'y plane is 


Ip 

(h ''Z. 


and 


its 


squared radius is p- + '/ 



The curve in space that corresponds to the cncle in the plane, 
<is being homeoidal thioughout, is the Helix or circular spiral. 
Its equations aic 

— (( cos 0, y — it sin 6, hO 


These declare that the curve lies on a circular cylindei of 
radius n, and that the ascent of the curve on the cylindei is 
uniform, varying directly as the angle 0, the rotation round the 
cylinder 

The Helix that has all the foregoing geometric elements 
(except osculatory sphere) the same as the curve at P(./, y, 
is called osculatory Helix. The parameters a and b of this 

helix are determined from the equations p ~ 

They arc a^'t . — h = p ^ 

Envelopes of Surfaces.— The equation Y (.r, y, r: ; p)==0 for any 
particular value of 2^ represents a particular surface , if p range 
in value, the equation represents a varying surface or a system 
of surfaces, whose members correspond to the various values 
of p. Precisely as in the case of plane curves, two members 
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will m general intersect , the curve of intersection is determined 
by the two equations F(.r, y, = F(.i, y, ^> + A^>) = 0, 

and for consecutive members the intersection is determined by 
F = 0 and F^, = 0 If we eliminate between these two 
equations, we shall obtain a general relation holding for all 
such intersections, or Characteristics, as they are called The 
totality of such intersections of consecutive members is called 
the Envelope of the system of surfaces , its ecj nation is the 
elmumtht of p betweoii F^O and F^^ = 0 

K Jj — This ^^eliminant is the Discriminant as to p of the 
e({uation F = 0, of course e(j[uated to 0 This jp-discriminaiit is 
the product of the squaied diflerenees of the roots of F(^>)~0, 
so that its vanishing is the condition of the existence of equal 
loots That it IS also the y/-eliminant appears })lainly thus 

t 

Suppose V{i>)--=(p-(0{p-l>) (p-l), 

and let no lOot (f, h /, be repeated Then 

wheie {jf - a] means teims containing {j> - ff) 

Hence F((^i)-0, but F'(^0 docs not -0 The same may be 
said of b, I , hence if F(y>) = 0 have no ('(/wtl loots, then 
F(p) — 0 and V\/))~0 haM* no amnnoit loot The ecpiations 
F (p) ^ 0 and F'(p) = 0 do not consist 

r>ut if V { 2 >) ~ - (()%p - b) (p - ^oot a be 

repeated, if F(/y) = 0 have equal roots, then 

F'(p) -^2{p - a) {p-h) (p-l)+{{p- ")-} 

Hence F (p) = 0 and F'(p) 0 for p = or F (p) -= 0 and 

F'(p) = 0 when and only when F(p) = 0 //n.s aiual 'toots. Hence 
if we eliminate between F {]>) -= 0 and F'(i>) = 0, we shall 
obtain the relation that must connect a, b, c , I in order that 
F(p)=0 may have equal roots Hence the ^-eliminant and the 
p-discriminant, since each by vanishing states the same fact of 
equal roots, can at most differ from each other by a factor 
Hence ^/ theie be an Envelope of a system of curves or surfaces, 
its equation will be the p-eliminant or p-discriminant equated 
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to 0. But it by no means follows that this equation will 
actually be the equation of an Envelope On the contrary, 
the equation is the equation of the locus of all points for 
which F(jl>) = 0 has equal roots. This locus will include the 
envelope if there be any envelope, but may include other 
points or assemblages of points where the roots of E(jt^) = 0 
are equal. Such other points are nodea, where two or more 
branches of a curve intersect, and emp^ where two or more 
branches meet without intersecting Here the ^^-eliminant or 
jp-di&criminant ec^uated to 0 may yield a node-locus oi a (usp- 
locus, as well as an envelope Further discussion belongs to 
Differential Equations 

It may be that two consecutive id‘ai(iGte7istics inteisc-t, oi 
that thee consecutive members (surfaces) meet in a point In 
that case we must have, by precisely similai leasoning 

F {p) = 0, l^\p) ■= 0, and F"(^) = 0 

Eliminating p we should then have two equations in .r, //, : 
determining the locus of the intersections of consecutive char- 
acteristics This envelope of chaiactei istics is called cuspidal 
edge. 

If the system of surfaces consist of then the char- 

acteristics are 'light lines, then the elementwiij siiip between two 
neighbouring characteii sties may be considered plane Galling 
the successive chai actei istics 1 , 2, 3 ??-, we may turn the 
strip 12 about 2 into the plane of 23 , then this double strip, 
12 and 23, about 3 into the plane of 34, and so on, thus 
stripping off the whole surface and flattening it out into a 
plane surface. Such a surface is accordingly said to be develop- 
able. The characteristics of the system, or the elements of 
the developable surface, are tangents to the cuspidal edge , 
the oscillatory planes of this edge, since they contain each 
two characteristics (elements), touch the developable surface. 
This latter is thus doubly an envelope , both of the tangent 
lines and of the oscillatory planes of the cuspidal edge. 

The partial differential equation of the developable surface 
may be obtained thus ; 
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Let z=^lx + viy -f n be the moving osculatory plane , then two 
of the parameters, as I and w?, must be functions of the thud, 
a,s n y or l — m= ^(w)* Hence 

rj = </>(rt) .(+\p{n) // + ?/, (1) 

where n takes the place of the parameter p in the preceding. 

Hence 0 = (^0 • • (^) 

and 0 — . y (3) 

Eliminating // between (1) and (2) yields the chaicuten^tK , 
eliminating n from (1), (2), (3) yields two equations determining 
the cuspidal edge. 

Deriving partially^as to r and y we get </>(//), 
whei jc = • 

«x. '•././’= V'X") • -X,= -/''(«) «x 

Hence (-;cv)““Lx — as it is common to write, 

following Euler, is the Paifidl l)t(l(neuiial Eqmftiou of Dcvelopables, 

The Equation .:,^=-f(;-^) may b(‘ read thus 

A surface is developable wdien the paitial derivatives of c 
as to u and y are related independently of //, z, 

208 In case we conceive ol botli a* and y as dej^eiKbuit 
on a third variable i, we may writi^ the theorem for Total 
])ifferential thus 

dz __ _ Bf (liv Bf dy 

dt d,f B.r dt Oy' dt' 

a formula symmetrical and extensible to any number of 
indepimdent variables We may write c or f indifierently, 
always using d for total and B for ]>arti(d derivation 

In case of implied relation, F(.r, y, :c^) = (), we may 
conceive all throe variables as dependent on a fourth, t, 
and then we have 

t/o; BF ^ — 0 

dt^ 'dx' dt "dy ' dt 'dz ’ dt ’ 

dz 

from which of course 


f dx 

dU 




is found at once. 
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We have in fact 

dz __ 'dx dx 'by dy 
d,t bF * dt 0F ' dt ’ 

^ '^z 

< whence by comparison 

W bF 

bi __bz ^ bx ^ ^ 

bx bx ^F’ by by bF' 

^ ^ 


These expressions are often useful We may now write 
the e(]uations of tangent-plane ami of norma] more 
symmetrically, thus 


.bF . n 


(.r-a) 



= (c-c) 


3c’ 




209. Higher Derivatives. — In forming 27are higlier 
partiAl derivatives, as to any one variable, no difficulty 

presents itself, we write them '2r>, — “t, Fo,,^-^-^, 

^ “ dx- bx^ by^ 

etc , and derive straight forward. But we may also form 

mixed higher partial derivatives, by deiiving, as to one 

variable, the derivative as to another variable , thus. 




bxby 


means the derivative as to y of the derivative 


of 2 ; as to X, = 


b^z 


means derivative as to x of the 


^'^^-bybx 

derivative of 2 as to 1/ Now if we take any product 
of powers of X and y as x^y* = z, we get 


Zjc = rx'-'^y\ 
Zy = 8x'^y‘-^, 


z„, = rsx‘-'^y'‘-'^, 

Zyx = Tsx'~'^y‘~^ . 


* Of course, in these partial derivatives a?, y, z must be supplaced 
by a, 6, c, their values at the point of tangence 
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here, then, z^y = Zy^ — the order of d&rivation is ^indifferent 
This holds for ev^ery term of a finite series of products 
of powers of x and y, hence it holds for any such series 
itself The question then arises : D6es ‘ it always hold ^ 
and if not always, under what conditions does it hold ? 
The answer is that 'it holds for every yoint {x, y) in 
whose 'immediate vicimty both Zx and Zyx {or Zy and Zxy} 
are cont%'iiuo'iibs fu'nctions of both x and y 

For a careful investigation of thase conditions, as well 
as for illustration of exceptional cases, ,the student is 
referred to Vol II, 


210 These two propositions concerning the Total Dif- 
ferential and the order of Derivation are cardinal m 
the doctrine of Partial Derivation. They are commonly 
stated with too great generality, and the proofs adduced 
are not rigoi’ous With tliest* propositions established, 
under proper conditions, the further discussion is easy 
Thus, to find the second Total Derivative of as to t^ we 
, dz c^f dx , dt dt/ , 


d^z _ 3^f dx dx 0“f 
dl^ ’ di dt 'dx'dy 


dy dx 'di d^x 
(It ’ dt dx di^ 
0-f dx dy dH dy dy di (Fy 


''r - ^4-- -- 

^ dydx' dt ' dt d'lff 

m 

dxdy 


dt^ d'^x 




dt ' dt"^dy ’ di^' 
dx dy d^i / dy\^ 

~di \tt) 


3f di d^y 

dx ‘ dt^ dy * 


We note that {dtY divides every term in this equation^ 
and we may conveniently omit it, but then we must 
understand d to mean derivation as to t, if the resulting 
equation is to have any magnitudinal import, to be any- 
thing more than a convenient symbolism 

If t = x or t = y the equation becomes simpler, but less 
symmetric. 
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We may proceed similarly to form higher derivatives. 

We note that in dH the first three terms, containing 
'dHy have the Binomial coefficients in order, 1,, 2, 1 ; form- 
ing dl?z we shall find that the terms containing 3^f have 
also the Binomial coefficients in order, 1, 3, 3, 1 ; and 
by reasoning quite like that used in proving Leibnitz’s 
Theorem we may establish this fact generally. 

211. Taylor’s Theorem Extended. — We now in(]uire 
whether and in what form we can develop z, a function 
of independent x and y, in the neighbourhood of any pair 
of values x ‘ind y , that is, whether Taylor’s Theorem may 
be extended to functions of two independent arguments 
We attempt then to expand i{x + h, y + 1^') in the vicinity 
of {x, y), but we conceive of the two arguments as 
functions of a third arbitrary t, and write i(x + th, y + tk), 
which becomes i(x + h, y + h) for the special case, ^=1. 
Accordingly 0 becomes some function of t, as 

z = f(x + th, y + tJc^ = i\u, = 

where for convenience we put u, v for y-\ tk 

Suppose now that / is a continuous function of its argu- 
ments in the vicinity defined by h and k, then 0 is a 
continuous function of t in the same vicinity, and if 
Maclaurin’s Theorem holds for 0, we have 

^(0= 0(0)+ W)+j^^"(0)+ ... + 1 ^ . 

or for the special case ^ = 1, 

^(i)= ^(o)+^xo)+ii0"(O)+...+:^0W(0) 

Now svuppose furthermore that f and its partial deriva- 
tives, pure and mixed, are continuous as to both arguments , 
then we may form the Total Derivative of 0 as to t, thus 
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But since u=^x + th and v^y-\-th, 

0£^3f 

'dvb^ 'dx 


while all the higher derivatives of u and v as to t 
vanish, leaving for the higher total derivatives of 0(0 
as to t only the Binomial forms of Art 210, thus : 

^"( 0 ) = 

^ ^ d.H a>'V/ ‘■V 

Here ( \ is an o])erator operating on f (rr, ?/), and ( 
is the same operator more compactly written Similarly, 




anti so on Hence on substittition 
^(l) = t(x+h, ?/+/■) 

In case this last term, the remainder R^, converges 
towards 0, we may omit it and extend tlie series without 
limit, and may then write : 

^ _a 

i{x + h, y + k) = e ^i(x, y). 

Such is Taylor s Theorem, or the Theorem of Mean 
Value as it may be called, for functions of two inde- 
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pendents , it may be readily extended to functions oi 
three, four, or n independents, if we define accurately/ 
beforehand what we mean by continuity of derivative}' 
in case of such a function. Putting x and y each =0 
and then writing x and y for h and k, we shall obtaiu 
Maclaurin’s form, which expands i{x, y) in the vicinity 
of (0, 0), 


212. Application. — Now as Tayloi’s series was used tc 
disclose the character of a curve in the vicinity of a 
point, so this extended form may be used to disclose the 
character of a surface near any point To this end let 
us take the normal to the surface at the point in (Question 
as ^-axis, and the tangent* plane as uYF-jilane Wo must 
then develop z = i{Xy y) in the neighbourhood of (0, 0, 0) 
by the formula just given Here we havi‘ on the right 


f (0, 0) = 0, since z = 0, for x = 0,^ = 0. also 4- = 0 and _ =0 

dx oy 

at the origin (0, 0, 0), since XY is the tangent plane , hence 


2z 


_ r 0) , 0) . 




'dx'dy ^ 'dy^ 
where all the terms in { are at least of third degree 
in X and y Hence by taking x and y small enough we 
may make { jg small at %o%ll in comparison with { }^ 
or, on putting x = r cos 0, y—r sin 9, 

_ A _ n _ n 

’ 'dx'dy ~ ’ ~dy^'~ * 


2z 


,2 = A cos 6^ + 2B cos 0 sin 0+0 sin 6^ + a*. 


where or ds small at will for x, y, z, r small at will 
Since A, B, O are in general finite, it is seen that 2 ^ is 
infinitesimal of second order 
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213. Osculating Paraboloid. — Let us now consider the 
surface (a conicoid) 

= A + '^Bxy + G 
and compare it with s = f(.r, y) 

For x = a, 2z = Aa- + 2Hay + Cy- in a plane parallel to 
YZj a parabola , so for y = b, hence the conicoid is a 
Farabolnxd 

Yot z — c, 2c = Ax^+ 2Bxy + Gy^, and this section parallel to 
XY IS an ellipse or an liyperbola according as 
or <0, hence the paraboloid is elliptic or hy])ei‘bolK* 
according as AG - - IF > 0 or < 0 

The section made with 0 “f(.r, y) by tlu^ plane z = c 
IS not the conic 2c = but by taking c 

small enough we may make th(» other terms in {. 
situtll at ^vUl in comparison with Ax^A'^Bxy -\-Gy^ in 
other words we have 

Lim ^ cos cos 6 sin 0 + G sin^^ , 

that IS, the section of the paiaboloid by the plam) 
l^ the Limit of the section of the suiface by the same 

2z 

plane. Moreover this Lim is the curvature of the 

normal ^icction made with either surface by a normal 
plane through c-axis, the ecpiation of the plane bein^ 
Qz=k: (a constant) For, on referring to Art 179, Fig 29, 
we see that TP = r, TQ — z Hence the corn ■‘^ponding 
normal sections of paraboloid and surface agree in curva- 
ture , accordingly the former is called the 'paraboloid of 
curvature or osculating paraboloid for this point of the 
surface For these two reasons we take it as representing 
the surface at this point, the two have the same shape 
in the immediate vicinity of this point 

214. Indicatrix. — The sections of the paraboloid by 

planes z = c parallel to the tangent-plane XY are similar 
conics Ax^-F 2Bxy -f Gy'^ — 2c, 
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of which the simplest 

Ax^ + 2Bxy + Gy^ = 1 , 

thought as in the X F-plane, may be taken as the type , 
its shape will indicate the shape of the surface near this 
point 0, whence it is called the Indicatrix (Dupin) 
For > 0 the indicatrix is an ellipse, the paraboloid 

IS elliptic, the surface is ct6p-sliaped, the point is syn- 
clifstic, for AC—B^<0 the indicatrix is an hyperbola ^ 
the paraboloid is hyperbolic, the surface is eSrtd!rZ?e-shaped, 
the point is anticlastic — ^the tangent-plane cuts the sur- 
face in two intersecting lines 


216. Illustration. — In order to envisage these results 
more distinctly, let us suppose our surface z = f(x, y) to 
be a snow-covered mountain i*ange, the 3^-axis vertical, 
the cc-axis lying with the range north and south , then 
the section of the plane x = (( will be an undulating (say 
black) line along the range, the section or trace of the 
plane y = b will be a waving line across the range, the 
trace of the plane z = c will be a con four line around the 
range As the plane z = c rises up, the contour trace of 
it may shrink and break up into a number of distinct 
closed lines girdling the peaks . as 0 = c rises higher, 
each of these contracts and finally vanishes in a point, 
the apex of a peak, as the plane becomes tangent Near 
such a synclastic point the plane cuts off a ci6p-like piece 
of the surface At such a point both the other traces, of 
x=^a and y=^b, attain maxima, and we have 


5 ? 

'dx 


0, 1^=0 

% 


The like may be said of a depression (or inverted peak), 
at the lowest point of which z = g becomes tangent, while 
the traces^ of ir = a and y = b attain minima, and 


'dz 

'dx 


= 0 , 


'dz 

dy 


= 0 . 
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Near such points the contour lines become approximately 
ellipses 

But there are not only peaks and depressions in such 
a range, there are also passes, dovjn from which the 
range falls on two opposite sides, up from which it rises 
on the others At such a point the surface is saddle- 
shaped, the plane = c becomes tangent but cuts the sur- 
face along two intersecting lines , of the two traces made 
by .r = a and i/ = h, one attains a maximum and the other 

a minimum, while both = 0 and --- = 0 Such a pass 

dj‘ Oj/ ^ 

inverted at the bottom of a lake Ix'comes a har (think 
of the range reflected in a horizontal miri*or) Near such 
an anticlastic point the contour lines are approximately 
hyperbolas 

216 . Curvature — Now what the foregoing doctrine of 
the Indicatrix teaches is that in generid every point of 
the surface is thus either a cup-point or a sad die -point, 
and not merely these peak- an<l pass-points, whei‘e the 

first partial derivatives and -- vanish * sections about 
^ ox 3 // 

every point perpendicular to the normal at that point 

tend toward either an elliptic or an hyperbolic shape. 

Returning now to the normal sections, the traces of a 

plane turning about the normal or 2 ;-axis, we have for 

the curvature of such a section 

Lim^ = - =A cos 0^ 4-21/ sin 0 cos 0-|-(7sin 0^ 

p 

For a section at right angles to this we put 0' = 0-f7r/2, 
and obtain 

\ = A sin 6^ — 2B cos 0 sin 0-f-(7cos 0^ 

P 

whence — + \=^A+G, a constant (Euler). This constant 
P P 

has been named curvature of the surface, and is of use 
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especially in the mathematical theory of capillarity, but 
the now accepted measure of curvature is the Oaussian 

where It and 72' are the radii of curvature of the 

principal normal sections, ie the sections made by planes 
through the axes of tiie Indicairix If this latter be an 
ellipse, then it is plain that 72 and 72' are the maximum 
and minimum radii of curvature corresponding to major 
and minor axes , they are called pmncipal radii of 
curvature 

The axes of the indicatrix are tangents to tlie principal 
sections if a point starts to move on one of these principal 
sections, the indicatrix will start to move also, turning its 
axes about the point, and therewith turning the normal 
section If the point follows up this turning of the axis 
and normal section, keeping always on tlie latter and 
facing always along the former, it will trace out on the 
surface a path whose tangent at every poin^ is the axis 
of the indicatrix Such a line is called a line of cur- 
vature of the surface Through every point thi^re pass 
in general two and only two lines of curvature, perpen- 
dicular to each other 

When the indicatrix is a circle the radii of cui’vature 
become equal, any two diameters at right angles may be 
taken as axes, any two mutually perpendicular sections 
as principal sections, and the point may trace out a line 
of curvature by starting out on any normal section , hence 
lines of curvature converge all around upon this point, 
which is called a cychc point or umbilicus. 

217. Solid Angles. — We recall (Art. 166) that the angle 
through which the tangent turns in passing from P to Q, 
or the angle between the normals at P and Q, was named 
total cu7*yature of the arc PQ , its ratio to PQ, the 
average curvatare of PQ , and the limit of this ratio as 
Q neared P, the instantaneous curvature at P. In order 
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to form an analogous concept for surfaces, we bound oft’ 
an area on the surface, to correspond to ; at each 
point of this boundary we draw a normal, — but do these 
normals determine an angular magnitude, as do the 
normals at P and Q ^ Assuming that any such magnitude, 
if there be any so determined, will not be aftected by 
moving them each ixirallel to itself y we assume a unit- 
sphere (of radius 1), and fiom its centre draw a parallel 
to each normal along the boundary These parallels form 
a cone-surface, which piercing the sphere-sui*face bounds 
oft* on it a jiiece rS' corr(\sponding to S The sphere- 
surface being uniform (lionu^oidal), the area S' may be 
taken as mneasuve of the openm(f of the coiiCy and this 
latier being thus exactly measurable wo name solid angle 
of the cone, or of the normals Wla^n tlie cone ftattens 
out to a plane, S' becomes a hemisphere of area 27r , 
hence the solid angle formed by a plane about one of its 
own points e(]uals the lound angle 27 r, or rather lias the 
same metric v amber 27r as the round angle, though it is 
an entirely difterent magnitude , and the %vhole solid 
angle about any point in space is (or strictly has for its 
metiic number) 47r * 

The notion of solid angle formed by the normals being 
thus made precise, we now deftmi, by analogy, the average 
earvature of S to be the ratio of the solid angle about 
S to the area of S, and the limit of this ratio as S 
contracts down upon the point P we name the instan- 
taneous eurvatuve at P 

Now it has been proved (by Gauss) that the instan- 
taneous curvature, as thus defined, equals , also that 
it equals (A3— G^)/( l+2;J^ + zff , 


*The mnt-solid angle here tacitly assumed is tlie so-called stere- 
radian (Halsted), which is subtended on the ximt-sphere by an area 
equal to the unit-squarey whose side is the unit-length. 
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also that the average curvature of S remains unchanged 
however S be bent without stretching 

Hence, if — (7^ = 0, the curvature is 0; and if this 
hold for every point of S, then may S be flattened out 
(being regarded as a perfectly flexible inextensible film) 
on a plane, which also has zero curvature at every point : 
S is then said to be developable, 

218. Maxima and Minima. — We have already seen from 
geometrical considerations that the general conditions for 
the existence of a maximum or minimum of z = ^{x, y) are 

= c^ = 0, 

But hereby we are not enabled to distinguish maximum 
from minimum The same conditions may be estalilished 
analytically, thus 

i{x + h, 2 / + /:)-f(.r, y) 

= '^x + v)i + 2 “b ^hlxB 4 + T , 

where T contains terms of at least third degree in h 
and A’ Now if f(ic, y) be either maxi mum or minimum, 
then the right member of this equation must not change 
sign for any pair of infinitesimal values of h and 
f(£C, 2/) must be greater (or less) than a'ny f(a!J + /i, y + A;) 
in the immediate vicinity But for h and h small at will, 
the sign of the right member is controlled by ( since 
all following terms are of higher degree, unless 

hZx+kzy^O „ 

however, ( manifestly changes sign with h and Ic^ 
being of odd degree, hence there can be no maximum 
nor minimum in general unless hzx + kzy^O for all infini- 
tesimal values of h and k. Now the %ct is a simple but 
an important one, that in order for the sum of a number 
of independent variables to vanish, the coefficients of 
each must vanish separately. For we may equate all 
but one of the variables to 0, and that one to a value 
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cUfFerent from 0 : then the coefficient of that one must 
be 0, since the whole sum is 0, and so for the other 
coefficients Hence we must have 2 ^ = 0, Zy=^0 The sign 
of the right member now depends on ( which must 
be <0 for maximum, >0 for minimum, and must not 
change sign for h and I small at will This ( \ may 

be written 

y {(Ak+JU-f + l^AC-li^)} 

jd. 

In this expression (Ah + Bl Y is positive if then A C — 0, 

by choosing h and I propeily we may make the whole 
{ } positive or negative at will, hencc^ maximum and 

minimum are then impossible But if AC — B->0y then 
the whole { } is positive, or at least not negative, for 

all values of and A, and { } is + or — , yielding 

minimum or maximum, accor<ling as A is + or ■— 

The same holds for = in which case the 

indicatrix is a parabola * 

Similar analysis shows that for /(=f(.r, //, z) to be 
maximum or minimum we must have 


= = Uz = 0, 

while the controlling expression 
/, ?)u , 016 . 

?>x ?}xdy oxoz oyoz 2iz^ 


*In this case { } will be + ercept along the right line Ah-\-Bk — 0y 
le, Aju->rB^ — 0y which represents two coincident tangents to contour 
lines We should now investigate the cubic (hz^d- kzyY^ which must 
vanish for Ah + Bk — O, if there is to be maximum or minimum, and 
the biquadratic (hz^ + kzyY must be independent in sign of h and k 
for Ah + Bk^O In this case the contour lines coincide through a 
finite length, and we have a locm or ridge of maxima (resp, minima), 
as around the crater of a volcano. 
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must not change sign for h, h, I at will This may be 
written 

-(lmxx + ^^^^xy + l*^xzf + - — + A 

^xx ^xx^s ^3 

.where A is the so-called Hessian 


'^^XXi 



l> 


tlyy. 


1 

1 


'^hy, 

'^ZZi 



and Ag, A3 are the minors of 11^2, iUz In oi'der for this 
sum of squares not to change sign with h, L, 1 at will, 
the coefficients must have the same sign , hence Ay must 
be -f, and then u is maximum or minimum according 
as Vxx Q^iid A are boch — or both + 

In case tlie terms of second order also vanish, furtlier 
and tedious investigations will be necessary, but often 
geometric considerations will resolve all doubts very 
simply 

219. Relative Maxima and Minima. — Thus far we 
have supposed x and y quite independent of each other, 
but we often inquire for maxima and minima wlien some 
ecjuation of condition connects x and y This is like 
seeking, not the peaks or depressions of the whole mountain 
range, but the highest and lowest points on some trail 
over the range We may at once generalize the jirobleiii 
and ask for the maxima and minima of a function of 
(m+n) arguments subject to m conditions 0 i = O, 02 = * 

= 0 . Theoretically we may eliminate m arguments, 
and then treat the resulting function of n independent 
arguments according to Art 218 , or we may select 'ti 
arguments for independents, treat the other m arguments 
as dependents, derive the original function and the m 
equations with respect to the n independents, and then 
eliminate , but both these methods will generally be 
tedious and often impracticable, owing to the difficulty 
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of elimination Preferable is Lagrange’s Method of Un- 
deterTriim^ed Miultijdiera 

Let f(x^, .. , be the function to be maximized 

or minimized, ajg, i^ 9 w 4 -w) = 0, = 0^ = 0 

the 7Yh equations of condition We form a neiv function 
X^y •••} ^wi+w) ~y ^101 *“ ^202 wlieiC the 

X’s are undetermined multipliers Since the 0 s are always 
efiual to 0 separatelj^, the values of f and F are always 
equal, and we now seek the maxima and minima of F 
irfjn rd i ti(/ all the indepe nd eni These will be the 

maxima or minima of /, since F=fy UTider the m con- 
ddionSy for the values ot the x’s will contem the \s, 
and these latter, being at our disposal, we can choose so 
as to fulfil the 'tn conditions In other wor<ls we form 
the (771 + 1 ?) partial derivatives of F as to tlu‘ .r’s and 
ecjuate each to zero, thus 

= , -X ‘^s^'=o =0 

These (???- + 7?) e(j|uations, with the ni conditions, 0^ = 0, 

. , 0,„ = O, nifike (2?/? + i?) equations, which suffice to 
dcterinine {2m + n) magnitudes, namely, {ra + n) .rs and 
lit X’s 

Maxima and Minima tlius existing under such restric- 
tions or eciuations of condition arc called Relative Maxima 
and Minima 

Undetermined multiiiliers may be used (piite similarly 
in finding Envelopes when n parameters are subject to 
71 — 1 conditions • if /(x, y , ... fn) = 0 be the eciuation 

of the system of curves, and Pi^ 2^«) = 0, — , 

0,,^i = O be the conditions on the parameters, then we 
form the new function 

2/5 Pv • •• Pn)^fip^y y ^ P\y 2-^ n) ^101 ""•••“■ 10n-l~^ 

and equate to 0 each partial derivative of F as to the 
p’s; we have then in all 2?i equations, from which we 
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can eliminate (2n.— 1) symbols, the p'n and \'s, and obtain 
a relation \]r(Xy 2/) = 0, the equation of the Envelope 
It is often well to retain the X's as long as possible 
in the calculation and express the variables througli them , 

'^F 

^often, too, the partial derivative equations, — =0, etc, 

may be interpreted to declare adequately the state of 
geometric fact, without finding the x^. 


220. Illustrations. — 1. Find the equations of the tangent- 
plane and of the normal to the sphere 

-h -h = 0 

Here F^ = 2x, Fy — ^y^ Fz=2z , hence if u, w be current 
coordinates for the plane and the normal we have for 
the plane 

2x (u — • a;) + 21 / (t; — 2 /) + 20 (^e — o) = 0, 
or since (.r, y, z) is on the sphere, 

xu + yv+zw = a^ . 

and for the normal 


u — 03 v-~y w — z u V VO 

2o: 2y 2z x y z 

the equations of a right line through the origin, i c. the 
centre 

2. Similarly for the ellipsoid ^ + 
x^ 1 /^ z 

paraboloids hyperboloids 


X^ 1/“ 



0 , 


and show that the plane tangent to the conicoid 


kx^ +jy^ + 2hxy + 2gxz + 2fyz + 2lx -f- 2my + 2nz +d = 0 

is knx -^jvy -f iwz + h {iiy + vx) + g {uz + wx) +f{vz+ wy) 

+ l('ii+x) + m(v+y)+n(w+z) + d = 0. 
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3. In optics we meet with a plane 
lx + my + 7iz~-d = 0, 

whose parameters Z, m, n, d are *so related that 

i8+m2+7i2-l = 0, and ^2 = ^ ’ 

what is the envelope of this plane what surface does 
it touch 

We form the new function F=f—X<p-~fjL\Jrj which =/ 
for 0 = 0 and \/r = 0 

Now reg^arding the four parameters I, m, 7i, d as inde- 
pendent we must have the total derivative of F as to all 
the jDarametors = 0, and therefore the pai*tial derivatives 
as to /, m, 7?, (1 eacJi=0 That is, 

X-2XI = ...( 1 ) 

y - 2\m - ^2 = 0 , ( 2 ) 


n 


' ^X7// — 0, .. .. . (d) 

Multiply (1), (2), (3) by Z, r/t, n and add , 

/ 2\ = fZ .. .. (5) 

Multiply (1), (2), (3) by x, y, z and a<ld , 

In (1), (2), (3), transpose, square, and add, 

Hence from (5) and (7), 2/a = d(?'®— 

Substitute for 2X and 2^ in (1), (2), (3), 


X 


Id 


y _ md 


z _ nd 
r®— a*’ — 


(7) 
(«) 

2 (9) 
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Multiply tljese by x, y, z, then from (6), by adding, 

I V" I =1- 

r'^ — — (?• ’ 

j*2 _|_ /^i2 1 2;2 

subtract ^ - - = 1 , 

^2 _ + ,.2 1 ^,2 + ' 2 i : ^2 - 


This is the Wave-Surface of Fresnel 


4 Find the equation of the tangent planes of a cone, 
the vertex being the origin 

The equation of the cone is z = ',A.(j>{ylx), whence if 
u, V, w be current coordinates for the plane, 

x{w — z) = z{ii — J‘) + (.ri6 — 2/^0 
This equation of the plane is satisfied for u = ^’ = ^<; = 0, 
for all values of x, y^ z , hence all such planes pass 
through the origin, the vertex, wliile for x = y = z = 0 the 
equation loses all ineaning 


5. Find the pedal surface as to the origin (locus 
foot of normal from origin to tangent plantO of 


of 


. ?r . 

a" 


r.2 

". = 1 


The tangent plane is 

XU yv zw _ 

;.2 + 712 “^ ^ ’ 


the normal is 


a^u __ hrv ^ c^w _ 
X y ^ z ~~ 


Hence xu = yv = h^v-jX^, zw = cHd^jX^ . 

hence X^^u^ + v^-^ w^. 


Also 


X ^au y _hv 

6~X2» 


Hence on M|iiai*ing and adding, 

= (v? + v^ + w^y == 

This is FresneVs Surface of Elasticity. 
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Show that the tangent plane is 

(2 r- — a^) — h^) vy + (2 — c^) ivz = r^, 

ind is distant r^j \/a^vr~\-}pv^-\‘d^w^ from the origin. 

G Investigate the circular npiral or helix 

Its equations are x^a cos 6, y^a sin 0, z = h6 

Its projection on XY is x^-\-y- — a^. its projections on 
YZ and ZX aie sinusoids y = aH\\\z/h, x = a coh zjb 
;he length of a spire is 27 r Ja^ + b^. COS y IS constant 
= hl s/(fx hence tangent cuts all elements of the 
iylinder under the same angle, the curve is tlie isogonal 
;raj<'ctory of the Mements of the cylinder, also cos 
s c mstant ( = a j sj hence the bmormals and tliere- 
*ore the oscillatory ], lanes are lik(»-sloped to Z , also vohX 
s constant (=0), hence the ])rincipal normals ar(‘ all 
parallel to XV, all the curvatures and the radius of the 
isculatory sphere are also constant 

7 Investigate the conical sjitral 

Its e(]uations are x = t cos {a log 1), y = / sin {a log t), z = ht 

It lies on th(‘ cone x^ y* = /h- its projection on 

YP IS a logarithmic spiral r = where tun (f> = yjx , y is 

jonstant, the curve cuts all elements of the cone isogonally, 
inder the sin“^ct/>s/l + , l>iiio]*mals and hence oscula- 

my planes are all like-sloped to Z, principal noi^als 
lU parallel to XY, the radius of torsion is {1-i-a^ + IPy/ab, 
;he radius of first curvature is proportional hereto 
( 1 4- a' + b'^yja^Jl + a^, etc 

8 Investigate the curve of intersection of the two 

cylinders x^-\-z^ = ci^ and = 

The tangent is = vy -\-wz-=^\iP‘ 

TVT 11 . u V w ^ 

JNormal plane is H = 1 

^ X y z 

Osculatory plane is 

lrx?u — ct-y^v + — b-)z^w = — 6 *^) 

p 


S. A. 
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Tangent lengths to YZ, ZX, XY are mx^^, mz^, 



Osculatoiy plane is also 

— cv^y^v + — ((rj^)ziv = a^h%x^ — 

And so on. 

9 Investigate the sxilierical ellipse 

.r- si- 
lts equations are + 2/“ + c- = r^, 2 + 72 + '2“^ 

(X" c^- C“ 

Forming the difference of these equations we see the 
curve lies on a cone , eliminating x, y, z in turn, we see 
it lies on three cylinders, namely, 

and two other such 

If {ly m, n) be a point on the curve, tliexi 

whence by subtraction and simple reductions 

x^’—F _ 2/^ — — 
a\b^^r^) “6V-a^) ” 6^)’ 

the last expression following from symmetry. 

These equations of the curve are the most convenient. 
We have 

_x h\c^ — a^) _ b\c^ — a^){c^ — r^) I 

“ y ■ 'a\b^c^y a\c^-b^f 

and the others follow from symmetry 

All the geometric elements may now be expressed 
readily. The sum of the distances (measured on great 
circles) from two fixed points on the sphere to any point 
of the spherical ellipse is constant, hence the name 
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10 Investigate the intersection of the circular cylinder 
= and the parabolic cylinder z^ — 2qx 

By addition and subtraction we obtain 

{jj — qY + ?/- + c- = + q\ (X + qY + y' — = + q\ 

so that the intersection hes on a sphere and on a simple 
liyp(n-boloi<l of revolution "File geometric elements are 
now easy to exjiress 

I 

11 Investigate the equable npherical spiraly ie, the 

intersection of the sphere + //“ + = 4a- with the 

cylinder x'^ + y- = 9.ax through the sphere-centre 

12 Find tlie envelojie of the plane that bounds with 
the coordinate planes a pyramid of constant volume, 

We have -+f + ^=l, a6c = ()/•*. 

a h c 

we form -f — 1 -f X( 6 t/>c — , 

a o c 

then Ua = — + \bc = 0, — 4- Xca — 0, — + Xab = 0 , 

e- c- 

whence ^ ^ = 2 / 

a b c 6 

13 Find the envelope of a system of equal spheres, 
their centres on a circle about the origin in XY, radius c. 

We have ( 2 / — 6 V^+ 2 ;^ = r2, + = 

The result is c-\- fj — — 

14. Find the area of a central section of an ellipsoid 
The equations are 

^2 Xp 

,+'ii+'h — ^ and Ix+my + nz — O, 
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and we find the axes of the elliptic section by maximizing- 
minimizing Hence 

i7== *2 + 2 / 2 + o 2 _ y _ 2ij.{lx + mu + -nc) . 

Multiply by x\ //, c; and add, hence X = >*“, thence 

IxaH 

(t? — /•“’ 

and so for y and c, whence forming lx + 7iiy + ^iz, 
aH- hhur _ 


X : 


The product of the loots and /\/ oi this e(juation is 
2/( r/ + Jy^m ^ -j- r “ 7? “ ) , 

hence Ai ea = 7 rahL\ 7 - + o- n-. 


15 Find the maximum and minimum radii of a central 
section of the surface of (da^fictfy 
The equations are 


(^2 + 2/^ + - r- = a-x^ + V + 

and we must maximize respectively 
Proceeding as in 14 we olitaiii 




r>+ 


7/6“ 


r- — a- — 6“ r- — c 




7/“ 


/.r + 7>^// + 7?o = 0, 
iiimiiiiize 7* or 7*- 


a quadratic in with real positive roots, hence the 7’s 
are real This equation yields tlie velocities of undula- 
tion in a crystalline doubly refracting medium 

10. Maximize ((.r + by + cz when x^ + jf + 'Z^ = l, and 
interpret geometrically. Ans. \/a'^ + lr + c- 

17 Maximize the cuboid inscribed in an ellipsoid 

Here u = xyz, and “2 + ^ 2 +^^”^’ hence u = ahc!\/27. 
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18 How must the prime factors of a number enter 
into it that it may have as many divisors as possible ^ 
(Waring ) 

Let cf, 6, . / be the prime factors and W . 

= the number N The divisors are found by taking 
a, h, ... singly or in any combination, the factors due to 
(t are a®, ..., an<l these may be taken in any 

combination with the h'n, etc Hence the total number 
of different factors is = (a + 1 ) (/3+1) (X + 1) This 
M attains maximum wlieii its logarithm does , hence we 
maximize 


logilf=u = log(a-frl) + log(/3 + l)+ +log(X + l), 


or T^= 2 log(a+ 1 )— loga — ^ logW, 


1 1 

+ 1 /X 


log a = 0, 


jr 

f-i + i 


1 


log J) = 0^ etc 


Hence 

yu = (ct + 1 )]og = log ( 1 °^ + h>g a = log + log b = etc 

Htnce if n be the number of different prime factors 
a, b, , Ij we have 

= 2 log (6°^ 4- w log a = log NAt log ab,.J — log Na I, 
or iuL = (lo^Nab. l)ln, a + l =(log loga, 

and so on Hence 


«+i fi+i ... x+i=, - ^ . A j. 

^ log a logo logi 

19 Show that among culxiids the cube has greatest 
volume with given surface and least surface with given 
volume. 


20. Show that J is a maximum product of the cosines 
of the angles of a plane triangle 

21 Find maximum and minimum radii of curvature 
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of a curved surface. Denoting (with Euler) Zx, 

+ by g, «, t, k^, we have 

- = + ty-^ 

P 

under the condition 

( 1 + ^pq^y + ( 1 + g^)2/‘^ — 1 = ^ 

Introduce X and derive as to x and y , thence 

Tx + sy — X { ( 1 J* A-2^qy } = 0, 

.saj + fy — X{(l + g2)// + i>g.^*} = 0 

Multiply by x respectively y and add, thence \ — K^p 
Substitute and collect terms in x and y . thence 

y {^(1 + q^)-i^=- x\^'iyq - s| , 

Multiply these equations together, divide by xy, ami 
there results • 

p\rt -s^)-Kp{{l A‘p")t - 22>gs4-(l + g‘^)r } +/f“(l + q^) = 0, 

a quadratic for determining p 

22. Show that (a^ + h^)~^ is maximum of 

xyzl(a + x)(x + y)(y + ^)(c + h) 

23. If AA', BB\ GC' be altitudes of an acute-angled 
triangle, show that A'B'C' of all triangles inscribed in 
ABC has least perimeter 

24. Find distance (or minimum tract) from a fixed 
point to a fixed right line 

25. Find axes of ellipse cut out of the elliptic cylinder 
4aj^+ 2/^ = 1 by the plane 12a; — 31/ + 42^ = 0. A ns. Vl3 
and J^13, direction cosines are as —3.4*12, and as 
4:12* -3. 
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26. Find axes of section of 

3a;2 + 2?/2 + ^2^1 by 1 2./; + 4c == e3^ 

Ans '^lly direction cosines as 3 : — 4 —12, and 

as 4:12—3 


27. Find (limensions of stron^^est beam that can be cut 
from a cylindric tree of diameter r/, the coliesioii varying 
as the breadth am^ squared depth Ans d%/\, 

28 Show that in 

u = (x+ i/ + zY — 3(./* + 7/ + c) — 2Axi/z + 

thu triplet (1, 1, 1) yields a maximum, ( — 1, —1, — 1) 
a minimum, while (±1, 0, 0), (0, ±1, 0), (0, 0, ±1) are 
antielastbc (neither maximum nor minimum). 


29 Find when Venus appears brightest 
Let A’, V, S oe Earth, Venus, Sun , 


EV = ,r, SPJ = a, SV = h 


The brightness varies directly as l + cosS^'F, inversely 
as , 


cosSEV= 


'2bx' 


l+cos>SfA^F= 


(x + hy_- (F 
■■ ' 2fjx ■ ' 


Hence u 


x = 


whence for maximum, 

— 2h *-[- IP “j~ Ait* 


For a = 300, 6 = 217 (circa) whence a:; = 1291, and 
SEV=A{r 43' 28" (circa), 
about 64 days before and after inferior < ■ .•limic i 


30 To inscribe a maximum ellipse in a given triangle 
OAB the given A, OA^a, 0B = b, L.A0B — (jd, take 
OAy OB as X~ and F-axes, let (u, v) be the centre of 
the ellipse , then its equation is 

k{X’-‘Uy + 2h{x’— iP){y — v) + 'j{y-‘V)r=l. 
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Since X is tangent, ?/ = 0 must yield equal roots in x, or 
what is tantamount, in hence the discriminant 


hjv^ — h ■— ft = 0, or k = {kj — = Gv-, 

where C is the criterion and is >0 for an ellipse 
Similarly, j = Cu^ , h = s/ — (7 . =ji/(7 

To find area of ellipse, solve as to y — v, 

-u)±\/j- i\ji- - Ilf 

The difference of these two 2/’« i« the chord parallel 
to F, hence 


pzM. 2 

Area = sinft)J — jJ \/j — G(x^uy d{x — u) 

rsin 

\fTl 


= 2 sin ft)- ^ J /s/a- — (, 


. TT sin ft) 

r - nyd(x - u) = — 


Hence the problem is to maximize 


1 

v/c- 


This G contains 


ft:, h, j ; we may eliminate them, and express G in terms 
of u and v, by validating the third condition, that AB 
touch the ellipse The equation of AB is y==iix + h, or 

y^v = 8{x--u) + d, where ,9= — and d = iLS — vA-h On 

substituting this value of ?/ — '?’ the roots of the original 
equation in a: — u must again become equal, hence 

{k + 2hs -f - 1) - d\h + jsy = 0 ; 

hence fty — or G=(kA-^ksA-Js-)/d' 

= (/ra- + 2h(d) +jh^)l(civ + — ahy^ 

Divide by G, remember It^ = G^u^v^ — G, and put 
z=^avArhu, then clear of fractions, destroy the terms 
and divide by aft, and there results 




aft-|-2ai; — 22 ^. 
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Square, transpose, factor, and there results 
(4 ibv + a6 — • 2o)(2s — ah) = 4<JG. 

We e(|uate now to 0 the partial derivatives as to the 
independents u and v, so tliat 

(4i; — 2h)(2z — ah) f (4'?//?? + a6 — 2s)26 =0, 

{4tu — 2(c) (2z — ah) + (‘^ itv + ab-~2z)2a = 0 

Multiply by a respectively ( — />) and add, tliere results 
either 2z‘—ab — i), which makes C=oo, and must be 
rejected, or else, on simiDlifying, av = bu Whence on 
eliminating e then^ results — 5(:m + a^ = 0 , whence 

v = ^(t or \a, v=\b or \b 

The point (a/2, i/2) is the mid-poiiit of AB and does 
not concern us, it makes (^^=0 and so yields no ellipse 
but a parabola , the point (a/3, i/'3) is the centroid of 
the A, and is the centie sought 

Hence the aiea = — sin a) = T (area of A) 

2^27 J-n 

Show the points of touch are mid*points of tlu* sides 


31 Similaily show that the min ellijise about a A lias 
the mass-centre of the A f^J" its centre and lias an 


47r 

area = , 

j'li 


(area of A) 


These are Euler's Probleius. 


32 Show that if f(cc, ,y) = 0 and i^{x, ;(/) = () meet or- 
thogonally, then ix.(l>x + in = and conveisely 

Similarly, if i{x, y, c) = 0, y, = 0 meet orthogo- 

nally then fa; 0j; + fi/ . 0y+f;: 0^ = 0, and conversely 
Hint . The formulae merely declare the cosine of the 
angle between tlie normals to be 0 


33 


Trace the system of conicoids 

, ?/“ . 

a“4”X + X 


= 1 


for X varying from +oc to — oo , showing that the 
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surface starts as an oo sphere, and becomes successively 
ellipsoid, single hyperboloid, double hypeiboloid, imaginary 
ellipsoid as X passes through — —Ir, — a^, and show 
the surfaces are confocal, and each set (of ellipsoids, 
single hyperboloids, double hyperboloids) cuts the other 
ttV^o sets orthogonally 

34 Show that the systems of anchor-rings 

(^2 + + ^2 + ^^ 2)2 ^ 4 a 2 X 2 ( i ^.2 ^ ,^ 2 )^ 

of spheres, -f + 2 ^- — 2^ ^ , 

of planes, '?y = i/.r, cut each other orthogonally for all 
values of X, fx, v 

35 Show that the equation of a tore (formed by 
revolving a circle of radius a about an axis c in its plane, 
distant cZ from its centre) is 

+ y^ + = 4<7/^(.t- + . 

and that this tore has a circular ridge of maxima and 
one of minima for 0 — where ^ 

Compare this with Example 13. 


CHANGE OF VARIABLES 

221. Use of a third Independent Variable. — In Co- 
ordinate Geometry a frequent and important problem is 
that of the Transformation of Coordinates, to pass fi*om 
one set of coordinates to another, as from rectilinear to 
polar, or vice verm The analogous problem in the 
Calculus, to pavss from one set of variables to another, is 
of like importance 

Perhaps the simplest general case that arises is that 
of expressing the derivatives of y as to x through the 
deHvatives of each as to a third variable, say t We 
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have then yi=^y^.Xt, whence y^ — ytlxt=^~, if we denote 

X 

by accents derivation as to t 


y 2 , 


d-y ,x'--y\rr 

(U^~' 


y X 

ij X 




where we no^e that in order to derive as to .r, we first 

derive as to f, and tlien divide the result by , or in 

, 1 d Id 
symbols, 

The numerator in tins result is a noteworthy deter- 
minant form, whicl' we may genei*alize and write thus 

7- 

i’ 

where the indices denote <lei‘ivation as to f 
If now we derive this as to f we ^et 


We have now = 

f/.r- 

whence 

_ + D. >)x ^ - 3./-' V7J , j _ 1 ;.,, . . 7 ' - 3./7>,, 

•^^~'dx^'~ “ r'7" 


and the higher derivatives may be similarly written off* 


222 A special case, that of exchanging argument and 
function, arises for t = y\ we then express the derivatives 
of y as to X through those of .r as to y 


y- 


1 _ X2y _ — X„X>U -h 3 (iTij,, )- 

.IV y-^- {xyr Cr.f 


since y" = y"' 

Similarly we ma^ form the liigher derivatives, but the 
expressions are cumbrous 


223. Reversion of Series. — By help of Taylor’s Theorem 
we may obtain a larger comprehension of this last problem. 
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Denoting by Ic the function-difference i(x + h)’--i{x) cor- 
responding to the argument-difference K, we have 


when tlie /’s are the special values for the argument x 

fin) y(ny 

of the derivatives as to x of y = f (^) Denoting • 


we have = ... 


Similarly, if x ~ i‘~\y) = <p{y), we shall have a function- 
difference h = <p{y + l)-- ip{y) corresponding to the argu- 
ment-difference /i, and if = , we shall have bv 

tL 

Taylor's Theorem It = -p + 

Now to deduce this series for h from the series for k 
IS to revert this latter series, to accomplish this reversion 
wc must express the ^'s through the d’s, that is, the 
derivatives of x as to y through the derivatives of y as 
to X, hence this problem of t j i Im tHji ny function and 
argument is analytically the same as the iirobleni of 
reverting a power-mines^ namely, Taylor’s Series We 
solve this latter problem by substituting tor h in the 
first series its value given in the second series, namely, 
/t = ej/,;4-etc , the result is a power-series in /», and we 
express the e’s through the d's by the familiar method 
of ecjuating to 0 the coefficients of the powers of k, thus 


f — 1=0, d^e2 + == ^ == 

diC^ + d 2 {^e^e 2 + e,-) + + d^e^^ = 0, etc 


In each of these e<iuations, but the first, the sum of 
the subscripts of the e’s in each term is constant ^ the 
number of e- factors in each term is the subscript of the 
//.-factor, while the numeral coefficients are combinatorials 
Higher equations may be easily written down Hence 
express the <^'s through the cZ’s 
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224. Reciprocants. — This old problem of reversion has 

acquired a new interest under the treatment of Sylvester 
{American Journal of Mathematics^, Vol VIII , p 1J)G, 
IX , p 1, II3, 207) who has studied those functions of 
the ^/’s that pass over into like functions of the c'h, 
changing form either not at all or elst^ only by souk 
power of as a factor , such functions he calls Re- 
ciprocantS, jmre if they do not contain //r, 'tncred it* 
they do Tlius the Movffato / is a 

pure reciprocant , while the ScJncfnizarn 

mixed Recijirocants emei^e in El nn nuittoit (Art 241) 

Exercises. 1 Show that the ladius of eurvatiire p 

I 

/ i/ si 

2 Show that - ^hI A is a jJUie, and 2(1 - Tk///, a mixed, 

reciprocant 

3 Show that the derivative of the determinant 

j f/J” 

' 

y\ 

1 '/i ''j *t,. \ 

where the indices denote derivations as to the common urgu 
mcnt t, of the //’s, is the same determinant with only the 
first row increased by 1 m order of deiivation, le changed 
into ///"' y,/'" 

Hint Prove it when th = 2 , then, using this result, prove 
it for ?i = any positive integer 

4 Extend the foregoing theorem to the determinant 

• • • • 

225. Transformation from System to Systeln.— I'lie 

uext problem is to pass from a system {x, y) to another 
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system {it, v), and corresponds exactly to a transformation 
of coordinates in a plane. We suppose x and y expressed 
through It and v, thus. 

x^(l>{n,v), y = \fr(u, v), 
then taking u as argument, we have 


whence 


yu u “i“ I’ ^ a. 


/ \ / 

{'^2u + +^^" 2 / _ (hu + (/h^Vv )2 (^) 2 . 

( (f>U ^0 V* 


Tliis formula is cumbrous, and it is in general better 
to find yx in terms of ii and v, then derive the result as 
to w, and divide by x^ 

The most important special case is lo pass from red- 
<iiigular to polar eoorchnates, +x being the polar axis 
Wc have then 

.^ = ^cos0, 2/ = ?*sm0, 
cos 6 — r sin 0, = r^ sin 0 + r cos 0, 

r^ sin 0 + cos 0 
yx - VglXg = 0’ 

X¥jl=.t \i - '‘"+2’’/-’' »2e 
// 2 i — ^^2 - (ym/g/^e Q — r sin Oy 


If ' denote derivation say as to t, then we have 
x'= ?*'cos 0 — 7’sin 0 0', y' = ?’'siii 0-f ?*cos 0 0'. 

whence xx'+yy'—rr', (1) 

xy' — yx'^'f^O', .. . (2) 

(3) 


Equations (1) and (2) we form directly, equation (3) 
we get by solving (1) and (2) as to x' and y\ squaring, 
adding, remembering always that x^ + y^ = r^. We may 
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also get (1) by deriving = (2) declares the 

equality of two elementary triangles in Cartesian and in 
polar coordinates, and (3) declares the equality of the 
elementary arcs in the two systems 

Exercises. — 1 Express the radius of curvature m polars. 

2 Transform tanc/> = ?6^^. t'o Cartesians 

226. Change of Independents. —Our next problem is 
to pass from one set of t\DO indejiendent arguments (.r, y) 
to another set (<(,, '^0, these two sets of iiulepeiulents being 
connected by tlie relations 

= r), v), 

and we sliall of course have to deal with some function 
of and y, as z = t{,v, y) We in(|uire into the relations 
of the pai-tial derivatives of o as to thesis two sets of 
variables, 

jf Uf ~ .t t ^ t J if //t>) ^ 

since f depends on u and r through x and // But 
generally we seek and /„ , and 

/• fit Vv J V If i> Uu /| '^'u Ifu j 

■ !/u~ /.• Vv /' .r, I 

'Jlie terms of this fraction are very interesting forms , 
their great importance for analysis was first perceived 
by Jacobi, and hence they ha\e been named (by Salmon) 
Jacobians. We may write concisely 

I 

dtl OU I 

d// 9^ j y) 

f = ^-^ = = 9(«,, v ) ^ J ( f, y n , y) 

‘ ^ “ lU’ 'dx 'dx ( ~~ ^(.47, y) ~ y , u, v') 

'dll 'dv I J(tt, V) 
dy 'dy 
'du dv 

. ^ 'df^Jix, /; u, v) 

J{x,y.u,v) 


Of course. 
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227 The notion of Jacobian may be at once extended 
to sets of three variables * z , it, v, w , 


J{x, y,z, u, V, 

^v)= x^, 

Xjf, j , 


?/u, Vi. 

Vw 1 


^ y 


and to sets of n variables 

X-^, • m ^ X fi m If 

1 ? • • y 

./■(.fi, rr„, Ui, 

u„) 

ar, 


1 'dtVj’ 

i 

’ a'('n j 


1 

■ 'S>x„ 

a.)",, ! 


?»i’ 

’ 'Oil,, ‘ 


In this expression the are regarded as functions of 
the '?(’s, which are independent of each otlier and we 
may easily show that to exchange the ./;’s and ?f’s \vill 
hi vert fite Jacohiaii precisely as to exchange argument 
and function in ordinary derivation inverts the derirative 
For 


J {x, y , u, 

v) J(ic, 

V ; V) = ' -f',', 


U,, V, , 



i y<', 


w./- ’V i 

= x„ 

11, + x„ 

x„ '11,,+ X, 

'f’y 

= 1, 0 j = -. 

V« 

u, + y, 

y« n„ + y, 

v„ 

0, 1 , 


since the sums are plainly the derivatives of x as to rr, of 
X as to ?/, of y as to x, and of y as to y , and of tliese 
the second and third vanish if x and y are independent 
of each other, while the first an<l fourth e(][ual 1 if .7; and y 
depend only on u and v. 

Let the student extend the proof to higher Jacobians 


228. Mediate Derivation through Jacobians. — We may 

write = the form that most vividly 

d{a, v) d(x, y) 

reminds us of ^7" • -f- = 1 Note carefully that this latter 
t da dx 


relation by no means follows in a formal way from mere 
cancellation of factors, and in fact by no means liolds 
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for partial derivatives. Tims, if 05 =* r cos Q, y=r sin Q be 
two systems of independent arguments, (o5, y) and {r, 0), 

we have ^ = cos (9, and also, since ^— = - = cos 0, 

^ 3r ^ ?)x T 

whence =cos0‘^ and not =1 It is not the partial 

3?* ^ 

derivatives tJieniselves but their Jacohians that are in- 
verted by invei'tin^ the order of dcjicndence anion^ the 
symbols Tins observation su^^csts the question whethei 
in any other relations, as in mediates dei’ivation, of which 
tlie foreooin^ is really a special case, the Jacobian plays 
the role of the ordinaiy derivative We liav<^ 

(l(j) (lii^dcj) 
dih dx d,r* 


and from analogy we should suspect 

d{€fj, \jr) 3( ^(>, r )_3(</>, l/r) 
r) 3(^% 7/)"~ 3(.r, yY 

where 0 and are functions of xi and x\ which are 
themselves functions of 'j an<l y Now 

j 0i<5 j 


<l>u 

Wj + 0p 

0M 

^ V “h 

1 



XL 1 -p 


^1/ 1 

1 



which contirins our coii jectuix^ , and plainly the same form 
of proof holds good for n functions 0^, 02 > •• > of n 
independents Xi, i^’ 2 , , through n mediate independents 


229. Vanishing of the Jacobian. — We know that the 

d'Vb 

vanishing of ^ signifies that u is constant with respect 

to X, and the question is natural, what does the VriU' hiug 

3 1 xib 

of the analogous Jacobian — \ signify ^ We should 

o(x, y) 
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naturally suspect some constant relation between n and v 
regarded as functions of x and y 
Suppose then 

i{u, i;) = 0. 


Hence 


'dx 'dx 'dv 'dx 


'dy^'dvb 'dy Ov dy 


These equations are linear and homogeneous in f^^ and f„ , 
hence, if they consist, we must have 


Vr 

Uy, Vy 


or 


y) 


Quite similarly let the student show that if a relation 
V, w)~0 holds among three functions, u, v, w, of 
three independents x, y, c, then the Jacobian must vanish * 

V, w) ^ 

J(x, 'y, c) ’ 


and let him extend the proof to the general case of n 
functions, Uj, Un, of independents, Xj, x„ 


230 Does the converse hold ^ If tlie Jacobian vanishes, 
does some relation hold among the functions 

^(u, V) _ I Uip, Uy 


Suppose 


:0 


^d{x, y) Vx, V 
By the law for mediate partial derivation we liave 
d(u,v) Z(u,v) 3(u,y )_ \,Uy\ '“■ir.'M'J/ 

'd{x,y) -d{u,y) 'd{x,y)- v^, v,)' 0 . 1 

We note that y^ vanishes, since x and y are independent, 
but we are not yet sure whether vanishes or not 
Hence either Ug^ = 0, or Vy^Vy,Uy 

If t6a; = 0, then, from the original Jacobian, either t/yt=0, 
or '^* = 0; if both u^^O and Vx = 0, then both u and v are 
independent of x and at most are functions of y alone, and 
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on eliminating y between them, we get some relation 
between u and v only, but if both ita: = 0 and ,, = (), then 
u contains neither x nor ?/, it is constant as to both, is 
not actually a function of either — a possible case which 
we need not consider further 

If on the other hand Vy = Uy, two cases arise • first, 
suppose = 0 , then v is independent of u, but then Vy = 0, 
hence v is independent of ;y, and precisely as before either 

= or = if r^=:0^ then v is independent of x 
also, IS an absolute constant — a case we reject as before — 
but if = tlien botli n and v depend on x alone, and 
on eliminating x we get soine relation between a and v 
only If, liowev(n% does not =0, then v is a function 
of ct, there holds some relation between u and v Hence 
always, if both ii and v are genuine functions of x 
ami y, neither a mere constant, the vanishing of the 
Jacobian signifies that soaie relation exists between it ap.d 
r — they are not independent, one is expressible through 
the other 

231 Now let ^ = 0 As before, we have 

?>{u,r/w)_^^(i(,v,w) d{a,v,z)_ '\,u,.,u^ 

y, c) “ c)(u, r, z) ' D(a*, ?/, o) ”■ v,, I , 

w. 

Hence one of the two determinant factors must =0 If 
the second =(), then we have just seen that some relation 
holds between u and r>, which may or may not contain z 
as a constant In either case, by combining this relation 
with u = ^fx, y, z), v = ifx, y, z\ w = {fx, y, z), we may 
eliminate x, y, z, and get a relation among v, w. If 
on the other hand the first factor = 0, and the derivatives 
of the functions as to each other, namely, Uy, Wuy Wv 
do not all = 0, then some relation holds among them, for 
the derivatives all vanish in case they are all independent 
of each other. Combining any such relation with the 


y if 7 a~ I ^ 

Vy, V, 

0 , 0 , 1 
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three given equations for v, w, we may again eliminate 
Xy 2 /> and obtain a relation among u, Vy w But if the 
derivatives of the functions as to each other all vanish, 
then w- must = 0 , hence w must then be independent of c, 
and some function of x, or of y, or of both, or an 

absolute constant In this residt, from u—f^y v — — 

we may substitute x and y in terms of a, v, 0 , and get 
zv = (p(ity v), for in this result we know can not appeal, 
since we have just seen that w is indep(‘ndent of c, 

= 0 y and this again is a relation among u, 0 , ic In 
all cases, then, if r, w are genuine functions of .r, y, c 
and no one of them a mere constant, tlie vanishing of 
the Jacobian indicates the exigence of some vehittoti eon- 
neefing u, v, By precisely similar reasoning h^t the 

student extend the proposition to the case of 11 ftonctions 
of n %n dependents 

Xhe foregoing argument may be greatl}^ simplitied 
apparently by at once j''-unMiii:, m the determinant factor, 
that 'tty Vy are independent of each other . but it st^mis 
inept to assume their independence 111 order straightway 
to prove them dependent 

232. Illustrations and Exercises.- A Transform 

2 Transform + = 0 into 7 / 2 = 0 by 

putting xz=l 

3. Transform a; + 2?/^ + = 0 into z^y^^ + tjd-y — ^ by 

xz—\ 

Hint In this important change of the argument into 
its reciprocal, we have Zx = — \= •— , hence 

yx= —yz.z\ y2x = { — z^.y2, — 2z.yz){-z'"-) = z^y2z+2z^.y.. 

We derive on the right each time as to z, and multiply 
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the result by ( — then out of etc., we form the 

equation to be tiansfornie<l 


4 Transform (1 — — ^ by .r = sin7;, 

Xv = cos v — js/l—x-: yj= //i,/cos v, 
yix = ( 2 / 2 rCos v-^-y, sin ^)/cos v^. 

The result is // 2 p + a‘by==0 


Transform -(-{ + 
dx^ 


2x^ 
1 -Vx^ 




= 0 


by X — tan ti 


dx ^ f 

ih( ~ ’ 7u~ r+x^’ (L- ^ iju div ’ 


d-y ^(Vy du^ (iy d“U 
( Ixr d vb^ dx^ d Hb dx-^ * 


72 

The result is 


(i Transform the lineai’ differential equation 

+6' X^y-^C v-()h^^ x-eO 


xhi <^Q_<hi ._e Ny\-w 

d.e~ ’ dx~de dx~de ’ dx-~\d6^ deJ • 


Hence 


d^_<ly 

dx~d6' 


j-Vy _d,^y _dy^ 

dx^~de^ dd’ 


This may be written symbolically, 



== ifeGe - 1 ^ 


where the operator D means derivation as to 0. 
Similarly, • 

Hence the original equation becomes linear with 
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constant coefficients. Carefully distinguish from 

/ \ n 

\dx) ’ operator directs us to derive nii times 

and multiply the result by hence 

but the second requires us to derive as to x, multiply 
the result by x, and then continue the process , hence 

7. In Cartesian and polar coordinates show that 
'dx 'dr r, X X 

= =rC086 = - =— 7===r— , 

dx ;• + 




dr dy 


while 


s/x^ + y^' 


y. 

00__ 

dx 

?/_ ^ 

x^ + y'^ 

II 

1 

sin 0 

r 

X, 

dQ _ 

X 

X 

COS 0 


dy 


(y»2 

r 


dQ _ 


sin Q 

da 


dx~ 

COS Q , 

dr 

r 

dQ' 


rCOS0=: X, ^ = -^-7—2= “2= 

dO dy x^ + 2 /"^ 

dm du dr , du dQ ^ da sin 0 da 
dx dr dx dQ dx dr r dQ 

Thus establish these equations of operators 

d ^d sin Q d d • ^ . cos Q d 

dx dr r dQ dy dr r dQ 


d 3,9 
'^dr ^dx ^dy 


d d 
dQ^^dy' 


dx dr dy dQ 7^2 

dr dx dQ dy 

dx dQ dy dr — — 7:2 

dQ dx dr dy 


Also 
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233. The Operator V^. — An extremely important partial 
differential expression is the sum of the pure second 
derivatives, 

0X*2 'dy^ 3 y2 "h 32^2 ’ 

and in practical applications it is often necessary to 
transform to polar and spherical coordinates Now 


V 3 / 0 K\ / D sin0 0 \ / sin 0 ' dV \ 

f ^'dV sin0 ' dV \ 

= 7- 3») 

sinfl 3/ * ^dV sin 6 3F\ 

- r r W) 

— V 2 sm 6 cos 0 32 ]a 32 p- 

= COS 0 — + ~ 

3r*- r 3r30 7 - 30- 


spi 0^^ 3F 2sin0cos0 3^ 

' Z.1 * cTzr 


/• 3r * r2 30 

We exchange the notions of x and y by changing 0 

3 ,32 

_ - and _ 
37/ 3i/2 

at once from ^ and or we may proceed as above 


into its complement '^ — 6, so we may get and 


327 327 327 1 37 1 327 

ence ^^2 ^^ 2 3 ,^ 3 ^. ^.2 3^2 * 


32 32 32 

To transform the operator ,, .^+ , 2 + ^~ 2 » commonly 
* \^x~ '^y oz 


written V^, to spherical coordinates r (radius vector), 
0 (longitude), 0 (polar distance), we first project r on 
^-axis and AF-plane, whence 

0 = rcos0, and (say) r' = 7’sin0, 
we then project this projection r on X- and F-axes, 
x^r cos 0, 7/ = 7 *' sin 0. 
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We now pass by the formula just established from 

(Xy y) to (/, 0), we then add —i, and pass by the same 

formula from {Zy r^) to (r, ^), then we substitute for 

\ and and so obtain 
r r ^ 

r 0r 'd(j> 

234. The Potential Function, so fundamental in higher 
physics, satisfies, according to the theorem of Laplace, 
generalized by Poisson, the equation, 

V2F=-47r6, 

€ being the density at (Xy y, z). Hence the great signi- 
ficance of the operator V^. The coordinates, >•', 0, c are 
called cylindric 

It is worth noting that the syst(‘m of relegations 

jr = r cos 0 sin 0, y = r sin 0 sin ^ = r cos 

may readily be extended to four-dimensional space by 
projecting the radius vector on the fourth rectangulai* 
axis, say U, and on the XYZ space, if yjr be the angle of 
projection (on U) we have then at once, 

x = r cos 0 . sin <p . sin \fr, y — r sin 0 . sin ^ . sin i/r, 

jS = r cos cj ) . sin \/r, u = r cos i/r, 

and we may now transform the operator 

^ ^ 3 ^ 

'dx^ 'dy^ 'bz^ 'd(jb^ 

to the coordinates (r, 0, ^/r), and these results the 

student may generalize for space of 'n-dimensions. 

236. Orthogonal Transformation.— If 0(X, F, Z) and 
0{Uy Vy W) be two sets of rectangular axes, the passage 



CHANGE OF VALUABLES. 


249 


from one to tlie other is called an orthogfonal trans- 
formation. The formulae are 

where the Vb are the direction-cosines of Z7, V, W with 
respect to X, and so for the m’s and uf ^ , and tliese are 
connected hy nine equations ‘ 

If* + = 1 , and so on , If- + m^- + r? |- = 1 , and so on , 

= and so on 

Now remembering these relations and that 

?>f__^‘ 0^; Of 0// Of Oc C^_ 0__|^0f\ 

On Ox O'liOy Ow'^oz Oivf 'On- On\'du/* 

let the student show that 

o-'f 02f O^f ^ O'-'f 0-f OT 
On- du^ 0'iV‘^~~ Ox- Oy- Oz^' 

i.e , the operator V- !s unajfected by orthogonal trans- 
formation 


EXERCISES 

1 If ./ j“ + ,rf + . xf = / “, ./ show that 


or or 


or or 


1 — - + .^ h . + n"T~ ~ ^ 

^ 0.r^ "Ox^ ox^^ di 

2. Show that l/r= 1/\V^ + ?/“ + -“ vanishes when operated* upon 

by 

3. Similarly show that ^ = tan~b//r \anishes when operated 

, 02 02 

4. Show that V- log tan </>/2 = 0 where tan </> = xfz cos 6. 

j 5. If r be a function of y = 4- alone, prove 

v2r=r„ + V., 

» 

and generally for V a function of i = fxf^ + V + • 

prove V- r = r,,. + Vr> 
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6. Given = y = ?sin^, ;r = logr; show that 

j,{xD^-\-yDy)hi — rD^{rDr'-\)u-=^DXD;,-\)n (Art 249) 
7 The Equation of Legendre is commonly written 

transform this hy putting ir = cos6^, also by = 

and .T“ - 1 = J . 

A71S. ^^^sin + ?i(y# H- l)cos 6^ P^O, 

r72 P IP 

iP p IP 

u\l - + !)(/-> - 1 ) = 0 . 

Observe that = ~ DJsin t , and so on. 

8. Show that if x^e^, 0 ==e^, . the formula 

\,(xlJ„ + yD„ + zI),+ )”i4 = A(A- 1)(A- 2) .. {^-n + ])n 

still holds, but A must moan 4* + 1)^ + 

Observe merely that D^ = — xD^y etc 

9. When can you change (iV^-{-hV^ into AV^ or hy turn- 

ing axes about origin ? 

Kemember ^ = x cos a — y sin a, t; = x sin a + y cos a 

10. When can you similarly turn aV^-hhVj^ + cV^ into AV^, or 

BV^+CF^y etc.? 

11. Show that by turning rectangular axes you may change 

+ into AV^^-{- BF^^^ 

12 Extend 11 to space of 3, 4, ,,, n dimensions. 

13. Transform 

{Z >,2 + J 9 /)«, + A; 2 m = 0 and (Z>/ + i>/ + Z>,2)^ + ^2^_0 = (V2 + 7;2)^^ 
to polar coordinates. 

14. Transfdrm (x^D^ + y^D^^)u by means of logic=^, logy = 0. 

Hint: We may write it + ^ — 2xyD^^^u{kxt 250)- 

15. Similarly transform {x^DJ + y^DJ^ + z'^DJ^ + xD^-\‘yDj^ + zD,)u, 
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ELIMINATION 

236. Systems of Curves. — We know that the equation 

of a curve in general contains certain parameters or 
4irhitrtn‘>t constants^ the particular values of which dis~ 
tinguish one curve from another of tlie same family <3r 
system Thus + — is the equation of a circle about 

the origin, of radius r For any particular value of 

as 1 or 3, we get a particular circle , letting r range in 
value from 0 to oo we get the whole system or family 
of such circles about the origin. Tliere is a simple intinity 
of such circles, or there are oo^ such circles So too 

is tlie ec|uation of any circle in the X I"-plane Here 
there are three arbitraries, a, r , by letting these range, 
r from 0 to oo, a and b from —oc to +oo, we get all 
circles in the plane, no two the same There are oo*^ such 
circles, a triple infinity, an infinity of infinities of infinities 
So there are oo^ straight lines in the plane, and oo^ conics 

237. Differential Equations.— If now we derive the 
equation x^-\-y- = r^, of the system of circles about the 
origin, we get 

+ = 0 or 

Hereby we eliminate the parameter r and obtain a dif- 
ferential equation, so called from the presence of the 
derivative or differential coefficient, y^ This equation 
expresses a geometric property, namely, the tangent at 
(x, y) is normal to the radius vector to {x, y ) — a property 
belonging to all circles about the origin ^nd to no other 
curves Hence this differential equation characterizes or 
defines the system of circles quite as precisely as the 
original finite equation x^ + y^=^v^. The presence of the 
derivative yx imparts the same generality to the differ- 
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ential equation that the presence of the arbitrary constant 
r imparts to the finite equation. 


238. Systems of Rays. — The equation of the two-fold 
infinity of right lines in the plane is // = .s‘.r-h 5, whence 

= 2 / 2 * =0 

We observe tliat one derivation does not suffice to 
eliminate both parameters, *s‘ and h , a second derivation 
is necessary. The result, // 2 x = 0, is a differential equation 
of second order, since it contains a second derivative and 
none higher. It declares a geometric, property, namely, 

that the curvature, k= of all such lines is 0 

( 1 + 2 //)^ 

Moreox^er, if we retrace our steps, integrating this differ- 
ential equation 2 / 2 j = 0 twice, we shall get i/ = tix-Yh, where 
s and I) are quite arbitraiy . i e , we shall get the original 
00 ^ of right lines and nauaht dse This geometric propel ty 
of 0-curvature at all points belongs in fact to all right 
lines and to no other lines Hence the differential e({ua- 
tion, ^(/ 2 j = 0, expressing this property, defines the totality 
of right lines perfectly , the presence of the second deriva- 
tive imparts exactly the same generality as the presence 
of two parameters. 


239. Systems of Circles. — Once more, the equation of 
all circles in the plane is 

{x - a)2 + ( 2 / — bf = r^, 

whence 


x-a + {y-h)y^^0, l+yx^ + {y-h)y>,, = 0. 


whence 


y2x^ 


This differential equation of second order declares that 
the radius of curvature in any circle is a constant, namely 
r, the radius of the circle , and retracing our steps by 
integration we show (Art. 168) that this property charac- 
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terizes circles only, it may be taken as definition of 
circle But the differential equation still contains an 
arbitrary r, to remove which we a^ain derive, obtaining 

This expression is the tangent of tlu^ Jm^le, called 
“deviation” (Tiaiison) or “aberrancy of curvature” 
(Salmon), between the normal at P(./', y) and the medial 
EM of the infinitesimal chord normal to this normal , 
this aiioh^^ and hence its tangent, vanishes (as we know) 
for all points of aP circles, but for no oiler curves Rc^- 
tra-^in^ our steps liy integration we shall ^et the original 
equation Hence tins property, and the differential ecpia- 
tion expressino this projierty, maj^ be taken as dehnition 
of the totality of circles, oc*', m the plane XY The 
presence of the ilnnl derivative inqiarts tlu‘ same ^eiuT- 

ality as the priisence of three aibitrary constants 

• 

240. Generalization. — We may now sec^ that if we 
derive n times any e(juation, 

!h ('o <^2’ ’ O/) = 0, 

containing constants oi jiarameters, Ci, , c,,, wo shall 
get 9? e(iuatioiis, F' = 0, F" = 0, F(”) = 0, and by com- 

bining these with the original F = 0 we obtain (ti + I) 
equations, from which we may eliminate the n c’s and 
obtain a differential ecjuation of order (since it contains 
an derivative), the equivalent of the original F = 0 
with 71 parameters By some analytic device we may 
eliminate all the cs at one stroke, or we may eliminate 
them one by one, and in this or that order. The question 
arises, will all of these methods and orders lead indif- 
ferently to the same differential equation as result So„ 
too, we may retrace our steps by the most diverse paths, 
and the question comes up, will all of these paths lead 
to one and the same primitive finite equation ^ Both 
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these questions are to be answered affirmatively, as already 
illustrated , but adequate discussion is too abstruse and 
difficult for this stage of our study. It is to be observed 
that the primitive (so-called) obtains its high generality 
through the presence of the n arbitraries, whereas the 
difierential ec^uation obtains e jual generality through its 
order, the whereby it expresses some intrinsic pro- 
perty of all such curves and of no others, and so defines 
tliem perfectly The doctrine of differential equations is 
the most profound and far-reaching of mathematical 
<lisciplines 

The expression, equated to zero, yielded by elimination 
of the constants we may call the eltminant of the 
primitive In case this latter be a complete rati inal 
algebraic function of x and y, this eliminant will be a 
reciprocant , for it must be indifferent whether we derive 
as to X or as to y 

241. Illustrations and Exercises. — 1. Show that the 
eliminant of the hyp(*ibola xy + -Vc = 0 is the 

Schwartzian ^yAy'^x'—^yi!^ — ^, and show that this is a 
reci procant. We have 

+ 22/ j : + (x + 6)2/2, = 0, 

•^'/!ix+(-« + 6)?/3r=0, 

whence the Schwartzian on eliminating x + h Passing 
from cc to y as argument (Art. 222), or deriving as to y 
and (‘liminating, we see that the eliminant is a reciprocant. 

2. Find the eliminant of the most general parabola 
{ax + hyy + ^cx + 2dy + l = 0y and prove it a reciprocant 

3. Show that the eliminant of the general conic 

+ 2hxy A-jy^ + 2gx +^fy + c = 0 

is the Momjiun 

‘ 0y2x^ybx - 45 ^ 2 .* ysxV^x + 401 / 3 / = 0 , 

and show that it is a reciprocant. Three derivations 
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remove c, g, k, deriving this last result twice we get 
three equations homogeneous in hy jy f, put the deter- 
minant of the coefficients of /t, gr, / cc][ual to 0 , reduce 
it, and the equation discovered by Monge results 

242. New Functions.- We have already learned thqt 
transcendental functions may be removed by simple 
ilerivation Thus if 

y = log.r, = y = hs-V, 

1,1,1 

then 1 /j— , y-=z 

y (1— .r-y (H-.r^) 

Tli(‘ real significance oF those results lies in the fact 
that when we attempt to pass back from tlu‘ diflerential 
equation to an e<|Uivalent finite o(iuation we are compelh^d 
t(> introduce these transcendental functions even though 
we may never have heard of them before What names 
or symbols we shall use for th^ni is of course arbitrffiy, 
but their properties all lie in the differential e(|uation 
that requires them for its integration Thus it appears 
that the solution or integration of differential e(iuations 
may give rise to countless new functions, of wliicli the 
<lifferential equations may themselves be regarded as 
defimtions 

243. Illustrations and Exercises. — 1 Eliminate the 
transcendentals from // = c*cosir We have 

^ •‘win jc, y^x = }h - 2/ “ - 2 ?/ 

2. Free v = sin‘^^ from transcendentals. We have 

y^xain-'^y, = x^y' = Jl - y\xy' — y). 

3. Remove transcendentals and the independtot Q from 

the equations of the cycloid ^ 

X = a(0— sin 0), y = a(l — cos 0). 
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dx dy , ^ du sin 0 asin0 

dO ^ dd dx ]~cos0 y 

Of course' we can ehininate 0 without derivation, but the 
result would contain a transcendental 

4 Keinove the indc'pendent t from the I'olations 


f«*.r 


= Ab 


dhl , 


when X and ' Y are functions of ,r and y, but not of 1 
We ha’^e (Ai*t 221)' 


1/2, x i-y, .r2,_Y~y X 


hence = 


'!h, 




5 Ehininate a from (.r + //)(a4*lo^7/) — 

Anhi, xy = yd^- + {oi' + yY€ '0 

6 Eliminate /i, j from /i^r* + 2/m/ +^7/“ = 1. 

^ns 2/:ir(i-c2/cc — y)^ 

7 Eliminate constants and exponeutals from 

<ie^ + he~^ = aV^ + h'e “ 

Ans (2/3. + 2//^ -Z/a;)(l “//*-) + 32 /i2/2/- = 

8. Eliminate a from .r = ‘^ + 2/ — : 1. 

9 Eliminate a from x + y=^tabn{y — a\ 

10. Eliminate c from y'^ = 2cx + <^^ 

11. Eliminate a and h from y -\-h — lic(x -- a) 


12. Eliminate a and h from ]og 2 / = ae^ + 6e"^ 

-4ns yy‘^-yx-=y‘^^ogy. 

13. Elimihate a and h from \ogy = {x + ci)l{x^ + h) 

14. Eliminate a and h from = — sin”^^^ 
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244. Elimination of Functions. — As ordinary derivation 
with respect to one argument serves* to eliminate arbitrary 
constants and transcendentals, so partial derivation as to 
more than one independent argument may serve to elim- 
inate arbitrary functions Thus, let az= A-a<f>{ay --hx), 
X and y being independent , then 

whence - — 0. 

ox oy 

If now, by app^-opriate methods not here treated, we 
pass back from this result, a partial differential equation, 
we shall find that the eijuivalent finite relation involves 
an arbitraiy function of ay — hx, such as above is denoted 
by 0, and has been eliminated Geometric illustration is 
possible, but shall not here be attempted. 

» 

246. A second derivation Mill VufSce for the elimination 
of a second arbitrary function Tlius, 

z = x<p {ax^ + hy^) + y\]r {ax^ + hy-), 

to eliminate <p and 

= 0 4- 2ax(x<p' + y^')> -y = 4- 2by(x<p' + y\fr') 

axztf — byZx — ax\/r — byij) , 

whence 

azy 4- axzy^ — byz^^ = a\Jr 4- 2ax {ax\}/ — by<l>) , 

— bz^ — byz^y H- axzyy = — 5^ + 2by{ax\fr' — by</>') : 
a?x^Zyy — 2abxyz^y + b^y^z^x — 4 - yzy) + z = 0, 

246. Functions of Functions. — Suppose now we would 

eliminate a function of a function, as ^ in 

We have, putting = y^Ju'^ = ^, 

S. A. K. 



258 


INFINITESIMAL ANALYSIS 


<px == ax 4" = ^ a - 

VC 


d d ^ 


u 


or 


tl ^ OC , ^ /D ^ 

f a 0a= -a + ^ p q>^»y^x 

(1 CL 


Similarly ^ j8 — a . <j>a 

whence on adding and rejecting 
n .V y 

. = -4“ / 

r/ (t h 


<f>^ /3 u,i, 

the common factor, we get 


Let the student extend this result to the case of three 
independents, vr, y, c, and then to n independents, 

•^l5 • • • , 


247. Functions of two Functions. — Let us consider n 
function of two arbitrary functions of dillerent functions 
of the independents, as 

c =</>(»»). 

-T = //</>' lA — - V = + ;. ^t> ' 

Hence we form tlie two siinjder e(piations 

4- y-v = 2./*y ./•(//:,, — 

By deriving these we get four moi*e equations and intro- 
duce two more unknowns <j)" and ^}/' , w(^ shall then 

have seven equations whence we may eliminate the six 
unknowns, i/r, 0', \j/, (jy'\ \J/' 

'^x 4“ XZxx + V^xy — ^ V ^ d" r * 

4- V- VV + = 2^r9f)''l/r + 2x\i/(ty"\ly' + '2.ycl)\lr\ 

-zx-j^z^x+yzx„= 

^y+y^yy~^‘^xy=-j^<t>^' + + j 

yzy — xZx + - xHxx = 

{yZy-\-XZx){yZy - XZ^) = = 4>ifz<p'yjx ' , 
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lienee finally, 

“* = i^.ic^z-T^T^ y'^Zyif + xz x V^y)^ 

The second pair ol* derivations ininiediately above aie 
seen to be unnecessary. They yield on combination the 
same result as the first j)air, but such need not always 
be the cast In ^(uieral, the order of derivation that 
produces sufficient e(| nations to tiffect the elimination will 
pioduce mor(' than sufficicmf w{‘ shall then havn‘ several 
choices of el mil nations, each leadinjj^ to n partial diffeiential 
equation, or rather we shall ha\{‘ ,i set of elmiinants, 
]iartial difleriMitial sjuations, th(' equivahmt of the original 
e(juatiou coiitaium^ the arbitiary functions It would be 
out of place to tait^^r Iksv more (h‘e])ly into this mattei 
Tlu‘ lore^oin^ exam])li^s sullicimitly illustrate the imithods 
to b(^ follow(‘d 

248. A \i‘ry iiH])ortaiit exam])l(‘ of th(‘ elimination ol 
ailiitiary firictions is jireseiited in Kuhns Theorems on 
Homogeneous Functions. Th(‘ pc^cubanty of such a 
fuii(‘tion of any iiumliei ol arguments, .r, //, c, etc , is 
that the sum of the exjionents of the arouments in each 
term is tlu^ same, namely, n, the <le^i*ee ol* tlu» function 
itscdf lieiic<‘ il u oi II „ be such a function we have 
u — H „ = , w1h‘U‘ .=7? Heiici^ if 

we take out tlicK* can itnnain only expressions of 
zeroih <legree in x, //, c, , that is, only (j[uotients 

, hence we have u = = x^^dA , ...) 

From this c(j^uation we may now eliminate 0 For if 

we operate on any term with that is, 

derive as to x and multiply by x, Wi^ reproduce that 
term multiplied by the exponent of a*, as a , hence if 
we operate on any term with 
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we shall reproduce that term multiplied by the sum of 
the exponents, that is, by n, hence op^^ratin^ on u, the 
sum of such terms, with the same operatoi* we shall 
reproduce multiplied by that is, 

the first of Euler Theorems, and liereby ^ is eliminated 


249. General Proof. — If each of th. arguments .r, y, c, 
be multiplied by the same multiplier /x, then this /x will 
be introduced into each term with the same exponent ii, 
the sum of tlie exponents of x, //, 0, , hence ii will he 

multiplied by Such would plainly not be the case 

unless the sum of exponents were in each term the same, 
n Hence this important property may serve as definition 
of homofi^eneous function of n^^^ dej^roe in x, y, z, 
Putting /X = 1 4“ we have 

Hn{x + xi, y + yt, z + zt, ,)=^{l^iYH fix, y,z, . ) 

This e(][uation implies the main properties of sucli homo- 
geneous functions For we may exjiand the left side by 
Taylors theorem (Art 211) in the vicinity of {x,y,z, . ), 
and the right side by tlie Binomial theorem , ecjuating 
then the coefficients of like powers of t, we shall get 
Euler’s theorems : 


du . 'On . 

X- \-y:^ h ••• 

Ox dy 


\ + 2xy 




dxOy Oy 




= n{n-\)it , 






We may Write these operators on n thus : 



+4+ 
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and so on, where the subscribe<l h reminds us to take 
only the homogeneous terms of highest degree For 
instance, 



and does not equal 

for this latter equals 


Now this latter ( ') = nk. hence 

(‘'ar+2'al+ 


so that the operator (*^‘^ 0 :+...) i« equivalpiit 

to the multiplier n, and is plainly the natural generali- 
zation of the operator (.rD) of Art 75 Write it A 


260. Relation of and A”. — We have found (Art 76) 
that — ocl){xI) — I ) {xD — 2) . . . {xD — 7Z -b 1 ) ; does any 

like relation hold for this A, the generalization of xD'^ 
Write for {x'^Dx^-\-Gn,i'x:^'^~^D^^~^l)yx the Tiomo- 
geneous result of expanding h{xlJx-\-yT)y + •••Y' according 
to the Multinomial Theorem , also write A” for 

{xDx’^yD„+,,.y\ 

the operation A repeated n times Then we have ;iA^ = A^, 
and we have just seen (in case of two independents, 
X and 7 /, and the proof holds plainly for any number) 
that A2 = aA‘-^ + A, or /,A2 = A(A — 1) This reminds us of 
x^D^=^xD{xD--l)y and leads us to suspect there holds the 
corresponding general relation . 

;.A^ = A(A-l)(A-2) ...(A-n-bl). 
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To test this we assume the relation for the index n, 
and in(]uire whether it holds then for 'M + I. Now we 
readily prove that = + 

For suppose aA’* expanded by the Multinomial Theorem 
and operate on it with A All terms in the result that 
involve derivatives of order, as 


^n + \ 


(or 


where a + must come from terms in aA**^ by 

ap])l\'in^ tlerivation to factors that are tliemselves deriv- 


atives (all of order), as 


-^n 

c\V^ ~ 


Ol* 


0^' 


, and 


the total numeral coe^cient C of thij, resuJtino type-term 
will be th(‘ sum of the numeral coefficients Cf, . . of 
these contrilmtory tenns, moieovei, the exjionents ol 
a\ y,. will each in tuin be iiicreasiMl by 1 as we opeiate 
(on the derivative factois) with same 

set of indices will result from each of these coiitiibutory 
terms, and tlie total resultant term wdl b(‘ 


GjcP'y^ 




But this C, for eacli such resultant term, is obtained 
in precisely the same way, as the sum of precisely the 
same c’s in multiplying the 7?^^’ power of the multinomial 
(j3Z)a; + 7yA/+ •••) by the multinomial itself, hence the 
result thus far is of the same form as m the ordinary 
multinomial expansion, and we obtain aA"+^ as the result 
of operating with A on the derivatives in aA'*^- The 
rest of the complete result is obtained by operating with 
A on the powers of x,y^ . . . , in a A^^ , but in this operation 
the derivatives count as constant factors only, and the 
whole expression aA^^ is homogeneous of degree in 
X, y, ... 5 hence the theorem for A operating on such 
quantics applies, namely, the operator A is equivalent to 
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the multiplier n , hence this part of the result is , 

that is, 

Hence a A''+^ = a A" ( A — nfi) 

That is, \f ,A^^-A(A-I)(A-2) .(A-'^^ + l), 

then. ,A’'+i = A(A~l)(A-2) ..(A-7Z. + 1)(A~ 

The relation is known to hold for //. = 2, hence it holds 
for 71 = 3, etc 

If now the operand a he h••n^o^fr|n mt-s of degree 
in X*, //, ..., we may put m for A, and hence*, obtain 

/,A" ^ h/ ~ Qti {7n — l)(m — 2) .{m — 7i)v, 

winch IS Eulei’s (rcneral Theorem for Qintiitics 

Equations non“]ioiHogeiie‘Ous in cooi'dinates .r, // may 
be ma<le lioniogeneoiis by su])])lacing tli(*s(‘ with the ratios 

and then multiplying by the hight*st power, c'S of c 

.r, 7/, c may then be* treated as triangular, trdtnear, or 
homogeneous coordinates, which reduce to ordinary Car- 
tesians for c = 1 

Sum 1 ally foi x, //, supplaced with wdiere 

X, ;//, c, Li may be tetrahedral or quadriplanar coordinates, 
and so on for higher spaces 


EXERCISES 

1. Eliminate functions from y = coslog/, // = logcosu, // = logtanx, 

^ = tanlog.r, ?/ = sin'^log.r, // = log sin'^x. 

A /IS jc-y'-h ri/ 4- // = 0, y" - ip -1=0, y"- + 4//'- - = 0, etc 

2. Eliminate functions and constants A, B, from 

Ans, {(\ — x^) — xD — c^} y ^ 
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3. Eliminate constants and log from y = {a-{-hh 

Ans. {x^D^ — ^xD + 4)y = 2x^, 

4. Eliminate functions from :? = .TSin“i 

Ans, v/S - 2 ^- = X 

t 

(j ~ G ~ 7/)’ ^ 

6. If u be the sum of two homogeneous functions of .r and 

of and degrees, prove 

{;iA- - {m + n-\)^ + 7nn } w = 0 

7. Extend (6) to the sum of three quantics in x and //, and 

then to the sum of r such quantics, of degrees 


Auk I m/', , w/ 


= 0, p ranging from 0 to / 


8. Eliminate <!> and from ^ ^{y)] 

Alls Dji . Dj,pi = I)^u . 

u 1 

ii. If - /“) = 0, then plainly ^* = - > generalize this result 
for <p(u^-x\ u^-y\ )=^0 A^is + 

10. If <f>{s(u — x)} =0, when s = ?^ + a:, then plainly 21 w* = x, or 
(s - x)u^ = s - u ; similarly, if ^ { .s^ (u - x), s^ (u - y) } = 0, 

then (s-x)u^ + (s-y)Uj^ = s- u , generalize this result, 

-Li -1 

showing that if <l>{s”( 2 i — x^), - .^ 2 ), . ^'"0' - ^«)} =0, 

then 2)(s - x)u^ z=s-u, where .s* = w + '^x. 
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PARTIAL INTEGRATION 

261 Partial deriv^ation, oi* ditf*erentiatioii» as coiiiiiioiily 
called, implies as its inverse, Partial Integration. This 
latter implies at least Hro in<lepend(mt arguments, and 
IS entirely distinct frnii inteyrai am htj parts as well as 
from repeated integration as to tlie same argument, both 
of which processes involve but one argument The 
simplevst example ol this process is alibi ded by the 
attempt to evaluate the area of plane surface bounded 



by curves. We cut it up into small roctan^es or elements 
of surface, each of which we designate by AS, dis- 
tinguishing them when necessary, as is rare, by subscripts, 
A^S, A^S, ... so that to find the total area we shall have 
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to form the sum and take the limit of this sum 

JaV, so that A = ^dS, 

Actually to cany out this wsuiumation, or tliis single 
total integration as such, would not in general he feasible, 
however Accordingly, we suppose the surfact‘ to be 
crossed by a double system of paraJlels tv) Y and A^ 
Ajt and Ay apart The area of surface-element is then 
AS=rAjr Ay, and thc^ summation 'l^AS becomes 2£(A.r Ay) 
In performing the process last indicated, we iirst sum 
all the elementary rectangles in one strip (say) parallel 
to Y Jn this process A.r is constant and may be plac(‘d 
outside the summatorial, thus, A.rwA// This latter ex- 
jiression denotes now a partial suimnation, namely, with 
respect to y, .r and A./* being constants througliout the 
length of the strip To com})lete the summation we must 
sum all such strips, that is, we must sum with I’espect 
to r and form the (‘X]n*ession '^{Ai'^Ay) if now we 
seek tlie limits of these <‘xpressions, we sluill get for the 

first a strip parallel to 1’", A.rjr/^, or A.r(?/j — 7/^^), where 

2/j and y^ are the values of y at the upjxu* and lower 
ends of the strip, and these //’s may lie expressed through 
jc, if we know the bounding curve or its equation The 
second limit, namely, of the complete double summation, 
may now be written 


^(dx^dy^, or — or ^{Vi — y^dx, 


and means the limit of the Huum of all such strips parallel 
to Y This latter form, j'(2/i — nothing but our 
familiar (fuadrature integral, ^ydx, extended to the case 

where the lower boundary is not the A'-axis This second 
integration can in general be performed when y-i — y^ is 
expressed through x. The first integration is properly 
termed partial, for in it x is constant, the integration 
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beinf^ parallel to Y, ami // alont^ varies, ranging from v/., 
to T/i- The second integration as to u' has nothing poculiai* 
about it, but is precisely such as w() have hci*etofore 
been executing The double integral may be written 


but the form f(U) (/j‘ or \Wi. 


r IS moi e 


common In this latter tliere is no instruction as to tlie 
order in winch the integrations are to be perh)riii(‘d, and 
it is geometi ically evnlent that the order is indifferent 
we may sum for a strip parallel to A", obtaining A//ZAu 

or A//C/.r, and then sum all such strips, obtaining 






and tins result is nothing dmt the wholt' aiea, as liefore 


252. Integration of f(.r, //) — But now l(‘t us suppose 
that some function of ./* and 7 , as* :r = f(.r, //), is attached* to 
each point in this bounded surface — tlu^ value of :/ loay 
of course be depicted g(a)metiically by a hmgth erected 
at (.r, //) normal to the ])hine of A^l^ As before^ we cut 
up the surface into (‘hnnents A/Sf, and form the summation 

SoA>S, and take its limit The extremes of this 

integration are not two values of or two points {x, 7y), 
as in simple (juadrature, but the whole line of walues or 
points (.> 6 ’, y) along tlie bounding curve . the integral is 
no longer a line-integral, extende<l along a line, as ct -axis, 
but is a surface-integral, extended over the whoh^ bounded 
surface As before, we sum (resp integrate) at first 
part ndJy along a strip parallel (say) to F, thereby keeping 
X constant, and then sum (resp integrate f all such strips 
We symbolize these operations thus 

SS^Aa; A^/, 
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But the question arises* does the suniination always 

approach the samr limit, ^zdS, no matter how the surface 

S be cut up into bits, nor in what order they be summed ^ 
Let us consider the case of z, a Jiiiite, unique, continuous 
function both of x and of y throughout the surface or 
domain of integration, itself wholly iu fnity Then 

plainly the integral is represented geometrically by 

the volume wliose base is S, whose top is the surface 
z — i{x,y), whose side is the cylinder formed by the c’s 
along the border of S Since this volume is one and 
the same, and is yielded however we cut up S and in 
whatever order we sum, it follows that the integral 

is likewise unique A purely analytic investigation 

that shall take a wider range, dropping some of the 
foregoing conditions, is reserved for the present 

Illustration. —Find the volume of the ellipsoid + ’^^2 + ^=1 

The three coordinate planes cut the ellipsoid into eight con- 
gruent (resp. symmetric) octants, so it will suffice to integrate 

over one quadrant of the ellipse *^2 + ^^2“^ Hence 



0 0 






\/h^{a^ - x^) — d^y^d(ay) 


= dx . \ - x^) - rt V + 7 x-)sm-iy^ j 

0 ^ 

= = ^wahe, 

0 ( 

the ellipsoid is the geometric mean of the three spheres on its 
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three axes as diameters, their volumes being 

We may think of the ellipsoid as a <if tamed spheie, jiroduced 

by compressing the sphere along two conjugate diameters, in 

the ratios - and - 

a It 

263. Theorem of Mean Value. —By reasoning precisely 
like that in Art 84, we show' that if 

f(a-, 7y) = <j,(x, y) y), 

where (f> and i/r, and therefore / are integrable throughout 
S, and if \/r does not change sign anywhere in 8', then 

y}yfe(x, y)dS = yp(x, y),„ y)d8 

= {l+e(G-l))^ylr(x,y)dS, 

where I and O are the least and the greatest (values of 
^ in 8, and 0 = 0 *- 1. 
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254. Derivation as to Extremes. — The double integral 
f“f^ 

I I f(a:, f/)(lx(li/ 

ti h 

is clearly a functioi) of the integrand / and of the inde- 
pendent extremes of integration a, h and a, /3 . where it 
must be noted, as already shown in tlie picceding illus- 
tration, that, if we integrate first as to // and then as to 
,r, the extri^mes of //-integration will be functions of j*, 
but the extremes of .r-integration will b(‘ constants , 
simdarly, if we exchange ,r and y It is also a co7t- 
timious function of these extremes c^nd may in general 
be derived witli resjiect to them, as may thus be shown 

J{a, = | 

(I h 


fa 4 Aaf/i + A/S 

/(<i + Aa, /':i + A/?) = j 1 f(.r, //)d,rd?/ = /+A/ 

a ‘‘ 

A/ = /(a + A«. /;? + A/5)-/(«, /3) 

fa + AaW + A^; f a p 

= 1 j zdx(ly—\ I za.rdy 

<> f> a 

= 1 I oo.rr///— I I ^tLrdjf 

tt h If h 


n (t 



*a + Aa 


c 

i // 

• ft 

=J 

*a + Aa 

r/^+Ai^ f, 

zdxdy-^\ 

c 

i li 

' fj 


where B and A are mean values of 


\\,l. and f 
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these being finite, and An, A/3 being small at will,’ it 
follows that A/ is also small at will, i e , I is continuous 
We observe in passing that AI is part of a cylindric 
layer or rim around the oiiginal cylindric volume that 
depicts the integral geometrically For A/3 = 0, 


A/ 

Aa 


h 

[ fet-f Aa ^ / 


-7(a + Aa, /3) — /(a, f'i) 
A« 

. \ 


Heie j f(.r, H)diJ l- the integrand of the integration as 

h ^ 

to .r iioni a to a-f-Aa if in this intc^rvtd this intc'grand 
be (‘ontiiiuous, tlu^ii it (an<l thei(‘\Mth its ecjual 



actually attains tlu^ nu'an value A and if, in tht‘ im~ 
mediate vicinity of .r = a, the function f oi : be a 
uniformly continuous iunctidn 1)f j for // an^wlM^K^ in 
th(‘ int(‘r\ al of h to /3, tlu‘n on ])assing to th(‘ limit we 
obtain 

, = Ha, ?/)(/// 
ua J 


and similarly, under similai conditions, 
dl 


u 

Y^=| f(.r, 


so that 


dl = 


0/ 

'da 




or 


dl ^ I 
dt ■" Oa 


da dl 


df-i 

dt 


Sucli IS the Theorem of Total Differential Similarly 
with respect to the lower extremes Also, in general 

dH _ 'dH 

'da'd^'~d}i'da 

the order of derivation as to the extremes is ifidifferent 
Hence the definite double integral with independent ex- 
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treines is a continuous function of those extremes , and 
if in the immediate vicinity of those extremes the inte- 
grand be a uniformly continuous function of the extreme 
in (|uestion, regardless of the other argument, then the 
theorems hold for the total differential and the inter- 
changeable order in derivaticni 

255. Change of Variables. —As in single, so in double, 
integration, it is often i*equired to change the variables 
or arguments of integi'ation In th(‘ first case such a 
change meant another way of cutting up into sub-intervals 
the total intei'val of integration, from x = a to .T = i, in 
this second case such a change means cutting up in anc bher 
way the surface S over which we integi’ate, and it is 
essential to the notion of integral that the resint be 
independent both of the manner of sub-division and of the 
order of summation In simple (quadrature we had the 
symbolic formula = dx or dx — Xu<l^ for changing 
the variable of integration in words, in 2>ass from in- 
tegrai'ion as to x over to integration as io n, 
the nth grit nd hy the derivative of x as to ti, the extrmnes 
of course being changed appropriately 



Now %/e have already seen that in many relations, in 
case of two independents, the Jacobian of (u, v) as to 
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{x, y) supplaccs ‘the simple derivative of u as to x, so 
that we suspect that there holds the symbolic equation 

dubdv = J (u, V 5 .T, y)dxdjf or dxdy = J {x, y , u, v)d iidv, 
a suspicion readily confirmed thus 

Let X and y bo rectangular Cartesians, and draw any 
system of i:ei^hbcairni^ lines along each of which u Is 
constant, also another such system along each of whicdi 
V is constant Th(‘ whole surface aV is thus cut up into 
a nuiixber of curvilim^ai- quadrilaterals, which wo take 
for surfac(‘-eloments Consider om^ of thorn, as PQRS , 
its vertices are the points 

(k,v), (/x + 0'),, (hH- A? t, r + Ar), iz+Ar), 
or in Cai’tesians 

(x, y), [.r4-(JV-+-<T'L)A//, y + (y,-{-(Ti)Atv], 

[a; + ) A a 4- (‘^’r + <t2 ) A fy\ 2/ + ( .y w 4- (ti)A u 4- {yv + (T2')Av^, 

[./'4"(*'<''< 4“<tj) A c, //4-(//y 4“ cr20A'^] * 

PQRS, as the double ol* RQR, is given (close at will) by 

I 1 , y. 

1, X,, //,, 

where x^^, y,^ and x,, y, are coordinates of Q and R 

On subtracting the secoml row from the third,* and 
the first from the second, and setting out AuAv, we liave 

Xu-\r(Ti, y AuAVy 
X„-{-(T2, yv-^-O-'Z 

which we may take for the element of area — the o-s of 
course being infinitesimals. On summing we have 

22 Ax Ay = 22^ Det. Au Av, 
whence, on passing to the limit. 


\\z<Mdy = \\z 


S. A 


^Uf yu 

yv 


dudv = " ^}^dudv. 
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Heiice, in order to pass from integration as to (.r, y') 
over to integration as to (ii^ v), multiply the integrand 
hy the Jacobiaii of (x, y) as to {ii, v) In case X and Y 
are not rectangular it will suffice to multiply Ax Ay by 
the sine of the angle between X and Y. 

We note that 

dxdy = J{x,y, u,v)dudv 

is a mere sipuhnl Ism that holds good under the integral 
sign, but has no magnitudinal import outside 

Illustration. — Pass from rectjingular C^artesian to polar co- 
ordinates Here = / cos 6^ y — i sin d , her ce 

= cos = — 7 SI n 6^, //^ — sin 6^, / cos 6 

Hence J — » and dvdy=} d'l dO 

From the figure this is also geometrically evident 



266. Generalization. — The foregoing result is so re- 
markable that we may well ask, can it he grneraltzuY^ 
Suppose, then, we have n independents (cc, y^ z, ), 
functions of n other independents (it, v, w, ...). Assign 
to the second set any n systems of simultaneous changes, 
as 

Aiu, Ai'y, Aiw, . . . , A2U', A2V, A2W, . , , ; . . . , An^t, A»i;, AnW, .... 

Let the corresponding n systems of changes in the first 
set be 

Aia;, All/, 


A2X, Azy, 


• • j Ajijr, Any 9 • • • • 
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Form tlie qiiotient of the determinants of these two 
groups of changes, namely, 

I I 

I AyV, Ao?/, A3C, . I 


A^y, A.,v, A.a^, .. 


Now we have Ai./* = t]ie snm of tlie clianges in x <lue to 
the changes A^u, A-^v, etc , so tliat we may write 


. A.r . , A.r , 

Aj.t= Aji/. + * Air+. 

A*t An 


following the analogy of total differentials, where the 

(luotieiit can differ fiom tlu^ partial derivative 

^ All * . on 

only by an infinitesimal so that 


Jjim 


A.r 

A// 


ox 

Oil' 


etc 


On making these substitutions we recognize the iviini- 
evaloroi the foregoing determiiiaut-cpiotient as tlie product 
of the denominator by tlie comssponding determinant of 
the foregoing difference -quotients* , that is, hy 

Ax A// A: 

All’ Ar' Aw' ’ ’ f 

Hence this last determinant e(juals the foregoing (juotient* ; 
lienee on taking the limits we have 

T . A.r Ay I \ dx di/ ! 

Au Av \ \^a du I 

I 

= Lim AjX, Ag?/, . . 

Accordingly we may take as definition of the most gen- 
eralized Jacobian the equation 

J(x,y,..., u, V, ...) = 'Lim\AjX, A^y, ...\ I^AjU, A^v, ... . 


I AjU, A^v, ... 


* Strictly, they diffei by uiiinitesimals only. 
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267. Geometric Interpretation. — fience we may regard 
the Jacobian as the derivative of the system .r, y, ... with 

respect to the system ii, v, Now, however, we know 

what we mean by tlie derivative of tlie magmtudc ,r as 
to the magnitude u, namely, the limit of the quotient of 
the correspondinji^ nKtgin/ udr Aj** and Au, the corre- 
sponding changes in the magnitudes .r and v , is the 
Jacobian also the limit of the ratio of two cori'espc aiding* 
magnitudes, the corresponding chaiig'^s in two magnitudes ^ 
In answer, we observe that the system u, r, . determines 
for any set of values of v, n, a point P in the v?-f()ld 
extent in which u, v, ... are laid ofl‘ as (say) rectangular 
Cartesians A linear relation aniong these coordinates, 
as det('rimiio a simple (7i — l)-told 

extent, as a line in a plane, a plane in (our) space, a 
space in a four-fold extent, etc Hence (7i-hl) such linear 
relations will bound ott* completely the simplest-bounded 
part of 7i-fold extent in this 7i--fold space, — as two points 
bound a tract in a line, three lines a triangle in a plane, 
four planes a tetraeder in (our) space, live (of our) spaces a 
live-pointed portion of four-fold space (four-wayed spread), 
etc , all of which are the simplest-bounded poi'uions of 
their respective extents 

Now, when all these (7t-f 1) extents fall together, then 
and only then this extent thus bounded by them flattens 
down to that one (n— l)-fold extent and vanishes, becomes 
0, as an 7i-fold extent But then and only then the (7i-|-l> 
points forming the vertices of the simplest-bounded 71 - 
fold extent, where the (7i — l)-fold extents intersect in 
sets of 7^, all fall into one and the same (7^ — l)-fold 
extent, — as when two ends of a tract fall together in a 
point, or three .^ides of a triangle fall together in a line, 
or four faces of a tetraeder fall together in a plane, etc. 
But then and only then the coordinates of the (7^-|-l) 
points, (u, Vy ...), (u y Vy ...), ... (Kn, Vny ...), all satisfy 
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the same linear relation, the equation of the ( 7 ? — l)-fold 
extent, + and the condition that (?? + !) Riich 

homogeneous linear e(juations hold among the ( 7 ^. + !) 
unknowns I, vi, is tliat the determinant of tlie 

coefficients vanish, if on bringing th(^ last column, of 
I’s, the coefficients of k\ into the first place, 


1 , 



7 /’, 

= 0 = 1 -u, 

''1 - 

1 , 




1 "2 — '^ 1 , 


1 , 




1 

1 






iln — U,, 


rn—Un 


This <lc‘termiiiaiit A is 7i-dinu‘nsional, it is gi*i)inetncal]y 
a portion ()f th(‘ yi-fold exti^nt , y^lso, it vanishes when, 
and only when, th(‘ simplest-})ound(Ml //-fold extent under 
consideiation vanishes hence the two can differ, if at 
all, only by a constant numerical factor, which actually 
turns out to be 7/, — as foi 7/— 2, A = 2 (triangle), for 
n — ^, A==() (tetraeder) , etc Now tht*se <lifierences //j — u, 
. aie nothing but Ap^ A^i^, , A^r, , 

so that A IS nothing but the denominator in the <leter- 
minant-(piotient of Art 25() , which accordingly is niendy 
1 7// times the sinqilest-bounded 7/,-fold extent in cpusstion 
Similarly the numerator of the same (]uoti(‘nt is meiely 
I )h times the coriesj/onding simplest- Ixmiided /i-fold extent 
whtui .r, 7/, 0 , , aie rectangular Cartesians dependent on 
n, V, w, .. Moreover, when a, e, w, . are neither rect- 
angular noi* rectilinear cooi*dinat(‘s, but curvilinear, then 
the differences Ap^, Ap’, . will indeed be small arcs, 
but, 111 (jenfral, the limiU of tln^ ratios of these arcs to 
their chords being 1, we may put the chords for the 
arcs without affecting the limit, so that the same result 
will hold in general for u, v, . any kind of coordinates. 
Likewise, by similar reasoning, it will hold for x, t/, ... 
any sort of coordinates. If ir, t/, ... were not rectangular, 
the determinant in question would still differ from the 
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extent in question by only a constant factor, the general- 
ized sine of the higher angle (leteriniii<^(l by the axes at 
the origin Finally, then, it appears that the Jacobian 
is in nature a true derivative, namely, the limit of a 
diffei’once-quotieiit, the ditfereiices being simpIest-boundcMl 
corresponding n-fold extents, oi* elements of the /^.-fold 
extent, as determined in tlie two systems of coordinates 


258. Infinite Integrands. — Tims far tln^ intcigrand has 
betm assumed hnite and dc^finitt^ througliout tlie domain 
of integration Ihit soimdimes it becomes infinite or 
indeterminate at C(‘rtain points, for c(‘rtain valu(‘s of tlie 
argument of intc'gration Let ,r=-c be sucli a value, in 


case of the simple inti^gral J f(.r)f/.r, so that !*(<:) is 
perhaps indeteiminate Then 1 f(./ )</.r in general 


or 

loses 


all m(‘aning , but if tlie two integrals 


- ( 7 , 

f(.r)r/.r 


and 



approach each a definite limit as the infinitesimdls o-j 
and 0-2 approach 0 independently, then the sum ot* these 
two limits is called the Principal Value of the integral 

I i{x)dx, and is taken as the value This means that 

<t 

our result is definite and uiinjiie, got by extending the 
integration close at will to the point c on both sides 
Such IS certainly the case whetxever the iniinitij of f{x) 

at x = c is deter min ately lower than the infinity of ^ , 

X c 

that %s, (dgrJn'oiroU y lower than first degree For then 


i{x) 


< 


A j 

{x-cY I 


where the vertical bars mean absolute worth or sign dis- 
regarded, and 71 is < 1 Hence 
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r \ 7 i A i -^ / 




and tins latter expression is inlinitesiinal for n finitely 
< 1 , that IS, we can approacli the integration on both 
sides so close to the point .r = c that no further approach 
can make th(‘ value of either integral fluctuate by more 
than an infinitesimal The like holds in certain cases even 
when is not jii.ihl loss, but still less, than 1, but 
manifestly fails for ii ^ i foi then 



and this lattei fluetiiat(‘s ind(‘ti‘rniinately with o- and or' 

When, as ,v apjiroaches r, the intt‘^ran<l sways bt^tween 
indefinitely ^roat values ]M)sitive an<l nepitive, but <loes 
not tend to setti ‘ down upon any ordi^r of infinitude, 
the princtpaf oalae is <lefiuite • 

It may happen that th(e integiand b(‘comes infinite 
determinately or indeterminately at a number of discrete 
points the fore^oin^ reasoning holds as to ciach such 
point ^f the infinity be determinately < 1 or lie inde- 
teiminate at each of the points, the prhicipal Vidae is 
definite but otherwise tlu‘r(e is no such value, the in^ep*al 
loses all meaning 

It may even hajipen that these critical values of x, or 
critical points, heap themselves indefinitely close together 
in some small region of value, they become infinite in 
number in a finite sub-interval ; in that case th(‘ integral 
loses all meaning for such sub-interval 


269. Infinite Integ^rands {contimicd) Similar reason- 
ing holds for integrands becoming infinite in double 
integration If f(a;, y) becomes oo at the point (jp, q), 
then the surface z = i{Xy y) at this point shoots up without 
limit, and the question is, What contribution does this 
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needle-peak make to the volume ? We enclose the point 
by a small circle of radius or, so that on this circle 


aj= 2 ? + <rcos0, 2 / = ( 7 -f <rsin 0, 
and ;y)f7a;d7/ = JJ(p + <rcos 0, (/-t-or sin 0)cr(7<Tc70 


We draw a second circle about {p, q), of radius cr, and 
integrate over the rin^ between the two If lihen, as cr 
and or independently tend to 0, no matter how, the 
integral over this ring, the cylindric lamina, ten<ls to 0 
as its limit, then by extending the integration ever nearer 
and nearer to (p, q) we cannot make tlie value of the 
integral fluctuate except infinitef imally, the volume or 
integral will settle down upon a Oeflnite limit as the 
integration closes down upon (p, q') TIh^ cpiestion, then, 
is about the volume of the cylindric lamina Does its 
base shrink faster than its height expands If so, it is 
infinitesimal, but not otharwise Now its base is < 7rcr‘^, 
hence if its height 0 = f(.r, //) be < -d/cr", that is, if the 
order of c^s infinitude at (p, be 7i, we have the integral 
over the ring or the volume of the lamina < 
and this is infinitesimal when and only when n < 2 For 
nfi 2 we have the volume of the cylindric lamina 


2TrA log 

O' 


and this is manifestly infinite or indeterminate, fluctuating 
with the or’s, that is, with the nearness to (p, q) 

Suppose now that z becomes infinite at a number of 
discrete points, then the volume would shoot up these 
infinite needle-peaks here and thei-e, and the preceding 
would apply in each case Or these ac -points might be 
heaped together so as to form a linear set, to fill out 
a line or cur\ e-h‘ngth anywhere in S, Then the solid 
would shoot up infinitely as a knife-edge or mountain- 
ridge over this line or curve, of length (say) I, and the 
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queHtion is, Wliat contnbution does this rid^e make to 
the volume ^ We hound off* a strip about this I in S, 
(say) a- wide, on eacli side of I Tlien Icr is the area of 
this base of the lid^e, then if all alon^ this rid^e c b(‘ 
c^/cr’^S th6 contribution of this rid^e to the volume is 
certainly and this is infinitesimal when and 

only when -i/i, c 1 Hencii the vafeijval oner S re mol ns 
finite eren when the ^vte(jrand becomes 'infinlie nioioj o 
Jinitc curve 'tii aV, hut onhj in deijrce less than 1 


260. Extension of domain of Integration. Tims far, 
both 111 simple^ and in double integration, the <lomain of 
integration has ])e(‘n tipitc‘, as from a to h or over the 
finite S But often wi‘ ha\e occasion to i‘xtend this 
range indefinitely, and thc‘ question arises l)o(‘s th(‘ in- 
tegral still remain finib' ^ In cas(‘ of a simjdi* integral, 

1 W(^ might at once change the variable to c — ^ , 


thc^n w(^ have 





The (juestion then becomes, Does the integrand 

become oc in the neigh bom hood of z = and we already 
know that the integral remains definite only when the 

order of the integrand’s infinitude is < 1 Now becomes, 

at (0), oc of oi’der 2 , hence must then become 0 

of order >1, that is, must become oo of order < — 1; 
hence in order for the inteijral 

J i{x)dx 

n 

to remain finite as h nears oo, the integrand f(rr) must 
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vanish of order > 1 as x tapproaches oc, or its degree of 
null it ad e must he > I , or it must have at oo a zero of 
order > 1 — all which expressions are tantamount 

In case of double inte^i*atiou we ini^ht employ a similar 
transformation, but we vary tlie method tlius Supjxise 
the domain S to imlar^e without limit in every din^ction 
Then plainly the integral or volume must incrtaise witli- 
out limit unless tli(^ height //) in all tlie remote 

regions of S at th(‘ same time (ha*r(‘ases without limit, 
the solnl must thin out indefinitely in every direction 
The question then is. How fast must it thin out ^ About 
the origin () we draw two circles ol ladii R and R\ the 
area of the ring betw(‘en them is 

Now let both R and K incrcaisi^ without limit then the 
contribution to the integral or volunu^ mad(‘ by this 
cylindric lamina will be 'k{R-Y R'){R — R'Y^m^ where is 
the av(‘rage oi ni(‘an height of the lamina Now each 
of tlui factors R-YR and R — R' becomes or may become 
00 with R — wo have only, Tor instance, to take /?.' gxvat 
at will and then R twice as gi’eat hence the base* of 
the lamina becom(*s oo in secoml <legiee , hence if c 
becomes infinitt\sinial of only second degree tln^ jiroduct 
or volume will ho finite but indeterminate, vaiying with 
the ratio of R to R' , hence the integral loses all meaning. 
If o becomes infinitesimal of degree low(u* than 2, the 
product or volume will become oo , and th(^ integral again 
loses meaning But if o vanish (become infinitesimal) of 
degree higher than 2, then on cancellation the product 
will retain an infinitesimal factor, and the cylindric ring 
will have a volume small at will, and the integral will 
fluctuate only infinitesimally as S enlarges without limit, 
and the limit of the integral or volume will be the true 
and only value of the integral extended over the whole 
plane 
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Most frtujuently 8^ will not oxtond ovtir the whole plane 
but only over s(nne region of it bounde<l by some* unclosed 
line oi lines, as liy a parabola, or by an liypt*rbola and 
its asymptotes In such a case the uppei extitmies, a 
and yS, become oc in definite way or ways, and our geneial 
method is to evaluate tla^ int<‘gral for a and /5 finite, 
and observe how th(‘ \alue thus obtained fluctuat(‘S as 
a and griiw without limit ^hdy when, on taking a 
and /3 large (‘iiough, »all furth(‘i Huctuation causc'd by 
taking them still larger is infinitesimal, does tlu* integial 
appioach a limit and ri^tain nu^aning 

It sometim(‘s hap])("ns that, I'vtai whiai thi‘ doubl(‘ in- 
tegral loses its signiiicance in gcaieial, it may yvt attain 
definife valiK* for a <h“finite suc(*ession of inti‘grations . 
in that cas(‘ such a \ alue 's called a singular value, and 
im])ortanc(‘ attaches to it in th(‘ th(‘oi> and a])])lication 
of the so-called Foini(‘rs integials 

261. Products of Integrals.— ^'MometniK^s the int(‘grand : 
breaks up into two factors, functions the oiu‘ solely of .r, 
the other solely of //, as c = !(./, //) while 

the extieiiujs are constant, so that tlu‘ domain S is a 
rectangle of sides a — n, f'i — h ])aiallel to and V In 
that casi‘ 


pa p/^ 

0(.r) (/>(.r)d.r 




which means we aie to integiate along a strij) parallel 
to Y, along which both 0(.r) and d.r (or A./ ) aie constant 
and accordingly may be set outside the sign of integration 
as to y , the integral of this strip is a constant 

h 

which may be set in front of 

f oL pa 

</>(.r)d.r, so that l = B\ (p{x)(Lr * 
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Tins latter integral is another constant A, so that, finally, 
-^=1 ^ (}){x)-^{y)dx<ly = A -®=|| <l>{x)(lr^ 

a It a h 


1 e , the double integral between constant extremes, i e , 
over a rectangle with sides ^larallel to the axes, of the 
product of two functions, one of .r and one of y, equals 
the product of the integrals of these functions 

This result leininds us of Th( orein V, Art U), and 
may be reached by «q>pl\ mg the same, thus 

f |* ^ i/ — j ( }/n ) A?/ n 

J III J H 

a h 


no, ^ 

I I yjy (t; } dt/ = >ti4 Ij ^ J u tf 

a (i 

— ( // A// /I j 

V ju it ) 

</>{x)\fy{y)dx(/y 


262. Surface and Line Integrals. — Continuing our 
study of the analogies of simple and double integrals, 
we remark that the value of the first is expressible 
through extreme or end mines of the derivand, oi which 
function the integrand is the derivative, thus 


f {x)dx = 0(a) — 0(^^), where 0' = f , 


and we naturally ask. Is jjt(^ , y)dxdy expressible through 


the extreme or border V(diies of a function (derivand) of 
which f is derivative ^ ” To answer this question we 
suppose S any domain with simple or multiple border 
(simply or multiply connected or compendent, ein-oder 
mehr-fach zusammenhangend), eg,, with triple border; 
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over it wo will integrate 

” dy ’ 

and first as to ./• We a^rot^ to ivekon positively th<‘ 
border S coinpost‘d of s', s", s'", so that S shall always 
lie to the left of tlie^ arrow as it compasses S Wt‘ ma^ 
j)ush the axes so as to briii^ wholly within fiist 
quadrant Tln^n repird f as (nx'iy where 0 i^xecqit in 
the region bounded by s We integrate along a strip 
Ay (or ily) wide and parallel to A' The effective integ- 



ration begins where we enter S at (ls^, and ends where 
wo pass out of S at <li$e Along this stiip f is a function 
of X only, is constant as to y, and Ay (or dy) is constant , 

hence we may set out dy and integrate as to Xy 

which intcgi'ation yields — Hence the contribution 
made to the total integral by a strip parallel to X is 
— where and 0, are the extreme values of 0, 
at points of exit and iiiit. If we enter and pass out of 
S several times in course of integration along the strip^ 
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as at B and (7, notliin^ new arises, instead of the one 
difference of ^'s we have a succession of differences 

0^1 + (^><—0^)2+- • » 

one for each part of the strip lying in S, and dt/ is tlie 
same for all Hence the total double integral over 
becomes 

1 


all the (f}'s considered This form is not convenient but 
becomes so on changing the variable of integration from 
ij to .s* For at eveiy point of exit wt‘ have 
dy 

;-- = sin T = sin }K 

d.y 

where i/ = sloi)e witli respect to + H of normal to ds, the 
normal being drawn inward, and at every point of entrance 
dy 

= — sin T = — sin i' 

Hence substituting for dy wo obtain 


JJf (.r, y)dxdy ~ J 


where the integration as to « is to be extended round « 
completely, along the whole border .s, in positive sense 
Similprly by integrating first along a strip parallel to Y 
we shall obtain 


JJf y)dxdy = 


Here then the original surface-integral is expressed as a 
line-integral extended over the Ime bounding the surface, 
over a system of end-values of the original derivand. 
The same formula may of course be used to turn a line- 
integral into a surface-integral. 

The advantage of introducing the slope v of the normal, 
as to F, instead of the slope t of the tangent, as to X, 
will appear in dealing with triple integrals. 
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When S is multiply connected we may niak(i it simply 
connected by flitting it as in the figure, alono Q, tlie 
two edge^ of the Hitt then count as pai*ts of the bordei* n, 
and the two integrations alon^ tliese two ed^es, beiii^ 
opposite 111 sense and of the same integrand, diinul each 
otlier 


263 Exact Differentials. — A case of sjiecial imjiortance 
presents itself wlu^n 0 and \/r are paitial derivatives as 
to ,r and g of tlie same function F(.r, //), so tliat 


0 = 


cF 

lV*’ 




c)F 

-V/’ 


and there foi*(‘ 


c vy> 

c '// “ J.r 


Hence, from the theorem of total diiferential, 
» oF = (f> d.v “4" \j^d }! , 



which latter expression is accordingly called an exact 
differential Let us integrate this e d. all round 8 , then 


+ V^cZy)aioiig s = j*(0 cos v + \]/' sin v)ds 
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ie, The integral of an El) of F{x, y) vanishes when 
extended positively round a domain in which F is 
everywhere unique, with F^y and Fy^ everywhere equal 
and iitfegrohlt — 1 \ result that may hold even when F^yff 
is unequal to Fyj^ at discrete points or along a line, hut 
not over an area however small 

Hence, if two lines (or paths of integration) s and .s', 
as AGB and AG'B, hound completely such a region S, then 



for we compass S comjdetely by travel sing s jyositirely 
and s' ucgahrejy Hence 

|(E I) ).ao„n ' = '' • 

ie, Iiite(/mls of an KD ft-oni A to li atom/ two patliH 
hounding completebj such a dotnain aS', are equal — a pro- 
position of far-reaching; Hifjnificance 


Illustration. — Let F—j^i/, then J(H1» ) = j(A/(^ and wc 

are to extend it completely round S Now ^t/dx along C\tO 
yields area CTIIICA, and ^yd.i along CBF yields area IICBC'IF 
in opposite or negative sense, hence ^ydu all round S yields 
area S negative. Similarly ^xdy along TOT yields area TTCTI , 
^xdy along TC'T yields area TIIT'C' negative , hence ^xdy all 
round S yields area S positive, hence ^{ydj. + .1 di/) = J"(/ (xy) = 0, 


when extended all round S, 

If now wc suppose F some other function of a and y, then 
our integration round S may not yield a simple area as above, 
so that we shall not see the result so cleaily, but the reason- 
ing will remain unchanged. The integration round S may he 
regarded as walling S in, the height of the wall at each 
point being the value of the integrand at that point. In the 
illustration the height is the ordinate (resp. abscissa) of the 
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point When the wall turns out negative, it is to be conceived 
as built downward. In the general case the height is not the 
ordinate nor the abscissa, but some other function of the point 
What the theorem affirms is that the amount of walling up 
equals the amount of walling down. 

If now we change the sign of (say) ifdx, we shall get ,\dii - ydji, 
not an exact differential, and this integrated round S yields i)oi 
0, but twue the mea S Further discussion must be reserved 


264. Triple Integral^. Tin* foregoing doctrine in genera] 
admits of easy extension tc) biglier inultijile integrals 
Thus, if there be any portion of space, or volume, F, we 
may sii])pose it cut up into a triple system^ of cuboidaJ 
elements by a tnjile s;ystem of ydanes normal to W, V, Z 
resp(‘cti\ (‘ly, and Air, A//, Ac ajiart*. The volunu* ol luiy 
such cuboid will }h‘ A.r, A//, Ac, and F will be the limit 
of the sum of all such elements 


F= AAAF=ZZ:22A.r A^/ Ac = 



Th(‘ triyile A is to b(‘ understood thus C1ioos(‘ any pair 
A.r, A//, that is, any rectangulai element in the plane XY. 
and sum for all the corresponding Ac's, the result is a 
small it*ctangular yirisinoid of right section A.r Ay (extend- 
ing clear through the \olunie F from c, to c, hence this 
contribution to the* total sum is — c,) A.r At/ Of course, 
if the volume is folded or holhjw (multiyily connected), 
there will be several entrances and as many exits, so that 
c, — c, will =(c, — c,)j 4 -(Ce.-~c ,)2 4' Now, holding Aj^j fast, 

sum all such prisirioids for all corresponding At/’s , the 
result IS a lamina, Ax thick and parallel to YZ Lastly 
sum all such laminae, and the limit of the result is the 
volume F But this is nothing but a triple integration, 
first as to z, then as to y, then as to x The extremes 
of c, Cfi and c,, are determined by the equation of the 
surface bounding V, hence are in general fuiiCtions of 

both X and y , the extremes of y are determined by the 
s A. * T 
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equation of the curve of section of the surface made by 
the plane parallel to YZ^ and hence are in general functions 
of X , the extremes of x are absolute constants, intercepts 
on X of tangent-planes normal to x (See Fig. 42 ) 

If, now, we are called on to integrate /y, z) through- 

oi^t F, 1h ^)dxdydz, oar space-intuition fails us, 

at each point of V we shouhl have to imagine erected a 
normal to our own three-fold space and of length but 
we cannot imagine any such normal Nevertheless, no 
analytic difficulty is present , we merely suppose each 
element dxdydz we'iyhted with a multijilier F varying 
from point to point, and proceed to integrate precistJy 
as before If F be 'a-dimensional in r;, //, z^ the result will 
be (n + 3)-dimensional in the extrcmies of x, y, z 

Thus far F has been supposed finite, continuous, unujue, 
and V wholly in finity. Whether the triple integral loses 
oi* retains meaning in case any of these conditions be 
removed, must be tested as with double integrals. Similar 
interpretations and limitations apply to higher multiple 
integrals. 

266. Space- and Surface-Integrals. — As line- and sur- 
face-integrals may be turned into each other, so may 
surface- and space-integrals Let it be re(j[uired to in- 
tegrate F(x, y, z) throughout a volume V bounded by a 
surface 8, let 

'dx 'dy 'dz ’ 

let the element of the bounding surface 8 be A8 (or d8)y 
and let X be the slope of the normal to A8, with respect 

to X. We now integrate Y = ^ along a prism parallel 

to X, of right section AyAz\ the contribution of this 
elementary prism to the total integral is (0, — 0,)A2/ 
and of course, if the volume be folded or hollow so that 
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the prism has several entrances and exits, we sliall have 
<l>i> — 9^. = ( 0 r — ~ 0^)2 + • * Hence the total integral 


will be 


He. 




extended over tlie complete projec- 


tion of the space V on YZ But now we may chan^t‘ 
the variable of integration from (/y, z) to S, remembering 

that , wdiere is th(‘ element *011 

th(^ normal, corresponding to A./* on A"' Hence, under the* 

integral sign, <Zyr/c = eos = If this normal be, 

OtV 

•<Irawn imuavd, X wnll be in s(‘Cond or third (juadrant, and 



cosX consequently — , at all i^oints of (ixit of the prism, 
but X will be in fourth or first <piadrant, and cosX con- 
S0(]uently +, at all points of entrance If the normal 
be drawui oiitiuard, the opposite will hold In either case 
and <j)^d 8 take the same sign, dS being taken always 

positively, and our total integral becomes 

extended over the whole bounding surface S Similarly 
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we proceed with the integrals o£ and and there 
results the convenient form 


which turns a space-integral into a surface-integral, and 
ricr versa 


266. Complanation. — The simplest case of surface -integral 
is presented in th(‘ problem of (quadrature r^f a curved 
surface, or vomj >l<( inti ion , as it is sometimes called, wher(‘ 
the multiplier of th<‘ surf ice-element, (/>S, is the constant, 1 
To evaluate the area we jnoceed thus 

Let A' bt‘ the q)ioje(‘tlon on the qdane P' of nuy area A 
in the plane 1^ inclined to P' at the angl(‘ {PF') , then 

A' — A cos(P7^') 

Foi consider any rectangle in A with sides parallel and 
perpendicular to tlu‘ intersi ction I of the planes by 
projection the qiaialh^l sides will not be altered in length, 
but the jiei jiendiculai ones will be shortened in the ratio 
cos(PP') 1 hence the area oi the rectangle will be 
decreased in the same ratio This conclusion is at once^ 
(‘xtended from lectangle to parallelogram and any triangle, 
and th -‘lice to any rectilinearly bounded area, since this 
may be rescjlved into triangles If the area be curvi- 
linearly bounded, thmi inscribe and circumscribe j)ol\gonal 
areas, P, and of n sides, and let G^,' be their jiro- 
jections Then 

A < G,„ and In < A' <0^ ^ 
also In=In COS(PP'), C,,' =-Cn COS(PP') 

at every stage ( f variation As n increases towards oc, 
In and On close down upon the common limit A, In and 
Cn upon the common limit A', and we have 

^' = ^.cos(PP0. 



MULTIPLE INTEGRALS 


298 


ndced, it suffices to tlie area A resolved into 

larrow rectangles (or eovere<l with spider lines) per- 
lendicular to tlie intersection I in piojeetion the breadtli 
)f (‘ach such strip is unaltered, while the length is 
iliortened in the eoninion ratio coh(PP') 1 , liencc, as 
lefoie ^ 

Now take XV as the plane of pr(>)(‘(*ti(»ii P', and cut it 
nto elementary rectangles by two systems of ])laiu‘s tlu^ 
)iie peipendicular to Y aiul A.r ajiait, tli(‘ othei perpt^n- 
liculai to X and A// apart They cut th(‘ cuived sui-face H 
nto euiviliiiear <|ua<lrangles as (Fig 40) I’ass 

ilso a syst(‘m of planes thiouglf each siicli Ii(^ and jier- 
n»n<lieular to X F Pa^s a secant-plam* K thirmgli A, 1i, 
ilso a ])lane P tangtmt to N at tlu^ ]>oint T anywhen* 
vifhin AliC thus inscribe and eircumserilx* ^ with 

? -faced polyhe<lions, 7,, and By taking u laigt^ 

niougli, At/’ and A// each small at will, W(‘ establish the 
iKMiuahty • * 


UK I foi n increasing towaids x botli l„ and t > close 
lown upon the common limit N, since the s('cant-plaiK‘ 
K and the tangent-plaiu P setth^ down towar<ls thi‘ sami^ 
imiting position as the tiiangh' Ali(^ closes down, no 
natter how, upon T Moieoxer, th(‘ projc'ction .of th(‘ 
ilane triangle ABP is always I A./ Ay, ami =AEC cosy', 
vhere y is the inclination of K to XV On passing to 
Jie limit y' b(‘Comes y, th(‘ inclination of the tangent-plam^ 
P to th(‘ plane XY, and we obtain 


ASf = Lilli 


,^^.A.rAy 
^ cosy 


II 


1 

cos y 


dx(hj 


rile extremes of integration must be j^ropcrly determine* I, 
ind we notice that the multiplier } falls away, as there 
ire two triangles, ABC and BCD, projected into the whole 
\xXii We obtain the same result at once by' regarding 
ffie surface as the limit of the sum of elements, one in 
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each tangent-plane, about the points of tangence , eacli 
of these equals its own projection Ad' Ay divided by the 
appropriate cosine of inclination, cos y If the surface^ 
be not everywhere oleuientally flat, but have singularities, 
as sharp points and the like, these must be cut out, and 
the iiiflnitesimal regions about them considcu'ed separately. 

The inclination y is the same as the slope of the noi’iiial 
at T' to the ^-axis hence, from Art 203, 

I/COS y = V:/ + + 1 , 

if the surface be c = f(.r, //) 

Also, 1 /cos y = s/F^^ -h 4- F,, 

for F(.r, //, c) = 0 

Very often y, : are expressed as functions of two 
independents, ii and r, thus 

c), y = \Jr{a, v), c = x(?^ v), 
whence by elimination, 

^ = y) or F(x, ij, c) = 0 

Hence 

~ -u. Iju and — }f ! 

whence 

z^^J{z, y, u, v)IJ{x,y u, r), 
z,, = J(x, z, u, v)fJ(x, y, 16, v). 

Substituting these values of z^c and z^f under the ^ , 

and remembering that in passing from the independents 
{Xy y) to the independents (^6, v), the element dxdy under 
the integral sign changes into J(x,y. u, v)dudv, we get 

^ ~ IJ cos y * ~ ’ d'tidVy 

where Jx, Jy, Jz are the three Jacobians above, they may 
be obtained from the rectangular array 

I y^i il 

I y^ 0, II 

by deleting the columns in order. 
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Lastly, to inte^^rate any function as M{x, ?/, 0)= W(v, 
over tlie surface, we multiply by respectively TT, under 

the JJ ami proceed as in ordinary double integration. 

Herewith we regard each element of the surface as loaded 
witli a mass M = W, whatever it may be, as electricity, 
piessure, flow, or what not, and we take the integral or 

limit of tile sum, Jil/ (/S or of all such loaded 

surface-el(‘ments 

Thus suppose any agent, as electricity, sprea<l over the 
ellijisoid 

so tluit its density at the ])omt P eipials the distance j), 
from the origin to the plane tangent at that point , And 

the total charge We hav(» to calculate over the 

ellijisoid . also 




+ l/cosy 




lU 0- 


— ^4 —^TTuhc, 

The double integration is extended over one quadrant of 
the ellipse 


,2^ 7.2 “ 


n- • 52 ■ 

for one octant, and thei*e are eight octants 


267. Green’s Theorem. — Perhaps the most important 
example of the transformation of integrals is the following 
Let U and U' be two functions of (x’, y, 0), whose values 
are given for every point in a regions of space V, and 
it is required to taftyrnU* U^' + Uy . Uy +Uz . 

throughout V We have ^ 
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Hence integral 

r,/)„+(r u:),}dv 


If, ilow, l^Ur\ UCy\ CUI be finite and coiitinunns, or at 
least integrable throughout V, we may apply Art 2()5, 
so that 


Since 


TT ' ' 


^1/ 

Oil 


+ r; 


3: 

31. 


or' 

3 a 


This transformation requircss that f" ami C and the fiist 
deriv^atives of U' be uimjue, finite, and eontinuous thiougli- 
out the region of integration V if also tlie first derivatives 
of tl be likewise uni(|ue, finite, and continuous tliroughout 
the same region, then we may exchange the notions and 
symbols U and U' in the formula above, and on (Mjuating 
the two expressions for /, there results 

V'!,”- U V^u]dV = \{L"ll^- 

This remarkable relation, first enounced by Green in his 
famous Essay, printed at Nottingham (1828), escaped 
notice till 1847, when Thomson, now Lord Kelvin, per- 
ceived its great significance for mathematical electricity. 
It was then republished in Crelle’s Journal (Vols. 39, 
44, 47) By its aid may be determined the potential 
function U for every point within a closed region where 
the U is given for every point of the bounding surface 
and V’^U for every point of the interior region In 
practice, U or its first derivatives will generally suffer 
some discontinuity in the interior at some point or along 
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some line or over some surface tliese must then be bounded 
oft* and their boundaries reckoned to S, but the detailed 
treatment ])e]on^s to the fheortf of the 'potential, and lies 
Ixydlid the ran^e of this volume 


ILLUSTRATIONS AND EXERCISES. 


1 Find the Jacobian for passing fiom rectangular to cyhndric 
coordinates 

We have — y cob 6^, y/ = y&m^, : = : Hence , 

lienee under integral sign, — / di dOd: This is 

also geometricall}" evident, frt, to find an ele’ment of 
volume we draw about Z a system of coaxal cylinders 
and consider th.' tube liounded by two such with radii 
y and y +dy , we cut this into rings by jdanes normal to 
Z and consider the iing bounded by two such corre- 
sponding to : and :+d:, lastly, we cut this ring into 
cuboidal blocks by planes through Z and consider ^the 
block cut out by two such corresponding to 0 and O + dO 
The three (‘dges of such a lilock are plainly di, di, and 
t dO, and under the integial sign we may write its volume 
nhdOdr: 


Find the Jacobian for jiassing to spheiic coordinates 

W e have .y = /) sm </> cos 0, i/ = p sin </> sm 0, : = p cos 
Hence J — p-i^unli and d,rd t/dz p-i>m tj> dpdOdeji, 

We may envisage this geometrically thus About the 
origin lay a system of concentric spheres and consider 
the shell bounded by two such with radii p and p + dp, 
cut this shell into rings by cones about Z (polar axis), 
vertex 0, and consider the ring formed by two such 
corresponding to </> and </> + , cut this ring into 

cuboidal blocks by half-planes (of longitude) through Z 
and consider the block cut out by two s’jich corresponding 
to 6 and O-^dO, Three concurrent orthogonal edges of 
this block are dp, pd^y, p sin <l>dO, and for its volume we 


may write, under 



/o-sin d>dpdOdd>> 
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3 . Find formula for length of a tortuous curve. 

If (jr, y, ':) and // + %> : + Ar) 

be ordinary neighbour points of the curve, then 


hence, foi t the independent, 


AiJ 



Ys A? 


Taking the limits and remembering L =1, we hav< 


5, = { c<V“ + -f ir } “» •‘'j = v^i + '/x" + -x“ 

Under the J we may write (Z.s = >. 4 /x“ + am 

we may freely use the symbolism ds* = 

which however obtains magnitudinal import only whei 

d signifies deuvation, say as to t 

To find s we integrate between proper extremes 


4 In finding .s, pass from the system (.r, //, :) to (a, r, iv). 

Denoting deiivations as to /, u, ?, by ,, j, w< 

have .// = ^ ^3 

/2 + y'2 + + J52/2 + '2 ^ 2 (DrW + Ev'ti' + /’wV) 

where 


^2 .,i2 + //i- H- -1^ == ^2- + 

IJ = E^,r 




The system {j, y, z) is orthogonal, the coordinate sur 
faces (planes) through the point (x, y, ri) meet at righi 
angles; if now the system (w, v, w) be also orthogonal 
if the coordinate surfaces ( 7 z = a constant, 7; = another 
= another) through the same point (ta, % w) meet als( 
at right angles, then D, Ey Fy being proportional to th< 
co^nes of mutual inclinations of these surfaces (or theii 
tangent planes) at this point, must vanish , and if 
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/Xj, I'j be the slopes as to A", J", Z of the normal at this 
point to the surface u = constant, then we have 

cos A, = , cos /X, = cos I'l = ~2 , 

and so for A^, etc 

But ^if we lyiow w, IV in terms of x, //, then we 
may denote by subscripts derivations as to j, //, : 

and proceed precisely as before ; w, r, w being orthogonal, 

r/.s“ dit^ + dv- + dw* 

I^utting a- ^ Wj- + Uf -h V >“, and so for />- and r-, we have 
cos A, — , cos /X, = cos r, = ^ , 

1 

and so for A„ etc 

Hence — and eight other such relations 

Ad ® 

Hence • ^ = yl<i, and so on 

^^ow d ~ j + 'j ^nd so for //, 

^ / -f // ,// 4 . // jc', and so for v\ t(\ 

In this latter expression, for u, substitute the values 
of //', and collect , so 

u' — {( , + f/]V^ + 1 ) u 4- tei ms m v' and n 

This relation holds whatever t' and ti' may be, hence, 
putting each -= 0, we obtain 

4 - = 1 =■- Aa, 

Hence, of course, Aa — Bh = C( = l, AdJC^ljahc, 


Now, remembering -J = ~, etc, form the Jacobians 

it 

there results 


'^{x, -//, z) '«’) 

^lu, V, w) ■ " ' a(.r, y, z) 

whence 


AIJV, 


- ± ABC, 

3(ri, V, w) o{x, y/, 


± a be. 
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If (hi^, dih,, d^i:^ be tlifferentials on the three normals 
to the three surfaces through (//, i, w), show that 

Adu==diiy, Bdi'^dnyy Cdw-=du,, 

5. If ?/, :)=-</>(?/, }(), show that 

+ J-2 4. fZ2 ^ 2 ^ J,2JZ2 + 



Apply these lesults \\hen /*, o aie spheiic coordinates 

1 > > 

(3 If +,/ 4- -1, and so foi ( and if, then thesi 

a- 4- n h- 4 - u c- + II 

three conicoids are confocal a^i ellipsoid, an hyperlioloid 
and its conjugate^ and they are at right angles at evei} 
intersection Prove 

'A = (if- + n){(f- 1)0(- If ) (</“-/>“) (a- - r-), etc., 

lA-^(a- + t(){h-+u){o- + - i){u ~ ii), etc. 

Show that the central normals on the thi*ee plane^ 
tangent at (t/, r, w) are the halves of the a, h, r 01 
Ex 4. 


7 Find the area of an ellipse by cutting it up into elements 
by radii and concentric similar ellipses 

If \ 4 -f,= l be the E. then 7-. + ,^-,= 1 is a similai 
(1- b- h-n- 

concentric E, and // = -tanr / is a radius. Als( 

a 

x = ((ucosr, i/ = huhmv foi any such E. Hence 



3. Find the same area, dividing it by confocal E's and If 3 

. . X'^ 

The equation of a confocal E is -rr - 7 r*> + ”>= 1» wher€ 
^ 4 - u- 
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2ii is the minor axis of the confocal, and e is the 
eccentricity of the given E Also 

X = -h are- cos / , // = u cos v , 

and a confocal hyperbola is 

a-e-fcos v)- aV(sin vY 

Hence ,/(./, // , / ) = {y- + /AV“(sin vy\lJu- + //V-, and 


n -’" P'2iir-ya-e- 

Jdifilr TTi - _ _ da = Trtd> 
J Jn~ + a-e- 


Draw diagrams illustrating (7)^ and (S) 

9 By analogous methods t find Aolume of ellipsoid 

jjjj yj- 

10 Find area cut out of the paraboloid of revdlution 

^ » a, h 

by the elliptic cylinder = r- 

Choosing j and // as independents we must integrate 


v/l+.V’ + V' + 

Put ,/ = eau cos // - iha sin so that ff — idn'hijl + 


Area aht - J J Us! 1 + e-ukJ iidt 


— 'lirdlff -J* 


nj\ +chi\lu 


- - 1 } 


11. Find area of the skew quadrilateral formed by two pairs 
of right lines on the hyperbolic paraboloid : = r// 

The quadrilateral is cut out by two planes, x = a, j = ((\ 
parallel to YZ, and two others, v = i/ = b, parallel to 
ZX. Take as new origin the point {a/, //, 0) and reckon 



+ X- + y-dxdfj. 


12. Find the volume bounded by the circular cylinders xr + y-^a^ 
and x^ + ::^ = a^^ and the surface of each inside ^he other 
Ans, — 8 (^ 2 . 
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13. Find the volume bounded by 



Put .?• = a (cos u sin ??) // = ^(sin u sin v) \ z = c (cos r) \ 

then 9a?>(sin u cos w)-(sin r)''cos ? , 

the extremes for both u and ?’ aie 0 and 7r/2, and the 
volume IS repeated in each octant. Ans . — of cii- 
cumscribed ellipsoid Into what quadrilaterals do tlie 
curves w = const, r=^ const cub ii]) the plane Xyi 

14 Find the quadratic moment as to its axes of a homogeneous 

ellipsoid — , + -f ' = 1 
^ a- h- e- 

For the (]uadi'atic moment ^/, 7>, C as to YZ^ ZX^ 
A'l" we have 



the density being 1. The extremes are not constant 
(Art. 253) , to make them constant we introduce new 
variables by the relations 

== aUy f/ — hvj 1 - U-, ':^cuj{ \ ~ u-) ( 1 - r-), 

then J—abc{\ — 

and the extremes are ( - 1, 1), ( - 1, 1), ( - 1, 1) 

A = altc^ J J u-{\ -u-)Jl - 'ii^hludvdw== 

-1 -1 -1 

(.2 

So 7>= and the axal moments are 

o o 


IP' + c- 
5~ 


M, 






15. Determine tl e same moment when only similar concentric 
coaxal laminae are homogeneous, %x , 



?/- 
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Here A = 



and proceeding as before we fibd 


Moment as to A" 


1 w + C-) + 


Apply method of (14) to find volume of ellipsoid 

' t 

16. Show that the area of (./- + //“ + ^-)2 = a“( is ^Tr^a*, 

and describe the surface geometrically. Use spherical 

cooidmates • 


17. Enne])er’s MuivnaJ Sin face has the equations 

» 

r= tP — 'Mir' — 3 //, // = ^h' - 3r-, - 3n-r ~ 3 ^’ , 

show that the rectangle of the •four lines of curvature, 
f/r=,lj /i = 2, and ?; = 3,*'/=4, lias an area 2'252^ 


18 Show that the reni/c of on a circular disc 

submerged vertically is below its centre 
We have • * 


just 




/ dxdff, 


the vertical <liameter and the horizontal tangent being 
A' and Y, and the integration being extended over the 
circle 


19. Show that the Newtonian atti action of a homogeneous 
spherical shell, on a mass-point without it, is the same 
as if the mass of the shell were at its centre 

Let P be the point of unit-mass, 0 the centre of the 
shell, and consider any zone-element cut out by planes 
perpendicular to OF, Let a -= radius of shell, c = OP, 
r = PZ = distance of zone from P, 6 = POZ, = OPZ, 
Then plainly the components of attraction perpendicular 
to OP annul each other in pairs, the resultant is along 
PO, The mass of the zone for 6=1 is 2Tra^siiidd6, its 
total attraction is 27r^t“sin OdOfr^, the component G along 
PO is 27ra-sin ^cos and this must be integrated 
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from 6^ = 0 to 6^ = 7r. Also 

r- = r- -V _ 2ca cos 6^, cos </> = (r - a cos 0) ji 
Taking as new variable .v~acQsO we obtain 

e=2^,,-’r 

J ^{c- 4- a- + 2ac.r)^ r- 



But this IS the attraction of an equal mass, 4;r^“, at (). 
Show this holds when P touches the shell outside Also 
that it holds for a solid s])here composed of concentric 
homogeneous layers, / c , when o varies only with the 
distance from tlie centre Show also that the total 
attraction vanishes for P inside the shell, and inquire 
how it vanes for 1* inside a solid sphere composed of 
concentric homogeneous layers 

The analogous problem for an ellijisoid composed of 
similar concentiic coaxal homogeneous shells is inter- 
esting, important, and celebrated, but not in place here 

20 A hemisphere of radius a is bored into halves by an auger 
of diameter a , show that the spherical area left is 4a- 

21. A smooth cylindiic tree is cut down and the stroke of the 

axe is" sloped on each side 45** to the axis of the tree , 
find the volume of wood and area of bark chopped away. 

22. A mass is spread uniformly (6=1) over a closed surface /S, 

inside which is a unit-mass at U (a, 6, r) , find the total 
tension normal to S due to the attraction of Z7. 

Denote by dS the element of surface, as at P, and let 
UP = r, then the normal tension at P due to U is 
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COS ’ 

dS^ where v is the angle UP Mi and PN is the 

(*COS V 

normal dra /n inward We must then reckon | — —dS 

J r- 

over the whole of S. Diaw about U a unit-sphere and 
lay about dS an elementary cone with vertex U ^ and 
first suppose S simple and everywhere concave towards 
U Then the integrand cosvji- is nothing but a Jacobian, 
the limit of the ratio of the surface-element to the cor- 
responding unit sphere-element. For a sphere-surface 
about £/, and through 1\ radius r, would be sloped v to 
8 at 1\ h^nce its element cut out by the elementary 
cone would be the projection of the element of that 
IS, would be cosvd8, and the central projection of this 
on the unit-sphere is cos 27^/5//-. t Hence to integrate this 
latter over <8^ yields the same as to integrate 1 over the 
iinit-sphere, and this latter yields the area iw. Hence 

ft 

Mere considerations of sign will now show that this 
result holds even when S is multiple or folded Show 
that w’hen U is on S the integral equals 27r, and vanishes 
for U without S. 

If a mass M be any way distributed inside the 
total normal tension on S will be 47rJf. (Gau&“ ^ 
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PARAMETRIC DERIVATION DEFINITE 
INTEGRALS AS FUNCTIONS 


268. Derivation as to Parameters.— Wc have seen 
(Art 85), that J i(x)dx is a function of the form and 

a 

of the extremes a and a, but not of x, an<l we have 
learned to derive it as to (t and a, thou^^li the study of 
a derivation as to the form f would not be in place liere 
If, however, f(a;) contain an arbiti'ary or p<vr<nnefer p, 

then / = Jf(.r, p)dx will contain p and be a function of p, 

and hence in general may be derived as to p Thus, 
omitting extremes, with which we have no present conceni, 


/ = = hence = 

Here we integrated and then derived, but we may derive 
under the integral sign and then integrate with the same 
result, thus 


= \x^~^\o^xdx=^'^" log^c— = ‘^ - Aoij.r — 

J ^ p ^ 


So, if 


I = jeos px,dx, then Ip = {px conpx — sin px) /p-, 


whether we integrate and derive, or derive and integrate. 
Hoes this commutative law hold in general 
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If = then -^-J" ^'(xP)dx = <p{a, p) — 4>{(i, p). 

a 

whence, by iiite^i*atin |4 an<l then deriving, we have 


ij,=</>p((t, p) — p) - p) 


r 


Also, by derivin/:^ and tlien inte^ratino, w^e have 

n i, „ 

= y>)| =</>jA<t, 2>)->pj>0'’ p) 

Syinbohcally, 

We liave found in general tlic order of derivation as to 
incUipendents, and also tlie order of integration, inter- 
changeable , here we find the onler of the tw^o processes, 
<lerivation vind integration, ]i*kewnse In general inter- 
changeable We may listablish this highly important 
result by sti aightforw^ard derivation as to the parameter, 
thus 

7^1 f (.r, 2 ^)da*, 7+A/ = | ‘p + i^p)(1x) 


A7^p;(^,p+_Aj>)^ 


wdiere V{^p) is the infinitesimal vanishing with Ap. Now 

pCt 

in general 1 V{I^p)(lx is also infinitesimal, vanishing with 

a 

Ap . hence, in general, on taking the limits, 


'dp 


dp 


Of course, it is herewith assumed that i{x, p) is actually 
derivable as to p, and ip{Xy p) actually integrable as to x 
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throughout the range, from to a The figure illustrates 
geometrically The change from p to changes the 

bounding curve; the waving strip is the cliange in /, its 



varying width is the varying Aij or A/ due to Ap Hence 
the name cliff erentvftio tie cntrvff hi cvvvum. If o and 
a contain p, then 



o p 


a X-/ ^ 

:t(«, 


1 

J 


269. Integration as to Parameters. — Since 


f(x, p)<ix 


is in general a function of p, as F(p), we may integrate 
it as to p, thus 


j i{x, p)dx^di)=^^ ¥{'p)dp = ^ ^ f(.r, 


a definite double integral, to which the discussion of double 
integrals applies In particular, / being a continuous 
function both of x and of p, and the extremes independent 
constants, the order of integrcdion h indifferent Both 
derivation and integration as to parameters are fruitful 
of important results in the evaluation of integrals. 

The double integral / = | ^ p)dxdy is plainly 

a h 

a function of p, and may in general be derived and 
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integrated as to p. The inte^^ral beinjj geometrically a 
volume on a base S with varying height 0 = f(x, p), 
the change would entail a change A/ repro^sented 
geometrically by a lamina of varying thickness Aj,o spread 
over the undulating top of tlie volume 1. If the border 
of S lie changed by the change Aj9, then there would 
be laid round the cylindric volume a cylindric lamina of 
varying thickness 


EXERCISES. 

1. From 

= ? (i'>0), 

U 

prove by derivation {n times) as to p 

0 

and by integrating as to p, 


r( 0 0 fl 

log./ («>o> 


2. By deriving 


r 




1 

P 


as to p {n times), prove 

r® \n 

J (i»o); 

0 ^ 

and by integration as to jp, 
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3 From 


p d,i‘ 1 TT 

J y^-\-a-~a 2’ 


prove by deriving as to p a- that 

r d, _1 3.5 . (2;^-3) 1 TT 

J (r- + ~ 2 4 6' (2// - 2) *2' 

0 

4. Integrating by parts, prove that, for n > 0, 


sin bx(ix- 




cos hj ■- 


a- 4- 6“ 


Hence b}' derivation and integration as to a (a>0, /?>0)y 


0 0 
r e~°‘" - 

1 ^ sin hr (b = tan~^ ^ - tan ~ ' 

u 

p* ,-a. _ .-fi. 

I ^ COS Uo 


, (f- - //- 

» cos 0.1 a.) = , r> , ,, > 




Pi + /yJ 

COS = \ log , 

.r - o ^ 


The third integral is a continuous function, both of 
a and of [3, even for a decreasing and /3 increasing 
without limit , hence for a =r 0, /3 = ^ , 


j*®sin h.i 


dx= ±- 


according as 6>0 or //<0. 


For ^/ = 0 every element of the J vanishes, hence J ~ 
so that the J is discontinuous, making two leaps, from 

TT TT 

- ^ to 0, and from 0 to as h changes from - o- to 0, 
and from 0 to +cr. 

Now put '}-ha and b-a for add and subtract, and 


prove 


"cos ax . sin hxj tt f*sin ax . cos hx 


1*30 

4 1 


--- dx = 0, {b>a) 
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, r*sin 2«x' , TT « , 

and I dx = 7^, for h = a, 

0 

Note that, for a — 0, the resulting 
J sin hxdx and J cos hx^dx. 

0 4 > 

lose all meaning, since at go both sine and cosine osc’llate 
endlessly between -1 and +1. But for a>0 the factor 

under the J becomes at 00 infinitesimal of infinite 

order, and multiplied into sin Kt and cos hx reduces their 
oscillations at qo within — o- and 4-0-, so that 


p-. 


amb.id.i and I cos hxdx 


are definite 


T). Prove 


6“'“sin xdr=^ — — . , 
a- 4 - 1 


and then derive as to a , aX^o integrate as to a, and pt’ove 


j -- .sm.rcfx = 


tan~^</. 


6. Similarly prove 


^“"'COS.7 6^./'= 

a-+ 1 


derive as to (f, also integrate as to a, and pro>% 




cos xdr — log 4- 1 . 


7 Multiplying 


°cos ax . sin bx , tt , 


and integrating as to h from 0 to 00 , prove for all real 
values of «, 


f cosa^, 71 
J c- 4- ^2 


TT 

2’ T"’ 


according as a>0, a<0, a = 0. 
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8. Prove 


xsinaxj . TT 

4- X- 2 ’ 


0 

according as (f>0, a<0. Does this hold for <^/=0'? 
Can we derive again ? 

Prove also, by integrating as to a, from 0 to , that 


f 


sin ax 


.r(c^-hx^) 


dx — 


'2c/ 




(rf>0 or a<0). 


Also derive as to c , and why rot integrate as to c 1 


9 P = 


0 



is the p)obahtlifif-ifitc(pa1 


By Art 261, 



Here S is the first quadrant, for polar coordinates 
and the extremes are 0 and qo for 0 and ^ for 6 
‘ Hence 


= j'p"’’/ d> de = (/ , 

0 0 0 

P = ^e-’^dx = 2 ^ = = Jtt 

0 — » 


Observe that is a surface cutting at : = 1, 

and sinking thence symmetrically over the whole XY 
plane ; 2P is numerically the area between A' and 
z = e~'^, the section of this surface with XZy an<l 4P^ the 
volume between this surface and XY, 


10. In 2P put x = uja (a of course >0) and prove 

^ ^ ~ j- ) . j?. 

J V O J (2a)»‘ V a 

— ao - ao 

For X put u±a and show 
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Put u — vsja, h = 2as/n; whence 


f+co 




1 2 

Multiply —p = I by cos a and integrate as to 

V"- JttJ 


a , SO 


Tcosa, 2r , r 

I , da= I cosar/tti c~^^“du, 

J Va ^ J 


The integrand cosa^-“"" is throughout continuous and 
vanishes in ou degree for a == oo , hence the integrations 
aie exchangeable, on integrating twice by parts, 

I 

pot 

() 

and this integrated as to a from 0 to oo yields , 

hence, finally, 




Obtain a like result on putting sin a for cos a. 

il Since sine and cosine in the first quadrant range through 
the same values in opposite order, we have ^ 

7r ir 

J* (cos.r)”da; = J (sin.r)V.r. 

0 0 

Also, since sin 0 — 0 and cos7r/2 = 0, by Reduction- 
formula (Art. 114), 


J* (cos J (cos 


■ By the formula ( — H /gm ^^Lz!r for n '>m + 1. 
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For = 2/71-1, 2?//, 2m +1, denote the J by 0, E, 0\ 
then 

. 2772 - 2 2/72 - 4 4 2 _ 2/72 ^ 

“ 277r=n[ ’ 2/7? - 3 5 ‘ 3’ ^ “ 2m + 1 

^ 2772 - 1 2/77-3 1 TT 

"ib77' ‘ 2777 - 2 ' 2 2 

Also, 0<cos.r' 1, 

*. (cos .7 > (cos /•)“’" > (cos 7*)-"'-+ \ 0 > E > 0\ 

. . on substituting and dividing by the coefficient of 7r/2, 

2 2 4 2/77 ^71^2 2 4 2/77 2/72 

r ■ 3 ‘ 3 2m- I ^2^1 3 ■ 3 ■ 2m - 1 ‘ 2 j« -Tl’ 

Here 7r/2 is shut in between two continued pxoducts 
that differ only by the factor 2/72/(2/72 + 1) , as m increases 
without limit this factor converges upon 1, the pro- 
ducts close down upon each other and upon 7r/2 always 
between them , hence 

TT /2 2 4 4 6 0 4 \ 

^ = Linif ^ 3 3 5 • 5 • 7 infiniiumy 

This remarkable result, obtained by Wallis, :s given 
here as the first example of a number expressed through 
an infinite product, a form of expression now common 
in Higher Analysis. 


270. The function T or H. — For ^> = 1, the result in 
Ex 2, Art 269, takes the form 

f oo 

e''^x^dx = \7iy 


mi a positive inteji^er. But even for n not integral, on 
integrating by parts, 


/•{» r 00 i*Q« 

J = -j — I +^J 


^-x^n - 1^^ _ ^ I Q-x^n - 



EULER] AN INTEGRALS, 


315 


Tli(‘ two integrals liave the same form, difFering only hy 
the factor n It was Euler who first perceived the im- 
portance of this lorm, and treated it as a function of n . 
Legendre named it accordingly Eiderian Integral of 
sera ad speriesy and denoted the latter integral above by 
V(n) (lead Gamma-Fanction of a), so that the first would 
be r(/A + J), and tlie relation ]ioI<ls 

r(?2-f J)=7ir('/0 

But a mort^ convenient equivalent is the Gaussian 



so tliat r(n+ 1 ) = II(/?) = nll('>?— 1) 

Botli Euler and Lagrange preferred 

r(n) = j'(loK)J”^/u, 

0 

obtained by putting it foi but for* most purposes, the 
oiiginal form is bettei For 

u 

whence r( >. ) = 2 j”e - ’’"dr = V-tt = IK - ] ) 

0 

For n negative thus defined, becomes oc "V 

271. Fundamental properties of F and n — This in- 
tegral is like a f(fctiyrial,iihiQo j?? — 1, but the factorial 

loses all sense for fractional arguments, whereas 

r(J) = V7r = lJ(-i), 

so that r or II may be considered as the gener<dized 
factorial. By means of this facto'idal property we maj" 
find r(n) for any positive n, knowing T(n) for 0 < 1, 

thus : 

r(.9=r(fr+i)=ir(o*+i) 
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Moreover, if be a proper fraction, so is 1 — n, and 

r(l — '>i) = J 

V( n) r(l - » ) = V " 

0 

We may transform this JJ by a substitution of Jacobi’s, 

useful in dealing with definite intei^rals .r 4 - = ;?/ = Rr 

wlience 

j =zu^ ]'‘(7i)r(i — J J — vy‘~h/ii(ir 

0 0 

= j* 2J (tan Qy ( t’ = sin 0^) 

0 o 

Since l — 27i is not integral, there is no very simple way 
to evaluate this intj,ej^ral , tlie following seems ^ood as any 
Consider 




for > 771 — 1 , TT^ a ■ — TT. 


Resolve into n factors .r — 7 *j, .r— 7 * 3 , - • 7 * — 7 ’ 2 ,i 1 , 

where 


a + TTA 

7V =e = cosy7^ 4 - 7 sin for /» ==!, 8, 5 . . . 271 — 1 

A2 a-1 

j^n _|_ ^ * X — - j 

Hence TfiAi = , (r/, = injn) 

Hence 

- i)a/ log(.>c — + . . . } 4- (y 

Now If u+iv be any complex number, we have 
it = pcos 7;=p sin 9 [>, u + iv = pe'^y p^ = u^ + v^, 0 = tan"^- . 


Hence log(it 4“ iv) = log p + i</>=^^ log(i7/ + v^) 4- i tan " 
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HoiiC(‘ — C08 iJi — i sin ) 

= \ lo^(./“ — 2./* cos 7>/ + 1 ) — tan “ ^ ~ Ui-^iVi 

tKr “““ COS 'Rj 

VVe must cvaJiiate 7 between 0 aiul oc The f/^’s and K’s 
remain continuous tlirou^hout this ran^e of integration . 
eacli V vanishes for .r = 0, but increases continuous] 3" 
witli j However, 


- — 2./ cos -j- 1 = { 1 — (2.r cos />/ — \ )lx ^} , 

. . (I i = log ,1 + 2 log { 1 — (2.r cos 2>/ — 

Henci‘, on summing the t^’s, the multiplier of log .r 


— fjTr<t( f. \Trot _|_ 


I I plnniri 

I pi^ln - l)9r«/ — />7r«/ — A 

T I — ’ 


Since '>uf== 9 >/ and <>2m7r/ ^ I integer, hence the 

multiplier of log./' vanishes absolutely throughout the 
1‘angi* of integration the total contribution of the integrals 
of logc4* IS 0 But loi '?//='?/, (f would =1, the divisor 
1— would =0, and our conclusion would fail in fact, 
the integral would =x Neither would 1 — = 0 for 
m oiof integral hence, at most, ?// = /? — 1 Also the other 
part of Cf,, j log { }, manifestlj’^ vanishes for x=oc, lienee 
the total contribution to 7 made by the f"\s is 0. 

As for the F’s, it is rea<lily seen that j// < 27r, that eacli 
V is continuous,^aiid becomes =±0 for x = cc, and t^jat V/ 
becomes = — for .r = 0 Hence 


, where / == 1 , 3 , 5 , . . . 2 ii — 1 

t Jo 

To calculate mi, we observe that this 

7/ n 

a+lir 

- IHf 

type-term is the derivative as to mi of e , hence this S 

a+LTT 

is the derivative as to mi of , and this 






■< 27 rmt 


i 


::}= 


M. 


D' 
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To find S we derive this as to mi, and denoting such 
derivation by we have 

^ = M jj + M — jjz , which = ^ , 

since, for man integer, N=0 Hence 


(‘ « — 1 


Hence 






Putting u — x^\ a = mind, we ^et 

J u + sinaTT 


a result fundamental for the doctrine of definite integrals 
Thus far a has been a positive proper fraction . but 
if (( be irrational, it will lie between two such fractions, 

n.v 

- and , and the value of the intewal will he bctw ^en 

two integrals, evaluated as above, corresponding ^o tliese 
fractions, and by closing down tlie fractions upon tlie 
irrational a, as their common limit, we may close down 
the two integrals evaluated as above upon their common 
limit, of the form given above, even for a irrational 
For tt = 0, and = —r)/?’, the equation above takes 

the form 

_ TT 


Sin air 


hence finally 


ri r^/2 

j = ^ =2j (tan 

0 0 
one of the most beautiful, remarkable, and important of 
EuleFs discoveries. 
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272. First Eulerian Integral. — On writing x = 


Hence 





r(m) r(t?) = 4j I 

0 b 

Pass to polar coordinates, then J=r, and we have 


r(//6) r(7^)=2.2j* n )-\ J COS0“'^ \sin ^ ilO, 

0 0 

...r7r, is r('y)t4-7?). hence 

0 

r(m) r(?2.)/r(?7id-7?) = 2| cos6“'”~\sin6“'' ^ B{m, n) 


— B{n, m), 


the value being unalfected by exchange of m and n 
This B^ named (by Legendre) First Euler imi Integral, 
IS thus expressible through three F's For .r = cos0" it 
takes the form 


i^(m, ?i) = J b7c/* = j* \li-xy^^~^dx^B(n, m). 

0 0 

Just as the relation cos a = sm( 7 r /2 — a) reduces the 
calculation of sine and cosine for the first (juadrant down 
to the calculation of them for the first octant, so the 
second fundamental relation 


r(n)r(l ~7i) = 7 r/sin nir 

reduces the calculation of ^('^^), for n between 0 and 1, 
down to the calculation for n between 0 and J ; and a 
table of r's for this range of argument-value enables us 
to find r for any positive argument. Further discussion 
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of these Eulerians and actual calculation would lead 
beyond the range of this volume, into the Doctrine of 
Infinite Products , but it may be well xjO remark that a 
definition of P by help of this doctrine will give the 
function a meaning even for negative arguments. 


EXERCISES. 

1 Translate foregoing properties of V into properties 3f II. 

1 I 1 

2. Find area bounded in 1st quadrant by F + t/‘ = a", 

Hint Put .r = (sin 6*)-". hta\r'ii)^/V2n 

3 Find centroid of tha<^ area J — 9/ = y((r2i/yiT3n 


4. Find volume in 1st quadrant bounded by 

and centroid of that volume. 

Alls, V = ahcllm . 11// . 11^/11 (v/? + // 4-^/) , 
jV— I127U . IT// . TlplYl{lith + li -\-p) 


5 Generalize the property 


f 


— ^ Tu/r(/// -f u) 


into the theorem of Dirichlet 

If / = where the integration 

extends throughout the region where 

1 jL 

(*^2**2)^ ^ 1 j 

and the x’s, a’s, a’s, and p’s are all positive, then 

/= B • -Pa Pn . rpju, . rp^ch rp„a„ 

ai“- . 02 “=. .a„"» ' r(pia,+pMj+ ..._p„a„+ 1 ) 

We mal^e the border condition linear by the substitution 

= etc ; 
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then + ?/2 + + t 1 is the condition. Also 

.r"a“ = ■ ^du, 

for each index 1, 2, . , n. Hence 

7 _. PilV' 2_ Pn . ff . 

«x"‘ JJ J ■ ^ - 

The extremes are detei mined b}" ^ ? 

hence they are for ?/„, 0 and \ —u^ — Hy h>r 

0 and 1—u^ — Hy — ^tc ; for //^ 0 and 1.' 

The variability of tliese extremes complicates the problem 
excessively, I'ut we can make the extremes constant by 
introducing a new set of vaiiables by tAie equations 

= "i = (l -«])(! -»2)« !> •> 

11 

«« = (! - -’2) (1 

In the Jacobian of this substitution all the elements on 
one side of the diagonal are 0, sincj contains only 
2^2 only i\ and i „ etc, ; hence 

«/= diagonal term = (l - (1 

The extremes for each r are now 0 and 1, as we 
e'^sily prove step by step, beginning at thus • for 
Wj = 0 and 1, v^ — 0 and 1, for 2 ( 2 ^ 0 , and for 

2^2 = 1 ~ = 1 — 27^, 2'j = 1, etc This substitution^ is sug- 

gested hy the case of two variables, is extended by 
analogy, and is tested as above. 

On substituting in I, the extremes become these 
constants 0 and 1, the integrations are independent of 
each other, and the integral of the product becomes the 
product of the integrals as to each of the v"s. We 
begin with the integration in : 
ri 

J = where t=pa; 

0 

0 

S. A. 


X 
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On forming the product all the denominators hut the 
last are cancelled by factors in the numerator, and we 
obtain the result enounced 


6. Write the border condition 

1 I 

form the new integral 

and prove by reasoning like the foregoing : 

/' = / . j* +!>»«« ~'^(hv * (Liouville ) 

0 


7. Use Dirichlet’s theorem in quadrature of ellq)se and cuba- 
ture of ellipsoid. 


8 Use Liouville’s extension to find mass of unit-sphere com- 
posed of homogeneous concentric spherical shells of varying 
radius r, the density varying as 

We must integrate 1 /n/ 1 — throughout the 

region where + and for the first octant, 

/=(r-i)78rj = 7r/4. 

The integral multiplier of / is f ^ dw = 7r/2 ; 

.1 J V I - 

NI ^ 

hence /' = — = —. Generalize this for n variables, 
o o 


9. Prove 


10. Prove 


j* "" ^T~^dx = Tnfm^\ (Put u = 
0 

0 


* / is herb the same as in (5), but with the + 1 omitted from the 
argument of P in the denominator. 
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11. Prove J (lx = B{a, h-a), for l>a, ^Put P 


12. Prove P/ . r(2r) . r(3/) r(l - /•) = for r=^ 

)}/ 

Em j)loy r? . r( 1 - 7 ) = 7r/sin 7 tt , remember 

sill??: , /tt \ . /tt \ /27r \ . /27r \ 

- — = 2”'’sni( - : }sin( - + jsm sinl +;:) , 


tlie last pair of factors being 


sinl ^±:rj or sin 




according as h is even or odd, and put .: = 0. 

I 



CHAPTER IX. 


CURVE TRACING 

273. This extensive, difficult, and important subject can 
be treated here not adequately, but only in measure to 
meet the mo'*e fre(iuent needs of tlie student 

Given the equation of a curve, inquire' 

A What is its general coui^se ^ How sliall we draw 
it roughly ? 

B. How is it to be drawn, how does it beliave, in tlie 
vicinity of certain critical points 

C. How is it to be drawn towards infinity 

We answer A by several observations as determinations, 
like the following, made in an}" order 

1. Its intercepts on X resp Y are found by eejuating 
y resp. x to 0, and solving the resulting e(j[uation foi x 
resp y , approximate roots suffice 

2 If che exponents of x resp y be all even, then the 
curve is symmetric as to Y resp X . if the exponents of 
both X and y be all even, then it is symmetric as to botli 
Y and X , if all the terms be of even or all of odd 
degree, then if {x, y) be on the curve so is ( ~ x, — y), and 
the ‘curve is symmetric as to the origin, in opposite 
quadrants (eg xy = (tP), the origin bisects every chord 
through it and is the centre of the curve , if the equation 
be symmetric as to x and y, not changing when x and y 
are exchanged, then the curve is symmetric as to the 
line y=^x\ if , on changing y into —t/j equation becomes 
symmetric as to x and y, then the curve is symmetric as 
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to x—^y\ ami other symmetries may sometimes be 
detected by simple transformations. 

3. Find mtfxr.^vt and minima of y resp x-, where the 
tangent is parallel to resp F, by e(iuatin^^ y^ resp. Xy 
to 0. Herewitli the concavity resp convexity of the 
curve will be determined in certain vicinities 

4. Determine any points of inflexion, where the enrve 
chan^(5S from convex to concave, and vice versa , at such 
points (Pyjdx^ must change sign, and in general vanisli. 

5 If convenu‘nt, solv%‘ the eejuation as to x or y o^ 
eacli, notice liovv either coordinate changes as the other 
changes, and for what value oj' values (if any) of either 
the otlier becomes imaginary loops may often be thus 
<letected * 

(). If th(‘ form of the curve be not revealed by any 
such considerations, it may be well to pass to polars by 
tlie relations .r--pcosd, ,^ = psind or a change of origin 
or axevs may be lielpful ^ ♦ 

274. Arrangement of Terms. — In order to study the 
I’acional integral algebraic curvi‘ F(.^', //) = () in the neigh- 
bourliood of critical points, it is generally best to collect 
terms of the same degree, and express F(ir, y) as a sum 
of binary (juantics, thus 

where 

and so on. For a’ = pcos0, y~pHmO these become 

0(p» ^^0+ 'hd" ^2+ ^2+ •• + 

where — a^, 'v^ = p(r/jCos 0 + />^sin 6), 

and so on. 

If the critical point be the origin, then = if it 
be not the origin, transfer the origin to it ; we may 
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suppose this done and accordingly omit Then — O 

or ^1 = 0, 1^2 = 0 or and so on, are all equations of 

right lines through the origin O, being homogeneous in x 
and y. also Uj = 0 or z\ = 0y 1^2 = 0 or '?q + 'r2 = 0, 

^^l + ^t2 + ?^3 = 0 or + + curves of 

2nd^ 3rd degrees, etc , through the origin 0 and closely 
touching the curve in question Of these, = 0 or r| = () 
is the right line tangent at the origin for on combining 
this equation with F(./’, ?y) = 0 or 0(yf), d) = 0, we see that 
the resulting equation has two roots =0 111 x, or in //, or 
111 p, as the case may be that is, or t\ = 0 meets 

F = 0 or — 0 at O in tivo points, or is tangent Similarl}^ 
the conic — ^ + = meets the curve at O 

in three consecutive points, and is hence called oRCidoinig 
conic, like remarks a2')ply to the cubic, (juartic, etc 

275. Nodes. — If '?^j = 0 = 7q, tlien the e(|uation F = 0 = ^> 
begins with U2 or that is, with terms of 2“'^ d("grtH" 
then 1^2 = 0 or 7’2“^ equation of a y>^/rr of right 

lines tangent to the curve at O Tlu^ factors of ii^ 
be real and unequal, when the tangents are real and 
separate, or real and equal, when the tangents are real 
and coincident , or imaginary, when the tangents ai’e 
imaginary, according as the discriminavt of namely 

— is >0, or =0, or <0 In the first case two 
branches of the curve pass through 0, the generating 
point passes through 0 twice, the point 0 is a double 
point or crunode of the curve , in the second case, two 
branches of the curve reach but do not in general pass 
through 0, the generating point attains the position 0 
but retires from it on the same tangent, the origin 0 is 
a cusp or spinode ; in the third case no contiguous points 
of the curve lie about 0, the generating point attains the 
position 0 discontinuously, along no path, the origin 0 is 
an isolated or HHijoytft point or acnode 
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276. Plucker’s Method. — Perhaps clearer notions may 
be obtained thus • Suppose a point to glide along a ri*ght 
line while the ri^ht line turns about the point; then the 
point tntces a curve, and the right line envelopes (as 
tangent) the same curve If As be the change in ai’c- 
length, corresponding to Ax, the change in diiection of 
the tangent, or the angle* through which the nght Jine 
turns while the point traces As, then, as we know, 
average curvature^ and dT/d8= instanti/neov^ cur- 
vature » 

Now at a 2 ^oint of inflexion the generating point glides 
still along the right line in the same sense, but i)he right 
line stops turning in one sense and begins td turn in the 
opposite sense , at a cusp the right line keeps on turning 
in the same sense, but the generating pbint stops moring 
in one sense along the light line and begins to move in 
the opposite sense 

A nOation connecting 4 ? ami, x, tellfng how the point 
glides as the line turns, is* called the intrinsic equation 
of the curve, since it contains no refenuice to extrinsic 
coordinate axes or the like, but determines the curve by 
its inner nature Such equations are often useful. 


277. Multiple Points. — Returning from this digression 
we remark that if 16 ^ = 0 and = 0 then 

F=0 = ^ begins with u^ or r.^ with terms of 3*^ degree. 
Hence three values of p, each =0, will satisfy ^ = 0 , or 
three pairs of 0 - values of x and g satisfy F=0, that is, 
the origin O is a triple point of the curve. Also, = 0 
is the equation of three right lines tangent at 0 , real and 
separate, or (two or more) coincident or (two) imaginary, 
according to the discriminant of U 3 . may extend this 

reasoning to multiple points of any order. 

In order to detect such points in the firsl* place, we 
observe that ifx must lose its uniqueness where there exist 
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more than one tangent. Accordingly, we write off the 
system 

F,+F,.y,=^0, (1) 

= {^X + Fy. . ( 2 ) 

{FscArFy. y^f + 3 4- ^ mi • Vx) yxx + ^ 2 / • Vxxj — 0, etc (3) 

Now in genera] i« given by (1) umqiiely , but if 
Fx = 0 = Fy, then it is given by (2) or (/"a- + ^v 
a quadratic giving 

!/x— ' F 

■* VH 

If all the second derivatives^ Fj^x. Fy,,, also vanish, 
then three values of yx are given by tlie cubic 

{Fx-¥F., 

and so on 

Hence, for a double point solve simultaneously 

^=0, Fx^O^ Fy^i), 

and find i/x from (2) for a triple point solve 

F=0, Fx = 0, Fy^O, Fxx = Fxy = F,y = {), 

and find y^ from (3), and so on. 

For helpful devices see special works on Curve Tracing 
as Frost’s, Johnson’s, Salmon’s Higher Plane Curves, etc. 

278 . In drawing a curve near a singular point, as the 
origin 0, it is well to have some better guide than the 
tangents, and some kind of parahola will generally offer 
itself as a close approximation. For we can usually pick 
out two quantics, uh, that will be controlling, in com- 
parison with which all the others are small at voill 
near 0. To discover these we plot the u’s, representing 
the term ax^'^y'^ by the point A(m, n), using exponents 
for coordinates, also let B{'p, q) and C(r, s) depict the 
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teriris hx^'j/J and cx^ y\ Draw the right line AB\ then if 
C lie beyond this line, from the origin O, the term cx^y^ 
will be small at will, near O, for at least one branch of 
the curve , and if all the other terms are depicted by 
points lying beyond AB, then are they all infinitesimal 
in comparison with these two terms, so that these two 
are the controlling terms/ and this branch of the curve* 
near i) approximates the parabola (LC‘^y^ + }>x^*y^ = 0, or 
For along this parabola it is plahi' 



that the two terms, though of dijf event deyvee^s, must be 
of the same order of niayniimle, otherwise thfiir sum 

could not be 0 , thus for n large at will, -p could not annul 

^ Hence regarding y as infinitesimal of order, we 

m - ji 

must have also infinitesimal of 1*^^ order, hence x itself 

(7 — <Yt 

must be infinitesimal of order - - , and this is — tanr, 

m — p 

where r is the inclination of AB to OX ^ hence the in- 
finitesimality of the terms ax^^^y^^ and hx^^y^ is of order 
— m tan T = 5^— p tan T, and this is geometri easily nothing 
but 01, the intercept of AB on Y. So, too, the order of 
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infinitesimality of cx^y^ is s — r tan t, that is, the intercept 
on Y of the parallel to drawn through (7, this order 
is therefore higher, and hence this term may bo neglected, 
if C lie beyond AB It may happen that several lines 
like AB can be drawn, so that all other depicting points 
will he beyond the two . in that case there will be as 
many brandies of the curve through 0 

It will be well for the student to draw the parabolas 

for0>^70 = (l,l) (1,2), (1,3) ... (2,1), (2 2). ...(3,1) ... 

Illustration. — (uf + + 2j Uf- - (u ^ = 0 

Depicting the terms in on^er bj' the points B, C, 1>, we see 
that the lines are A B and BI > , hence at the origin the branches 



Fig 50a. 

approximate the parabolas 'tf = 0 and Draw 

them for r? = 1. 
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279. The curve at qo. — In order to study the curve in 
remote regions of the plane, we again ask what cui‘ve it 
approaches as x cv y or p increases witliout limit. In case 
y)~^ rational, integral, and algebraic, we may 
use the method of Art 278, but now we draw AB so 
as to be heyond all other depicting points C, then the 
terms <u^*^y** and are yreat uf ivill (in reipote 

regions) in comparison with every such term cx^y\ and 
at 00 the curve approximates to ax^‘' + bx‘^^y'i = i) Thus, 
in tlie foregoing illustration AC and CD are two such 
lines, and the curve approximates at oc the parabolas 
= 0 and Ly- — (fx Thy most important case of 
approximation is when ihe difti^reiice betireeii tico vovve- 
i<p(nidiV(j ordin<ftei< (eithei x or }/) ((j)py(^(fches 0 (fs the 
other ordinotc (either y or x) approaches oc In sUch 
case the two curves aie said to be osymptotir Thus 
the (juadratic curve y = (fx-A‘2hx + c and the cubic 

> 1.1 ** 

y =■(( X" -f" 2a ix “f" c -f- 


are asymptotic, since for a common x the difference 


between the corresponding t/’s approaches 0 as x approaches 
oo Of course, the most important asymptotic lines are 
right lines, and they are called Asymptotes. , 

If then we can bring the equation of the curve to the 
form 


then y = sx + h is an as\mplote 

But this cannot always be done, and the asymptotes must 
be discovered otherwise. Accordingly, we reflect that an 
asymptote must meet the curve in at least two points at oo , 
and we ask for %vhat values of s and h does y = 8X + h, on 
combination with F{x, y) = 0, yield at least tuyo oo roots 
in X? 



332 


nXFIXITESIMAL ANALYSIS 


Putting y^8X + h^ we may write F(.r, y) thus 

y ) = - 1 + - 2 + • • • + ^^0 ' 

= ^ ^ + x'** “ ^ f,j _ 1 ^.s* + ^ ^ . 

= .!•'* f „ (,S* ) + ^ ( hf,^(8) + In _ 1 (n) } + • • 

This last expression is yielded by Taylors theorem 
There will be two oc values of x when, and only when, the 
two coefficients of the two highest powers, .r” and 
vanish, that is, when f,,(.;) = 0 and MV(«) + f«-i(f<) = ll 

Now f^i(.s) = 0, being of degree in s, has n roots, 
5^, Sj,- . .s„ , and to each of these corresponds a valrj of 
as ?>i= — f„-i(« 3 )/f,/(«i), etc and to each such pair of 
values corresponds a right line, as y=:SyC + \, ^ = + 

etc , (iiid iltese ii 'rigid lines are ihe n asymptotes of the 
carve of degree Of cou'^ie, some may be coincident, 
some imaginary, but if n be odd, at least one must be 
real, that is, a rational integral algebiaic curve of o<hl 
degree has at least one real asymptote. It is indeed 
evident that such a curve cannot be closed But among 
these n asymptotes may be the Right Line at ac, with 
p points of contact with the curve, hence counting as p 
tangents at x, and reducing the number of asymptotes 
proper (in finity) to n thus, in </- = ?«- 2 ) = 2- 2 = 0, 

since s=±() and /i=±x. 

In case the term in y" be missing from the term in a" 
will also be missing on substitution, and, accordingly, one 
of the as\iiiplole^ yielded as above will be missing But 
this vanishing of the highest power of s simply moans 
that one value oi s is oc, that is, one asymptote is parallel 
to Y Or, in this case, we may exchange the notions of 
X and y, substitute iy+a. for x, and proceed as before. 
Let the student show that the asyinpfoies parallel to the 
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( 1 X 68 are obtained by eqaaliiaj to 0 the coeffi^cients of the 
highest powers of x and of when possible. 

The foregoing and many other aiiethods will become 
clearer in practice, which will also disclose various higher 
singular itxes of transcendental carves 


ILLUSTRATIONS AND K\KK(’ISKs 

1 In^^estigate the Wifrh pf Agnesi (1718-1799) 

The geometric property is OM OB — MQ MP 
The equation is /-// = 4^/“(2ri^ — //) or //= y(>- -h 

A glance at this e( [nation allows that 



{a) The curve is symmetric as to J", (/>) y is a maximum, 
2a, for .T = 0; (c) the curve lies wholly above 
there is no negative ?/, (d) y = 0 for j,= qo, X is an 
asymptote, the other asymptotes are imaginary. By 
deriving twice, we find y' =-8a'^(6,i- - 8d-)/(x^ + 4:a-)\ 

whence //' = 0 for x = two points of inflection ; 

within them the curve is concave, without convex, 
to X 

2. Investigate the Cissotd of Diodes (1-?). 

The geometric property is OP = QT, 

j 

The equation is = x^(2a - y) or or^ = — . 
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(a) The curve is symmetric as to Y, 

(h) It lies above X, only + y’s are possible. 

(c) It lies below // = 2a, y > 2a makes a imaginary. 

{d) For //=2«, .r=oo; y~2a is an asymptote, the other 
asymptotes are imaginary. 



Fjg 52. 

= takes the form ^ at origin, and tlie 

equation takes the form 2a.r2 = 0 ; whence 
It appears that the F-axis, ±0, is the double 
tangent, and the origin is a keratoid cusp. 

-3 Investigate the Lemmscate of Bernoulli 



Fig. 53 
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It is the locus of a point, the product of whose distances 
from two fixed points, 2c apart, is the constant C“. 

Let the student show that it^ is the central pedal of 
the rectangular hyperbola, and that its equation is 

P^ = (f^cos20 or (.62 + 7/2)-^ = «=(./ 2 (a2 = 2c2). 

(a) The curve lies wholly within the circle p^a 
(h) It is symmetric as to X, as to F, and as to i) 

(c) It lies wholly within the right lines .r±y — 0^ foi^ 
I I < I // I the curve is imaginary 
{(1) At 0 it ap])roaches ± y = 0, which are tangents there, 
so that 0 is a double point and point of inflexion 
for each tangent or brtnch. 

{e) It is throughout concave towards A". 

4. Trace xy^c^ 

•y Investigate the Fohum Ctrriesti, 

The equation is + y^ — 3axy = 0 

• * ‘ 

(a) The curve goes uhrough 0, where it approaches 
ry=:0, the axes, which aie tangents, and is a double 
point 

(h) x^y is an axis of symmetry, which it may be 



well to take for a new axis of abscissa by the equations 

j 

x = {u-v)J\, y = {u-\-v)J\, 
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whence / 3 « v 

N/2(M‘’ + 3fu-2)-3a(?«2-t.2) = 0 or i 

SO that w-~r- = 0 is now the equation of the tangent 
at 0 Also for t' = () we have 

~ 0, 7/ > = 0, 7/ j == lit sj 2 

For ?/ > the value of r is imaginary, and also for 

w so that the curve does not extend beyond these 

values of ii For 0 < // < the value of v is always 

finite, so that the curve has a loop , let the student find 

the maximUxU For ?/h — =^ = 0, r becomes qo , so that 

V2 

tliis line IS an asymptote ; its equation is 
C. Inv'estigate the curve a*“// + 9y— 3r 



Fig. 55 


(a) The curve passes through and is symmetric as to 
0, lying wholly in 1st and 3rd quadrants. 

{h) It has a maximum y = J for a: = 3, and a minimum 
y = — 1 for a* = - 3. 

(c) The second derivative 

„ - 27) 

^ - (r2 + '9)i ’ 
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vanishes for x = 0 or ±\/^, and also changes sign, hei^ce 
the origin and the points 

(3^/3, ix/3), (-3^/3, 

arc points of inflexion 

(I) For x = ± CO, //= ±0, so that A' is an asymptote 

* 

6a Investigate the curve p = «cos4^. 



As 6^ ranges fi om - to + 0, p ranges from 0 to « , as 

TT * * 

^ ranges from 0 to g, p ranges from (f to 0 , hereby one 

loop is yielded As 0 ranges from ^ to p ranges 

from 0 to — a, and from - a to 0 again, which negative 
values are to be laid oft" backward from 0 , hereby loop 
(2) is traced. A new loop is traced for each octant>range 
of alternately positively and negatively. A point 
in continuous motion (the end of -hf resp - p) passes 
eight times through 0, which is an octuple point. 

Similarly for p = a cos p = a sin 7i6, Let the student 
show that the curve has 7i loops for n odd, but 2n loops 
for n even. 


Y 
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7 Trace the curves p cos iiO — a (Ootes^ spirals), the inverses of 

the preceding, and draw the asymptotes 

8 Trace the indented curve p = 3h-cos5^ 

It lies between the circles p = 2 and p = 4, touches each 
at the vertices of a regular pentagon, and has ten points 
of inflexion. 


9 Show that the curve '.r-(a- - c-) may be derived 

from B 's lemniscate by lengthening each p in the ratio 
sec 6 • 1. 


cos - j . 

This belongs to th? important group p'" = a'* cos ud 
11. Trace the Lima^on of Pascal, p = a-\-hcosO 


12 Trace the Trident, = or = 

It meets A" at r = a, where it has a point of contrary 
flexure , for .c> a it rises, approaching the parabola — (Uf, 
for ±0, ?/= + 00 , the curve is asymptotic to Y on 
both sides, for r= i/ is a minimum, =^:rr^ 

13. Trace - 5a\v'i/^ + 2i/^==0 — F, 

Here /„(s) = 2s''+l (Art 279), which, equated to 0, 

yields ,s* = - and four imaginary roots, hence there is 
v2 

only one real asymptote Also /„-]('') = 0, hence from 
?/'„(.s)+/„_i{.9) = 0 we see that /> = (), and the asymptote 
pas&es through 0, Since u^ = 0 and 0 is a triple 

point, the tangents are .t=0, ?/= +0, y = -0, the last 
two coincident. This last result we may obtain analyti- 
‘ cally, thus • At 0, 

F^O; = F^==l0y^-l0ah‘i/^0 , 

F^^==:20x^=r0, F,,== -10aiu = 0, F^,^ 40y^ - 0 , 

F^ = 60x^ = 0; F^, = 0, F^^=-10a^; F,,,= 120f-=0 
Hence to determine we have the cubic 
{F, + F, . y:f = 0 = 0 + 3. 0 + 3( - \0aF)y,^ + 0 . 
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of which tlie three roots are =00 or 4 - 0 or — 0, which 
yield, as above, A" as a double, and F as a single, 
tangent • 

1 4 Trace //- - x- (x -(f) = 0. 

For ./=0, //=^0, the origin is a point of the curve 
For all other values of .1 < a, // is iniagyiary , hence 0 
IS isolated Ihe tangents at O are imaginary, as appears 
thus At 0, 

F==0, F, = - 3/“ + 2^/ 0, E^ = 2i/=(^, 

-G-+20- = F„ = 2 , 

hence fiom 

^ '/x + 0, = ±J -a 

The curve consents of one infinite branch cutting X 
orthogonally for / = and witli two s} mmetric points of 
inflexion for ' 

IT) Show that aii- — x' has a cusp at O 

I 

IG All curves of third degree may be produced from 
— Ax ’ 4 3JJ.C 4 - *SC.( -^D^A (./ - a){x - h)(c - c) 
by projection Trace this latter on five suppositions 
(1) (f, hy c leal and une(jual , (2) a and h equal , (3) h and 
( equal , (4) a, h, ( all equal* (5) h and c imaginary 

17. Trace the Strophoid, j (x- -h f/) = (f {x- - t/-) , the Catenary, 

// --- a he , and its involute, the Tractrix, 
a 

( —J(t- — y- 4 - Cl (log {a — Ja- - 7/-) - log tj ^ 
and the Logarithmic curve, x ~ log y 

18. Trace the Asteroid, and show that its evolute 

is similar, but twice as great 

19 Trace the Equiangular Spiral, p=^((e^^, where c is cotangent 

of the constant angle, and show that its evolute is a 
congruent spiral ; also trace the Parabolic spirals, p — aO*", 
for /i = l, -1, and -h, also the Probability curve, 
y = e-^\ 

20 Trace the curve, y = sm’’^. 
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For = 1, y = ^ \ for ./ > 1 the curve ribes to a maximum 
at (2, 1), thence for a >2 it sinks down asymptotically 



towards X, For ./ between 1 and ], it forms uii arch 
below X , for a between } and ], it forms an arcli 

above X, for .r between - and — ^ iu forms an 

arch alcove or below A", according as 7 i is even or odd 
For j approaching 0, 7i approaching cc , these waves 
retain the same amplitude 2, buc are crowded together 
more and more, so that for ./=0, at 0, the curve loses 
all definite character, the sine is in fact not denned for 
infinite arguments The curve is symmetric as to the 
origin. 

2 1 . Trace y — 'j sin -• 

J r/' 



1 IG 58 
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The curve crosses A' at r=l, thence with increasing .r 
it rises towards the asymptote, // = 7r For decreasing 
towards 0, the waves in the preceding example die 
away toward 0-amphtude at 0 The curve is symmetric 
as to Y. 

‘22 Trace (d) y“ = sin-, and (h) i/- = j sin^. , 

/ • ,t 

The undulations in Ex 20 are changed in shape but 
not in amplitude in (a), those of E\ 21 are changed ir^ 
shape and increafjed in amplitude in (h ) , in both (a) 
and (h) they are reflected above and below A”, and 
vanish from the jdane for y- negative, y imaginary, 
leaving for - 1 < r<l, two, symmetric series oi detached 
arcs that shrink, ^and in {h) sink, toward 0 at Th(‘ 
asymptotes in {h) are //— ±s/^ 


23 Trace ^sin . 





Fig 59. 
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Fot r + , the vanishing imaginary arcs of Ex 23 
* reappear as real , hut for .? - , the wliole curve vanisli(‘s 
as imaginary, lea^ung only a .sc?/c.s of isolated poinfs on 
the negative A^-axis, foi 

_i 1 1 1 

^ ’ o’ ‘j’ ’ 

2 3 H 

and these aie heajied together infinitely towards 0 Such 
a series is called by Vincent a hnniihr pomfilh'v 

2t- Tr^ice Y, ?/= Y 

25 Trace f/ — t log 



lie. eo 

The curve meets at / 0 and ^ = 1 , it has a minimum 

for ./ = V foi .t =(\ y~( , for ,/==(), //~ 0, for / 
e e 

negative, y is imaginary, the single hiaiich of the 
curve stops at 0, which is accoidingly called a stoj) jxmif 
or ^>027?^ (VaaC'i. The jh oyi (\s!> 2 vr differential coefficient 
becomes - oc at O, the becomes imaginaiy , the 

tangent on ftoin 0 is J" 

t 

j 

26. Trace //' = /’'dog.? and 

27. Trace //=^j ^ ^ , 

Thqse expressions being in general equivalent, the curve 
is symmetric as to 0 For ./ = + 0 (neaiing 0 through 
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positive values), //=+!, for .? - 0, //- _ the curve 

suffers discontinuity at the origin, the two branches sjtop 



’ Fit. c»i 

t 

at (0, +1) and - 1) Let^the student iind the jioints 
of flexuie and the asymptote 

I * 

28 Tiace v = ^ ^ ^ • 

‘ + 1 

lleie tlio factor > intioduces symni<‘tr} as to ]", and 
dissolv(*s the foregoini^ discontinuity in //, but woiks a 
siinilai discontinuity in //^ For in* the vicinity of 0 
we have 


piogiessive diffeiential coefficient = L — L ^ , — - 1, 


regiessive difierential co(‘fhciei 





Fit. 62 


while the notion of derivative proper fails The branches 
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diverge at riglit angles Such a point of finite divergence 
of branches is called a salient point {point saillant) 

29 Trace + 2^?- / -// - a o^' y = ^ * ± ^ 



At 0, = F„ = F,, = F,,, F,, - - 2(f \ hence = ± 0, 

so that 0 ih a double point, and apparently a cusp 
But from the value of y we see at once that for c - 0 

4 

(at ()) y»x = ~^ according as we take the J + or - , 

that is, for the upper or the lower branch of the curve 
Hence this lower branch has also an inflexion at 0 Such 
a x^oint, where cusp and inflexion combine to foim a 
double cusp of both species, is called a point of Oscul- 
inflexion (Cramer) Observe that the parabola a?/ = x- 
bisects all chords of the curve parallel to Y, it is a kind 
of curvilinear diameter. 

30. Trace the Conchoid, ( r/- + i/y^x - a)^ = ft- , the Quadratrix, 
// = {a — ./ ) tan (7r.c/2a) , 
the Cartesian oval, 

( + ^2 _ 2ax + ^2)2 = h'^{x^ + 'f) , 
and the Cassinian oval, 

(^2 + y2)2 + ^4 _ 2a2(.c2 - 
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31 Trace ./ (.t + ?/)- ± a-// = 0 

For +«- the curve has the pmallcl asymptotes 
f’A^j±(( — 0, a tliird asymptote 0, and is inflected 
at (I, CO is a U(i(fe For -a-, the j)arallel asymptotes 
are imaginary, zc is an miKHle 

3:^ Ti ace a^{lr - / -) ~ ( // - ^ )- 

Here Y is asymptotic to the real liranches, and X is 
asymptotic to tlie imaginary blanches 

3 3 Ti ace / * + // - r/-//- = 0 

There aie two parabolic a-^Miipiote^ ±a{ii - (() 

31 Trace p ~ r^(cos 6^ - cos 2^) and p — f/(sin 6^ - sin 2^) 

Y) Trace shitty, /// = sin’^, and geneialize 



NOTES 


Page 17. Foi auotliei Mew of the lehition of 1 )(‘i i\ ati\ aii<l 
li.lTei ential Coefhdent, see Stolz, (i m thn 7)iffc/ c/iturf - vnd 
lute(1Htltc(h)iiUu)^ ]) 1^7 

Page 97. Bv Ti i^onometi \ , l+c os 2a — 2(co‘- a)-, 

I - ( os 2a = 2(sin <iV , 


hence 


cos 2a — 


- (tan a)- 
-|-(tciii a)-' 


sin 2a ~ 


2 tan a 
1 4- (tan a)“ ’ 


that is, sine and cosine, and theiefoie all othei sinijile tniiononietiK 
functions (»f an an^le aie exjnessible latiun.illy tliioiiolj the iamjOHt 

of the half-itiujb lienee, to ino niate | , when* F a lational 

function of the oidina\\ tiii^onoinetiic functions of /, \\c* j>ut ^ = 2// 
and — tan//, then /"'passes ovei into c/i, a lational fiiiution of a, 

and ch is snpplaced by and we h.l^e onl\ to intei/iate, as 

to ?/, a lational function of a, which is easih done 1)\ Bait- Fiactions 
Let the student extend the leasoninj^ to functions of lixjieibolic 
functions This tangent of the faiJf-angle is an extTeniel\ iinjxntant 
and useful new^ vaiiable This obseivation wms oiii^inalh intended 
foi Vol II, l)ut IS 111 place licne 


Page 125. Tliat Deiivation in the vicinity of the critical value 
^ —a does actually remove the vanishin<r factor / -a from both 
numeratoi and deiiominatoi, ma^> also lie sliowm thus 


Le*t F ( c ) — and </>(a) = f), — 0 , then to evaluate 


r(<,) 




we note that identically 


» — a 


X - a 



NOTES 


M7 


If IH)W we trike the Liiiiit of both sides 

1 11 1 11 
lK‘(ouies ;; ' .111(1 tile Ill'll! side becomes 

thrit l>oth iiuinei.itoi ,iiid deiionuiftitoi of 
divided bv / ff 


foi / — O', the left side 
<»bseive 

the light iiiembei di t* 


Page 173. Tlu^ notion of ]>it‘S(‘nts some logical diHi(nlt\ 

We Crin eas*i]y lix the meaning»of tiifd in cast' of 

tirKts, s(*gim*nts of stiaight lint's, bet .inst* all such .iie Ikhik »()id<d 
till tmgliont, and ht'iut' max be c'oniprii (*d imint'di.itelx bx snpt'i- 
position Like m.ix bt* said of aits of eipial cncles, and of eoiigi nt'iit 
tiicukii s])iials So Axt' iiirtx tonipaie intc'geis diioctly, bx conntidg 
them ofl', oi firietiyns bx it'tliicing them to a (ommt>n di'iiomimitoi 
and then counting off the niinieiatois The paits of the magnitudes 
coni]).iied htit' fit on one aiiotliei, •intl the tpiestion is siniplx of 
ext c‘ss oi defect, oi luntht*! I 

fiid sut h ( oiiijirii ison is not ]>ossible betxxt't'ii .lies of ditleieiit 
cuixes, «is iinetjvial tilth's, tn'aits in geiieial fiom ditfeient ic*gions 
of the sriiiie cnixe, as fitaii iic'.ii tlie xt'itnes (iiiiiioi .ind minor) of 
an elh])st , *iioi botxxeeii anx aic .ind a stiaight segment , suite in 
ntnit' t)f these Crises is supt'i ptisition jiossibh', no ])ait of tlie one 
nirignitude xvill fit on ahx jiriit ,*>f *tTie otliei 

In oidei then to toinpriie aits, xxe hist iefe» them to the simplest 
standrud, the stiriight line, xvhich max lie siippose<l bioken up into 
a ])olvg<)n of sides snirill .it xxill, as ri*iational nnmbei intt> fiattions 
Atcoidnglx xve instiibt' anti cut iimsci ibt' the .iic xvith jiolxgons 
of '-ides, and these we nirix supjiose jiaialhl in jiaiis Then as 
n 111(1 ('rises and c'.it li side decit'ases tlie txx^o ])olxgons cltise doxvn 
njion each othei indehnitelx , — the one alwaxs intierising»in leiigtli, 
the othei alxxrixs tlec i easing,- so that the difleieiict' between tht'ii 
lengths becomes a-, snirill rit xxill, but neithei evei bc'comes (om- 
jiaiable in «iiix })rait with anx priit of tlie riit Ixing alwaxs between 
the two The aie.i of the stii]) oi ling betxxa'en the polygons tends 
to xanish, but does not x’.inish foi any finite xalue of n howexei 
gieat, so that xve cannot bx such }iro(ess prove that tin* aic 
hris length at all, in the sense in xxdiich the lectilinear jiolygons 
have length It seems then that oiu onlx recoin se must be to 
an Assumption in the foini of a Definition ^ We assume that the 
arc has length, and we dehne that length to be the common Ijimit- 
leiigth of both iiisi'iibed rind ciicuiusci ibed polygons of n sides 
when each side beconms small at xvull as becomes lAige at will 
The (juestioii lemains, Will this ai( -length, this Limit, be the 
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no niattei lK)v^ tin* polx^^ons be insciibed diul ciuumsciibt‘(W 
Tbi'^ amounts to thn pine .uialNtic (piostion Ts tlie value of tlie 
TVhnite Intern .il entnelv independent of the way in winch the 
Intel \al oi lei^ion of Inteniation is cut up mo elements oi sub- 
intenals'' The answ^ei is in »j[eneial iVs*, but the ]uoof would not 
>)e in |)ldce in this \olume 

Similai lemaiks ap])l\ to Coniplitttatton (»f suifaies Quito anti- 
logous, in })uie Aiithmetic, is tlie genesis of the notion of an 
lii.itional NinLbei,a'«« itself not am lation.il ninnbei, but the Limit 
( f a seties of lational numluns, //;i, , foimt‘d aftei 

sf'uie dehnite law, and sudi th.il the ditleieiue 

! //A^* - /o ! 

may be made and kept small at wull, foi all values of s, b\ taking 
k laige enough , oi, still bette., as tlie common Limit of two such 
senes, and //', , wheie i(\ > 
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Abel .S22 
Abeiidiicv 2.")^^ 

Acnode, dJb 

A^^iiesi, *VM I 

Alocbiaic b 
Angle of ciiivefe, dS 
Angles, solnl, *J1(» 

Anomaly, {)! 

Antu IdstK, 214 
Anti-tunctioiib, S.{ 

Aiiti-opeiatoi 5, ."io 
Anti-tangent, 11^) 

Aic, 2.-), 38 
A leas, (il, 

Aiguinent, b, jxtssnu 
Allay, rectangulai, 204 
Abteroid, 167 

As> niiitotes, asj in])lc»tie, 331 

Attraetion, 303 

Averages, IS, 177 

Axes, iioinial, 1S2 

Axes, paiallel and principal, 181 

Beinoulli, 113, 121, 334 
Binomials, 120, 201 
Binomial, 201 

Cartesius, 333 
raiicliy, 114 

Centre of ciirvatuie, 135 
Centioid, 180 
Clidiactciistic, 205 
Choid, 25 

Circle ol conveigence, 110 
Cncle of curvatuie, 155 


Cissoid 170, 333 
Cfunplanation, 202 
^ColR.l\l^^ and coinexity, 151 
Conlo( als, 3(K> 

Conjugates, 50 
C'ontact, 140, 150, Ibl 
( VmtingeiK (>, 152, 201 
Continiiit \ , 8 

(’oineigent exjiansions, 131 
Cooidinates, lylindin, 24S 

• polai 31, 274 
spheiic, 247 

CoiitspomUnte, 7 
Cobccanl, 04 

• Cosine 23 84, 

Ciamei, 344 
Crunode, 326 
Cubatiiie, 173 
Ciu\atuie, 1523, 215-6 

. mitie of, loo, lo«, 2()-i, 
lines of, 21b 

maximal and imnimal, lb2 
ordei of, 160 
ladius of, 155 
total 204 
Cusp, 326 
Cuspidal edge, 206 
Cyclic points, 21() 

Cycloid 167, 17b 

i 

Density, 182 

Dependence, multiple, 102 
Deiivation, mediate, 14 
Ueiivatives, 10, 48, 105, 208, 

passiiif 
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Dev elopal)les, 

Deviition, 253 
J)if!ereiKe-(jiiotioiit, fJ 
Difiereiitia], coeihciert, 12 
equations, 121, 251 
notation, 80 
total, 190 
Diodes, 170, 333 
Dinchlet, 320 
Discriininant, 02, 205 
Double angle, 05 
Double points, 131 
D ubiy pel iodic functions, 102 
Dupin, 213 

Elasticity, ‘' 111 face of, 224, 228 
Eliminant, 205, 251, s 7 cy 
Elliptic* functions, 102 
Eniieper, 303 
En elopes, 43, 204. 

Euler{ian), 122, 215, 313, 315, 310 
Evanescents, 124 
Ev’olute, 157 
Exact diflcientials, 287 
Exceptional cases, 130 
Explicit, 7 
Exponental, 22, 102 
Extienus, 04, 67, jKtssttn 

Fermat, 147 
Fohum Caitc^ii, 335 
Fouiier, 283 
Fresnel, 22-1 
Frost, 328 

Function, 5, 314, jiassi?n 
Fill! darn ental foims, 77 

(lamma-function, 315 
Ganss(ian), 216-7, 305, 315 
(4reeq,t 205 
tluderinannian, 89 
Guldinus, 184 
(iy ration, 181 

Halsted, 217 
Hehx, 204 

Higher Functi' ns, 101 
Hodograph, 20 


( !l 3 q)eib<dic Functions, 84, 
j I f^poi ^'cloid, 47 

I 

! ]llusoi> foil s, I2<) 

I Implicit, i 

I Indiccitiix, 213 

j Iueit«inc(‘, Inertia, ISO 

I Inbnitesimal 3, passutt 

I Intinite ])'oducts, 314, 320 

J 11 flex ion, 152, 162, 325 
Integial, 0.1, 

' Integiaiid, 1)4, 

liitc'jrand, infinite, 278-0 
lntc‘giati<tn, 03, passtm 
Iiitcgi ation by parts, 80 
! Intel sec tio s 42, 43 

Intiinsic equatnuis, 327 

j liiveise functions, 28 

j Involute, 137 

[ Ii'ritional ({Uddiatics, 00 

! Jdiobi(aii), .110, 230, pd'^san 

I Johnson, 328 

I Kelvin, 200 

, Keiatoid 334. 

Lagrange 1 1 4 
La])lace, 24 S 
Legendre, 315 
Lei bn it/, 50, 54 
I Lemniscate, 3,14 

i Limit, 1, passim 

Linear set, 280, 

Line-integial, 28b 
Liouville, 322 
Logarithm, 22 
Loo])S, 325 

Maelauriii, 110 
Mass-centre, 178-0 
Maxima and minima, 134, 218 
Maxiimim-miiiimiim theoiem, 00 
Mean value, 00 
Mediate deiiv ation, 14 
M ediat e iiitegi ation , 29 
Mixed highei deiivatives, 208 
Moment, 180. 
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Monge, Moiigian, 2r)4 
Multi]>lc dependence, 102 
Mnltii)le points, X27 

Neighbouihood, 8 
Neil, !(>(> 

Newton, 120, IG9 
Nodes, 20(), 

Noiiinil, ;^2,*10*2 
Normal integiiils, 100 

Opei.itoib, 40, 54, 247 
O rtl 1 o^ ( > nal 1 1 ansf on 1 1 at ion , 2^49 
Oscnlcitory circle, 155, 1(14 
c(*nit , d‘2<> • 

jraiaboloid, ‘213 j 
plane, ‘201 • 

splieie, ‘204 • 

Obe ul intlexion, 344 

•« 

« 

l\ij>})us,* 1S3 
Parabolas, 105 
Ptiiabolonl, ofecirlatmg, 213 
Parallel axes, 191 

Parallel sections, 193. • 

Paiaincters, 41, 45, 306, jxt'^son 
Par t-fi actions, 1‘2 
Pa +ial deiivatives, 195 
Pedals, 3S 
PI lick ei, 3*27 
Poisson, ‘24S 
Potential function, *248 
Powers, even and odd, 95 
Piessuie, ceiitie of, 303 
Principal value, ‘278 
J*robability-cuive, 330 
T*iobability-integial, 312 
I’loducts, intinite, 314, 3‘20 
Piogiesbive diffeiential eoelhci- 
eiit, 9S 

Pure highei derivatives, ‘208 

Quadiatuie, bl, 08, jia^snn 

Rarlius of curvatuie, 155 
Raelms of torsion, 202 
Rational algebraic functions, 98. 
lieciprocants, 237. 


llectangular array, 294 
llectitication, 173 ^ 

llecursion, 94 
Refr«ction, i47 

Ke'gressn e diflerential e oeffici 
exit, 12. 

Remainder, 114. 

Heme)\al of faitois, 1*24 
Reversion ol series, 25.5 
Pe volutes, 175 ^ 

Revolution, Solnfs of, 17* 

Saiffd'nt^ pomf, 17, 344 
Salmon, 3 iS 
Schuai/ian, *2.17, 254 
^Secant, 04 * 

Sense, 28. 

St?ies, 2, 116, passim. 
Simultaneous changes, 19 
Sine ‘2.1, jKtssim, 

Siudl, 147 
Stdid Angl(‘s, *216. 

Speed, 18 
^ •Spinodc," 3*26 

Spirals, *204, *225, *227 
Stoie-iadXir 217 
Stilling, 116 

^Subnormal and subtangent, 33. 
Substitution, 70 
Surface eif elasticity, 2‘24, 228. 
Sylvestei, *237 
Symbolism, 11, /iasstm 
.Symmetiy, 181 
Syn elastic, ‘214 

Tangeiicy, 150, 194 
Tangents, 16, 32, 

Tayloi, 114, 211 
Theorem of mean vtMue, ‘211. 
Toiricelli, 147 * * 

Torsion, ‘202 
Toituous curves, 200 
Total eiii^-ature, 204 
Total differential, lOJ 
Transcendental, 6 
Tiansoij, 2»53 ^ 

Triple integrals, 289. 
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Umbilicus, 216. Value, singulai, 288 

Unr^ulation, point of, 162 , Variable, change ol, 284, \qq 

Uiiniue, 7. j Velocity, 19 

Undetermined muUiplieis, 141, , Viviani, 14^ 

221 ' 

j Waiing, 229. 

Value, mean, 66 i V'^ave-suifat e, 224 

Value, piincipal 278 1 
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